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LT^J 4-4" I i_=-j_lJI Ol — Jkio fUj'j £^U>4 jjto- liUij CjLiiljjll ,y itjiojl oljL^JI 

< S_ylkJI S_-jUJI j-Ji^' ^^Jto- ( _ J — LiJI j^JI jl JjlSjJij J^UJI Ji» oL^y' 1/ ijiio jyu 

oljjJUJI iLX, i^ljjj yiisai jUiJil j-J aU^a^U ijbVI IJLU jjiSJI otj i^U- 

iUasS'illj Sjb^i lS jiaJI i-jIsS" JiSlj . i^>UJI i^ljjJI JjlOaJI i^UjJl 
i_>l_^llj . iUaa'illj !jb)!l ^y. i_.L.Sll i^Ujll i_JL.S!lj i^LuJIj olji^ll 

4_j»UI ^^.U bl_»^tl dJ-Jij SjbVi oL^Uj jyL» j^-.lji l ^Ua» - Jb-lj J lS <iil <_~«bj 

(jj ( _ s — !jt ^Iji Jj« (j9 S^S" JlSly jj-isoij ptJ*c-l CaJ.l US' . i_i>Lkl) iiLJl 

JiL*«rf yj} AsUiyij AiL^O iUrfL iajS-JU i^U*« JjL*aj ii^Ja^il ^b^S\ {yi ^ £-^JJ 

iJ!5L» i_>>Lk)J (^Ljj tjjv ^1 i_>bSJl yJJ*i; • W ls 3 ^' J""" f "js 5 ^ SjJl " 1 " 
f-Ufcll i_JLUJ j-aso. Lu i_*>UJI ^W-W"-^ UJ» i_>bS3l ^.jJai' o^LkJJ jSl^jj . fUll i^jilill 

£-* r \ J *i\ |,_*JcJ JESUS' j»Jl>^-j. ji Jiij ^WtaTiU Sjb^U *~*>W plJ»^«l 0^*^-5 

iSj&^j . SiJbirtJl oUj^>^J! ^ i^UaJ! i^L^Vl i^U^ii ^UJIj 

J_a *uSUj. Lo ^sS"! ^^U yJUJl J^a»o. (^^^ • J^aialU l^J) JS" J»- Jij ( a3 L^o 1066 

J_atj tiJJi ^i 3 ^. ol « J ^ tjy* 21 . (J-^^ ( _5^ p l-J^^r J^-v. o\ *— ^>=j. i_jbcS3l 

i*Jj_-Ji 4_9ywJI ij-^ryw ^^-fl^SoJ ^j-^pjt *\ t_JUJl ^^Lp 4j\j3 ^cSbcJl J^aS^j . JJ^p- <-jbS3U 
i_jL)t«_^li . ^y-fl 4_«JJwJ1 Ot j-Ja>Ji <wfl_bc^0 4_jjUUj 3 ( _ 5 ~^ J "--^V. (j^J 
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Review 4xp?\jA 



Exponents (jv—.Vi 1.1 

^L^VIj x La . oI_jaJ! ^ n ^ ij^sio x jl x" jU < n l^*-^> tajLp c~ia^l 1M 
oli vi^Ly . 8" 1 = 8 , x m =x : «p jyu ■)! J^ljll ^-i OU 4Jp J.jUj U lltj . ^Ml n j 
b ( a Oi ^Ij^i-jj . ij^to 0° . 3° = 1 < x°= 1 : 1 (_$jL-j l£>aU £3*-^ ^ <Jj*** l?^ 
<^L]| l _ J U Uj£j' ( _ r — Vl -L^iji il-tr4 x t y j Vrj^ il-J^l 

1. i 0 -X* = ^ + " 4. to)'=i'/ 7. V? = ^" 2 

2. ^=x°- 4 5. (-)' = -, 8. ^ = ^"» 

3. CO* = j:" 4 6. — = x- 9. x° = 1 (x ^ 0) 

EXAMPLE 1 . In multiplication, exponents of the same variable are added; in division, exponents of the same variable 
are subtracted; when raised to a power, the exponents of a variable are multiplied, as indicated by the rules above and 
shown in the examples below followed by illustrations. 

(a) , 2 ^=.< 2 ' 5 =.,',/ . t ><> (I) !J*U)I 

x 1 x s = (xx)(xxxxx) = x 1 
(A) :'.*.=,« 2 =.v 6 y<.r 4 (2) SJ^UJI 



(c) (V 3 ) 2 ^ 3 ' 2 or*' (3) SJisUJI 

(j: 3 ) 2 = (j:.^j)(jxx)=x 6 

(</-) (irf^rViiVori', (4) SJj^LaJt 
(jry) 3 - (\.v)(vv)( vv) - (x x- x)(y yy)- » V 



\y) ~ y 5 ^ y ° r y 5 ( 5 ) "J"^' 



G) ~'y-'y-yy-y ~ y 5 



(6,2) 5A*U!I 
j 2 _ 1 

(l) SAtlill jjj Jx .Jx = x d\ UJLUj 
<*> ^ = *" 4 (8) SJ^UJ! 

Jt l/4. r l/4. ;t l/4. ;[ l/4 =Jt l/4 +l /4 + l/4+l/4 =jr 1 =JC ^ ^.^.^-^X=X I^JiJly 

1.27 < 1.26 , 1.24 , 1.1 ^.jUj >il 
: ^bui . 1 i^l-o 

.v 3 /* 3 = *'- 3 = = 1; 8 5 /8 5 = 8 s " 5 = 8° = 1 

Polynomials ajUsJt Oij-sT 1.2 

9 jjilj < iilsi%»JI J.-SII y jjip ^ji jji^ii ol 4i'"i jJti4 ( _ f 4_ ; x oji to' t£^»JI jljjuJI o-kc-l lil 

2_*j>=j' j_j*J1 i-oU-Vl jjiUJl oiAj . Monomials JjJI yjU* ^y*— j v^"^ 0 iJ * ^jV> 

L5 *_4*jj < (term) i J-j- _ JjJlj»- 5_ w -^* - x_»J! (.pU-l j!jJ« JS* ^yi— jj . ijJb>J1 ol_^iS" 

SjLe- ^yn ^U-l jijJw ^U-jjj . ijjLi^JI ijJL>JU ^^--Vlj ol_^ix<J! l$J ^1 (terms) jjj^i 

. 1.4 ( 1.3 JiU*J! ^ Wujj 5 Jl 3 ik/lll ^ oUil i^ay> ijJ^>JI olj^S" V_r^J 

Addition and subtraction of Polynomials Ol jjitf 1.2.1 

: 3 Jli» 

(a) 6jt 3 + 15i' 3 = 21.v 3 (ft) iSty -.7jty = 1 Ixy 

(c) (4j: 3 + 13^ 2 - 7j:) + (1 U 3 _ 8^ 2 - 9,v) = 15.V 3 + 5x 2 - I6x 

(d) Q2x - 1 9y) + (7.v + 6z) = 29x - 1 9 y + 6z 

1.3 SJLUI Cij jbil 
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Multiplication and Division of Terms ij^bxJl o jj» 1.2.2 

(t) : 4 Ju» 

(a) 20.V 4 ■ 7 v 6 = 140.rV (6) 6x 2 j 3 ■ 8*V = 48i V 

(c) 12.v 3 / 5/z 5 =60r'/z 5 W) 3.T 3 T 2 z 5 ■ 15.«Vz 4 = 45x 7 ;yV 

24.t 5 }. 3 z 7 2 3 ^ 35.r 2 y 7 z 5 „ , , - 7y 3 

Multiplication of Polynomials AjO^Jl Olj^T i_Jj-J» 1.2.3 

jjJ^JI ij^f J->. J_S" (j-s JjMl ij-l^JI <y JS" jl »jJlJI ijij^S' HJ_r*> 

: sjte* 

(a) (S^T^J^T+^j/) = IS* 2 + 35xy + 24ry + S6y 2 

^ l5x2 + S9xy * 56y2 

(b) (4* + Sy)Qx -ly- 3z) = 8* 2 - 2txy - I2xz + Wxy - 35/ - \5yz 

* = ix 1 - \ixy - I2xz - \5yz - 35y 2 

. 1.4 slL*Jl Ciut jJai 
Factoring J-»lj*)l JJUtJ 1.3 

ijJ— s- CjI^jjSS^ gcibZ i~ju> ijJ^- o_ rt 5S' jm_ c~?~ < ijJfJI 5j-iS3 s-V^ '^^ C1 J^^JI cr^- 
4_Lalj*J ^'L^ j^^jcJLj i)^-o JUw 14 iJwJl Jju o*JI ^pU-i jljUUJli . Factors J^ly 1 \y^> 4la-~o 
JJUh 5x 4 - 45a? Jju binomial yrtjsM jloaJI . (-2). (-7) , (-1).(-14) , (2). (7) , 1.14 : J*. ijJbJI 
: J-J. ^^iil jIjUwJI J-Ui-j . 5.t 3 (;t - 9) ^ J-^J 5* 3 i! jiSJI J*UI is-l jl k-ilL 

. ad + bc = n (3) , cd = p (2) , ab = m (I) ti-s- (a* + cX&t + <<) ^ J*lj«Jli . (rrvf + nx+p) cjapi li) .1 
. cd=p (2) ■ <j2> = m (1) (oi + <ry)(6x + rfy) ^ JJyJU . (mx 2 + rccy + py 2 ) cJ*t li[ .2 

. ad + be = n (3) 

. 1.29 , 1.28 JjL^JI >:l . j^lyjl ,j» Ji. oLf| J^-i »5b4 ^Ut Jia J^L, Ijij 
: Ji»i>uJI Jj*\ r i\ l y>^~ijp = 24 ■ «=11 ,m=lols(l)5JipU!U(x 2 +llx + 24) JJ=J : 6 JlS* 
i_^-jJI oLpj^JI jL^III ii-U-, iii Jx™xUj . (-l).(-l) < 1.1 : ,y> i^JuJI Jj>IjJ1j a.6= 1 .1 



i tf ( U+_u Lji f |*U ^ jjJ ~i (x) v >)l (.) i.3UI oi Jy4 ,it BjUll ^ (*) 

(^1) . (8x5) (8.5) 
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. 24. 1 . 12.2 , 8.3 , 6.4 ■ 4.6 . 3.8 . 2 . 12 . 1-.24 : y» iiJ^I J^lj^b c.d = 24 .2 
. 1 1 (^jLo jl c + if j^i a-b-l ^oj ab + bc=l\ .3 
, 2 + 12= 14 , 1 +24 = 25 J* iJlsJI Sjkkll ^ iiJuJI JjIjxU iiki^l £ja=~h3 

, 3 + 8 = 11 ji UUy . 24+ 1=25 , 12 + 2=14 ■ 8+3"= 11 ,6 + 4=10,4 + 6=10<3 + 8 = ll 
a = b jjSi- Ujip . iJhll s^^iJI ,y d,c J i^iyJI ,^5)1 Jui ^ 8 , 3 6U Silliil sj^l ^ . 8 + 3 = 11 
; pj' jjjj ^U^*l ^1 i^-^'j^JIj j o^IpI oMtiTftii Jj^t - Jj^' oJ*=JI ^ = 1 

fct 2 + lljt+24) = (.r + 3)(.*+8) or (j: + 8)(jc + 3) 

. 1.29 ■ 1.28 JL-JI >l Jitljill jU^Sl Jri 1.13 J) 1.5 JjL^JI >l 

Fractions 1.4 

j*UUilj U ...M ^ J_S" ^ ij_L-sJI ol j; K ^j—o (rational numbers) iJikuJI jl-b^l J _,^«S3! 

i-T^^JI J — oI^jJI *UJ} >_Jia^, UOJI ij-I^JI Jl ^r^Jl jL^-lj . lSjL-j "l) j>UJI jl Ujb j^lo 

i AjjjuaJ! ijj*Jl Sj^sS* ^UuJIj i^*?- W 1 *^' ij-^l J] _ r -S3l £^>j . ^U*Jlj h i . .. ! ! ^ 

: yisll j*lylLj jj-^ji j^s iyU> ^jt-i no. c oij d , c . js . a ot ,jil.r»L>j 



A A A B AB 

C' D~ C C D~ CD 

A B A D DJ „ 

h — = — B ^ 0 

C D C B ' C 



5 *±« = (*.£W*.£W 



. 1.21 J] 1.14 Jjl_Jlj 6 JliJU j^^JI ^Uai- 

: 7 Ju» 

i«-S jls Sj-sS^ ji ^^^Jl j-i JJlJI 1 _ r i^ U _ r -SJ fUoJIj J»~JI ,y JS" |»— 5 jl ^>j^> lij (a) 

2 x 2x 2/ 2 
3-7=37 = ^=3 

. LU1I <ojJb- Jl 4*ij jt UjJ! ■ojja- Jj jUi-'i ^.L,*^ (1) S-uUill U-w; 

0U1-JI Jvs>U-j . J./ >i; o JS^i; oUUJIj olk_JI t-jj^" <j> j-*S. ^ jj~S3I <->yi> la; (i) 

. ^S'UI ^Ui*Jt jJSLij oLoUuJl uj^j J^U-j ^j'Uil h... Jl 1 J5Lij i 

5 x — 9 5(x - 9) _ Sx - 45 

J + 6'x-4 _ (i+6)(x-4) _ x2 +2 . r _24 (2) SJ*U1I 

i_> 4-JL& ^j^JuJ i J^rpJ ( 1 ift—J i! ^3 (c) 
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16 7 _ 16 y 2 -3 _ 16y 2 - 48 

y : y 2 -3„~ y._'_ 7 ~ 7y (3) SOpUII 

6, 4z+9^ 6z-(4z + 9) _2 2 -9 (4) SJpUIi 

z + 5 2+5 z+5 z + 5 

I + 3 = A.l\ + f3 _3\ 4_ l = 4 + 9 13 (5)iJpUJ| 

3 4 V 3 V V» 3/ 12 12 12 12 



3 xOx)- 3(5) 7x 2 -IS 



(5) S-IpUJI 



5 7i 5(7*) 35* 

lsAJIj ji^l JjUj ^ij JS 1 :!! is-jjdl ,y ijju- ^ ».,L» jZ\ j! (Xr- 5 - 5 j***^ ^ jsuM pUJI 
LuSUj, j-***H\ ii j -. - J UJ I pLidl XJLeH\ oULii. f _ r U- h ; ,,Mlj i*— Jl3J JjIS 

jjJJ 1.14 Jjl_~JI J j^^JI i^-ly, oj^oi Si 3 1.21 1.19 JlL-JI jtil . uuyillj ^LjJI 

. 1.21 

Radicals jjJb-Jl 1.5 

J\ 4~ yj 6 = ^ iljUJI JjJ, j-*J£Sn jJt»JI ii-i Ju* i>>0 2>" = a oils' lij 
jj-UJI ,jJj < j-ojll n j jipJI o~ ^yjl jljiiJI , jj-U^JI ^ja j ji^J) J\ 
ji LS _i A Olj 1.1 ^1^(8) . (7) -L^lyJI^j . ^T" = V~~ wtUJJj .2^1^^ "ST S~j-JI 

1. (^)"=* 2. ^=<V? 

3. ^-^=^ 4. , #0 

. 1.30 SLJI (1) 5J*UII otfj J JtA 
ali VjjH jjAiJJ <»t Jfc-Hj ■ yui s^l j.iUJI Jx-J jji>Jl ^Ijs jsUi : 8 Jte» 
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EXAMPLE 8. The laws of radicals are used to simplify the following expressions. Note that for even-numbered roots, 
positive and negative answers are equally valid. 

(a) (7^) 3 =727-- v / 27-727 = 3-3-3 = 27 (1) 5A»U1I 

(i>) y7Bl = 764 = ±2, ^i-^ 7~ =1T (2) SApUJI 

C 764 = 4, ^Tol = 74 = ±2 

(c) 78 -718 = 7144 = ±12 (3)SJ*LiJI 
71782 _ ,/l782 _ 
722 

. 1.27 J\ 1.25 JjL^JIj 1.23 . 1.22 JiL~JI 0»\ JkA 



{d) ^ </i^ = ^T = ±3 (4)i 



Order of Mathematical Operations S^b^l OLL^I t_~Jj3 1.6 

js^i j| LJ i--o. ^^3 <~Jj^> oLloJ^ <_. Ilai IjljJlo oJaP I IS} 

^Jy ^.IjjMt jLLi . Vai v-^' d! V^- ^ ljJ1 u-'j^ 1 ^ > b u-y' ^ 

• £ jJai Ij ' J-^ [*-*2ij o j^ij . 3 

EXAMPLE 9. The following steps are performed to solve 



(5 2 -6) 



1. 5 2 = 25 

2. 25-6 = 150 



Use of a Pocket Calculator c~^Jl ^ Lb*xul 1.7 



Addition of Two Numbers j)SJ& 1.7.1 

C U»JI kji ^ J-oj ^Ull iJ_JI Ji-Ji ^ [+] j-UJI .Li^ij , JjVl ijljl J^JU , ^JJlJ- 

: 10 Ju» 

^ Li^ij , 216 J^-Ji [+] c LiJI ^J* ii^i , 139 Ji-JJ. , 139 + 216 ^ J^^JJ (a) 

. 139 + 216 = 355 Js- J^^i [3 
[3 Jj> ii^ij , 38.75 Jij ^ [+] c biJI ^ ii^; , 1025 Ji-JU , 1025 + 38.75 Js- J_^JJ (fe) 
ik_o bl_u4 L»Ji«^, ii=-}UI Sli/Vlj JUJI li» Jlp VJ j-i' . 1025 + 38.75 = 1063.75 J-^i 

Addition of More Than Two Numbers jjJ-Ip^ j£\ 1.7.2 

J-~ i>j ^ LSI Q C Ui«JI ii^llj . ^1 ^JA^J\ J^J [7] c bi«J! ^ Jai^ii 

. iiaiill liUi -Li i^j^JI £j*mS\ { J&u i ijj*. JJjJI 

. 216 Ji-J_i , t±] c Ui-*JI ^jJU .U^ii |_} , 139 Ji-JJ , 139 + 216 + 187 ^ J_^J) : 11 J\i» 
. 139 + 216 + 187 = 542 J* J^J fT] c uj| j^,, 187 J^ju , JjU [+] j-lsiJI J* 

JUJI UAi. 355 ^jL^. ^illj 139 + 216 J ^ j^, 216 j~ 0 j-UJI ii^Jlj 

Subtraction 1.7.3 

■ G3 c l^»JI o» □ C UJI ^ 1.7.2 ij^l j^JL 4^ Cj JJ|j , J\J\ J* 

: 12jli» 

0 c UiJI ^ J^iij , 708 JiJi Q^UJI ii^ij , 315 JiJu ■ 315-708 ^ Jj^JJ (a) 

. 315-708 = 393 ^ J^J 
3 c UiJI ^ i^j 79.62 Ji-j; [3 c Ui*JI ' 528 J=-JJ , 528 - 79.62 J* J^^JJ (b) 

. 528-79.62 = 448.38 J* J^J 

Multiplication Oj^aJl 1.7.4 

3 c UiJI Wjj , ijull J^a; , [x] c lxiJ| ii^j , JjMl JJb j| , VjJ j 
. EE] c biJI # Vjj |x] c UJ| ^ 1.7.2 J jj^JI 4^ JJUiJI . ^-LJI ^ J^J 
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: 13 Jts» 

01 pJUJ 0 c biJI i-A^ij 27 Ji-JJ p-J [x| c biJI Jaisii < 486 J^-JJ , 486 . 27 Ji* Jj^JJ (a) 

. 486 . 27 = 13,122 

<W [±] c UiJI ii^ij 35 J-^JJ p-i [X] c liiJI ii^j 149 J_i-Ji , 149 . -35 ^1* Jj^J) (b) 
. 149 . -35 = -5215 01 pi«d 0 j-LiJI -Li^ pi 

c bUlj . j->)l 3JU* jil. E3 C ^JU • [H c UiJlj □ C l=i*J1 jsj O^VI ilj-li oi ^ : Ji»-^ 
. i_o>-j* ,^1 i_JI— ji JL J I t-^rj^ 0° i3>l~JI Ji*i S 

Division i«-~i)l 1.7.5 

. 0 ^bUI J««Juj B Ji-Jj pi jjj [3 <~Ui«JI J»i~ii pi ^ Jls-^li B ^ A J^~S 

: 14 JUw 

0 c biJI .Li^j , 79 J^JJ p_f Q c biJI Jip J*L* , 6715 J-^JJ ■ 6715+79 JU- Jj^JJ (a) 

. 6715 + 79 = 85 Oi b-A»*» 85 ^jLo tii ^iyJI ,y j^ki 
j-UiJI Jai^i pi tI)L» tU>~) 0 ^UiJI iuwu pi 279.36 Ji-Ji . -279 = 9.36 + 72.128 ^ Uj^Jd (b) 
. -297.36 + 72.128 = -4.1226708 J* J^J 0 j-bijl k« pi 72.128 Ji-jJj [3 

Raising to a Power 1.7.6 

. f=1 ^UiJI iivii} VI Ji-Jo pi' 0 j-Ui<JI iiivi; pi iJuJI Ji-Ji • ^ji) Lo J M- jjy ^ 

: 15 Jli» 

ji pI>J [3 ^bi«JI Jit iu^Jj ■ 5 Jj-Jj pi 0 Jio JuLdS , 8 JiJU . 8 5 Jb J_«^JJ (a) 

jj+«£ 01 o-^. s W--i ilJ_tiplJi^— Ijii-^JIOuVljJliJI IJu. Jip ijjJJ 8 5 = 32,768 

■ oUU)!l 

Oi eJj-J 0 ^UiJI ii-ij < 0.25 J-i-JJ 0 j-UiJI Li-A; . 36 J^-JG , 36 0 ' 25 ^* J jv^JJ (fc) 

. 36 025 = 2.4494897 

3_«_JiJI ,jU=~J [±] £-UiJI ^1* .luUiij 3 Ji-JJ 0 j-lciJI ^ iai-i; , 2 Ji-JG , 2~ 3 ^ J jv=»JJ (c) 

. 2" 3 = 0.125 Oi i,»At<J 0 j-l^iJI ^ iivi pi IJL. 

Finding a Square Root y«sjjsll jJ^Jt itjjj 1.7.7 

jJU»JI ^^ip OjJ.Ua jW*^ |V-V j £ "J^.'J ■ JaJUii pi' JJbJI ,jU-JLi t U J-Ul ^y^joll J-U;JI fJ i^ J y&xSS 

\L£* OjS; Ot— UJI pJw ^ |-vfiT| j-I^aJI 01 Ji=-5^ : . 0 j-biJI ^U- Jji»ill S^»-UJI OjJ ^jJI 
c UiJI Li^i Oi Vji y^. , J^JJ |^] c kiJ|-j4=jJ ySJj . 0 c UiUJ (iJbll iijijll ji Jlisil) 
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. @ c UiJI J* i^L. >iUi ,J (2df ji shift) |INV| 

.,-UJI ^ +23 ji JUJI J ^ \jx\ Js. ii^;^' , 529 J»x ,V529 Jip Jj^JJ : 16 Jli» 

• 529 ^jJI 

llNV[ c kiJI ii^; ^ 529 J^JJ 0 C L^UJJ (ioldl iLkjll j! JUil) CSU [vt] c bi*JI jl_S" lij 
ji W ^ j^-j [£]. c biJI J*_iJ ^ . @ c UiJI Jit Li^JL L*^» ( |2dF| ji jShift| ) 
. [T] j-l^JI ii^ill i~UJI jjp ^S29 =23 

Finding the nth Root n j-Wll il*ol 1.7.8 

'H ^^i*JJ fetf iiJij j! Jliil) [ i/y | j-UjUJI jlf lij . jA»JI Jp J-^~J [=] £-lii»JI 

J^JJ r " 0 c biJI J* WJU lij^ ( |dF] ji IShiftj ) |INV| c biJ| , jaJI J^Ai 

. Ji»JI Jt J-^*tJ [=] ^Ui*JI -ki^jj re jirjjl 

: 17 Jli» 

3 j£-JJj , 0 c UI J* ii^Jl £^I INV 1 C UJI J>i^i , 17,576 J>Ai ■ V 17,576 J* J^^JJ (a) 

. 26 = V 17,576 ji ^UJ H j-laUll J* ii-ii ,J 
5 Ji-Jij < 0 j-UiJI J* iiJL lij^ |lNV| c kiJI , 32,768 J^a; , V 32,768 J* (*) 

. 8 = \l 32,768 ji ,JUJ 0 ^IsiJI J* (J 
J^-Ji , Sj-i-Vl Si~^l >jj (.JJ^c-i^Jj V 32,768 = 32768'" = 32768° ■ , 1.1 ^1 J (8) SJielSJI ^ (c) 
J^cc_J ^flj , 32768 a2 = 8 ji A_^J [Tj c Ui<J! Li^iij , 0.2 Jj-jj ■ 0 j-UiJI Wuj ■ 32768 

: ji jUiVl J J A-*j i^jLi^Jl o^Lj^xM 
. 1.27 J I 1.25 J-SUJI >il . IaSLaj . £ = x ,n =x«- s , ^ = x" 3 =x a33 ■ = x" 4 = * a25 

Logarithms oUaijlP^Ul 1.7.9 

JI iU-UJI jji J-^JI I log I ^LisJI Im^u (»-»" X J^-Ai < logio-V ^UJI pJOjU-JII iUo.V 

. Qc^Jij* wji 

: 18 Jli* 

ji bj« 1.3802112 jvijll ULllI Jj> [log] j-UJI ii^i 24 Ji-u , log24 Jc J_^JJ (a) 

. log 24= 1.3802112 

. log 175 2.243038 iJ^-j |log| ^UaJI ii^Jj . 175 Ji-ju , log 175 sUu.^ (i) 
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Nature Logarithms ijtJaJt oLujjlP^I 1.7.10 

Jl J»-UJI jjj J-jJI j^iijj jinx | j-biJI JiiUii |J j: i»J J-^--li < In* tyv^l f^jLfcj^l <-^;S iWjl 

: 19 Jli* 

. 2.9957323 = In 20 ji |ln:c| ^biJI .kj^i, . 20 Jj-Jii , In 20 (a) 
. In 0.75 =-0.2876821 ji j-UiJI ii^ij 0.75 Ji-jJ , In 0.75 iUuV (6) 

Exponential Functions Jlj-lJl 1.7.11 

. 1.7.6 j,— Ji3l J .lLp 4~-i llftj . [=] ^-Ui*Jl 

: 20 Jit. 

Jp J_^«J Ej ^UJt iJLiJj 3.2 Ji-JJ 0 j-kiJI , 1.5 JiJU , y= 1.5" o.U-i li} (a) 

. 1.5" = 3.6600922 

^btiJI J* ii^JL lijjw 1.25 J^-JlJ ^ 0 j-UiJI , 256 Ji-X , y = 256"' 25 oils' li| (fc) 

. 256" 15 = 0.0009766 ji pJUii 0 j-biJI J* JaA^ii .J CjL. -<WJ [±] 

Natural Exponential Functions SjuJaJl JljJJl 1.7.12 

JL=JI ^ J=JI [?] j-UJI Jp ii^j , x i»j Jijj , y = c i~»~k)l V-*^ 1 ^l^ 1 s W«.)f 
c bLj) (Villi ii-fejll ji JUti!) iL^p 0 c biJI jl_S" lit . [T| c bJ*l\ Li^JI JI i^UJI jjp 
. sysL. JsJI |ln.r| j-bijl Jp Jai^Jt tp^x» |INV| lUviij x S*Ji!l Ji-jJ , | In a: [ 

: 21 JUU 

|lnx[ c b-^JI Jo Li^Il £,^ |lNV| c kiUJ| J* Li^; , 1.4 Jijj , ji = « u oJ*pi lit (a) 

. e lA = 4.0552 ji 

li^ |INV| c biJ! iA^i pj- L)L. .lU^J [±) j-biUJI Jp Wiij 0.65 J^JJ , y = e 4us cJlT lit (*) 
. 1.27 J\ 1.24 JjL^JI Ciui >il . e^" 6 ^ 0.5220458 ji A^J [jnT] ^bwJI Jp ii^JU 
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( J**V ) JjSlt J-aill 

J] ^Jbw JiL. u» 

Exponents 

. SJLdl jjjUftJI .kw^l 1.1 j*— Jii! ^ ^^Sll JlpIjs ^.j^x«1 .1.1 
1.1. Simplify the following expressions using the rules of exponents from Section 1.1. 

(a) x>-x<- 

x i . x * _ x 3+t _ x i (i) !j*La)l 

(b) x 5 -x-* 

X S . x -3 =Jt 5+<-3) =Jr 2 (1)SA*U)I 
p.-3 = , 5 .' = ,,,,,.-i- = , 2 ] 

(c) x" 2 -x- 4 

,-2 . .-4 _ ,-2+<-«> = = _L (1) SJielill 



L ' x-xx-x-x-x ,\ 



(d) x^-x 1 



« 7 



. x 3 " = x am+3 _ ^3j _ ja = Jj (i) j (7) sapUII 

[x" 2 ■ * 3 = (,/?)(* ■ * ■ x) = (V3E)(V3T • V?- V? ■ 4~x ■ -Jx) = = x 7/l, 



(2) SJelill 



(/) 



(6) j (2) SJ^Ull 



5-(-6>_ ,5+6 _ II (2) SJ*U)I 



— -11 

[x* > . , . , > 

_fl_ _ r 5-(-6) _ ,5+6 _ ,11 
x -(, — •* — ■* 

= (!/*«) = :r5j:6 = - c "] 



■J~X 



4= = 4 7 i=* 5 ~ (V2) = * 4i =*' /2 = V^ (7) j (2) sapUJI 
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(0 (* 4 r 3 



0) W?) 4 



« 44 



r 4(-3>-^_ ,-12 _ . 



(6) j (3) sapUII 

(^f) 4 = (jt ,/3 ) 4 = = * 4 ' 3 (8) j (3) ! J»U1 1 



Ory) 3 



(4) j (6) 5-ipUdl 



6)" 



\y>) y 11 y" 

. 1.27 , 1.26 , 1.24 JJl_^JI Cij jiil 

Polynomials i jJ^Jl CM j-iT 

: SJbJI ijjbJI oljjSf JpUj UuU- mjmJI i-^yi oLUJI ^1 .1.2 

1.2. Perform the indicated arithmetic operations on the following polynomials: 

(a) 35xy + 52j:y (f>) 22yz 2 -46yz 2 

35*y + 52xy = Slxy 22yz 2 - 46yz 2 = -24yz 2 

(c) 7fcc 2 y 3 -4&r 2 y 3 (d) 1&c,jc 2 + 62x,x 2 

79*V - 46x 2 y 3 = 33x 2 y 3 16*|jr 2 + 62x,;r 2 = lix,n 

(e) 57y,y 2 -70y,y 2 (f) 0.5;t 2 y 3 z 5 +0.9;c 2 y 3 z 5 

57yiy 2 - 70y 1 y 2 = -13yiy 2 0.5jr 2 y 3 z 5 + 0.9i 2 yV = 1.4.< 2 y 3 z 5 

Jlj- JS" SjUl 6U ^jlJI 3U- ^ 4ii Ji^Vj . UiL. US' SJbll .yjijl ol^i? j->l jt >>>i .1.3 

1.3. Add or subtract the following polynomials as indicated. Note that in subtraction the sign of every term 
within the parentheses must be changed before corresponding elements are added. 

(a) (25* -9y) + (32* + 1 6y) 

(25.r-9y) + (32x+16y) = 57x + 7y 

(b) (84;r-31y)-(76x + 43y) 

ij^f ^Jj J^iiU _p H . if (-1) h 6^^' a* u* 11 ^1 ^J^-ll ur 5 ■»*- JS" V^l 

■ i_r^^ ^s^ 6 -*? [*J SjjS'jLftJI ijj^jj 

(84* - 31y) - 06x +43y) = 84x - 3!y - 76x - 43y = ix - 74y 

(c) (9a: 2 + 7*) - (3* 2 - 4x) 
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(to 2 + 7*) - (3* 2 - 4*) = 9* 2 + 7* - 3* 2 + 4* = 6* 2 + 1 1* 
(d) (42* 2 + 23*) - (5* 2 + 11* - 82) ~ 

(42* 2 + 23*) - (5* 2 + 1 Ijc - 82) = 42* 2 + 23* - Sx 2 - 1 1 x + 82 
= 37* 2 + 12t + 82 

JS" ^ V-r^J. j' vw Jj'^' ^J- 1 ^ 1 J> J»- Jfo! jfij »ja~JI oLUJI .1.4 

1.4. Perform the indicated operations, recalling that each term in the first polynomial must be multiplied 
by each term in the second and their products summed. 

(a) (2* + 7X4*- 5) 

(2* + 7)(4jc - 5) = 8* 2 - 10* + 28* - 35 = 8* 2 + 18* - 35 

(6) (5*-6y)(4*-3y) 

(5* - 6y)(4* - 3y) = 20* 2 - 15*y - 24*y + I8y 2 = 20* 2 - 39*y + 18y 2 

(<0 (2*-9) 2 

(2* - 9) 2 = O-x - 9)(2* - 9) = 4* 2 - 18* - 18* + 81 = 4* 2 - 36* + 81 
W) (2* + 3y)(2*-3y) 

(2* + 3y)(2* - 3y) = 4* 2 - 6*y + 6*y - 9y 2 = 4* 2 - 9y 2 
(«) (4* + 3y)(5* 2 -2*y + 6y 2 ) 

(4* + 3y)(5* 2 - 2*y + 6y 2 ) = 20* 3 - 8* 2 y + 24*y 2 + 15* 2 y - 6*y 2 + 1 8y 3 
= 20* 3 + 7* 2 y + 18*y 2 + 18y 3 

(/) (3* 3 -5* 2 y 2 -2.y 3 )(7*-4y) 

(3* 3 - 5* 2 y 2 - 2y 3 )(7* - 4y) = 2I* 4 - 12* 3 y - 35* 3 y 2 + 20* 2 y 3 - 14*y 3 + 8y 4 

Factoring J»lj*Jl J-JLpxj 

. jSH\ 4>lS*)I J*UI ii-LiJbJI ijjJIolj-if y, JT Jl»- .1.5 

1.5. Simplify each of the following polynomials by factoring out the greatest common factor: 

(a) 32* -8 (b) 18* 2 + 27* 

32* - 8 = 8(4* - I) 18.Y 2 + 27* = 9*(2* + 3) 

(c) 14* 5 -35* 4 (d) 45* 2 y 5 - 75* 4 y 3 

14* 5 - 35* 4 = 7* 4 (2* - 5) 45* 2 y 5 - 75*V = 15* 2 y 3 (3y 2 - 5* 2 ) 

(«) 55*V - 22* 6 y 4 - 99* 5 y 7 

55*V - 22* 6 y 4 - 99* 5 y 7 = 1 l* 5 y 4 (5.v 3 y 5 - 2* - 9y 3 ) 

: ioJuJI o3Ul~JI liji,^ U JS" JU .1.6 

1.6. Factor each of the following using integer coefficients: 

(a) x* + \0x + 21 

. p = 21 . n=10 . m=l 1.3 ^ J (1) sj^Ull y j y J,\ 

■ *-»-j«JI aUelll jp U» e^JI JUj ij^i L^dij 
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^ ii-tj .JjW 1J5-. SjUJI oi» jla a = i=l LoJu^s l-ltUa o "ill y>j [1, 1] a. £= 1 (1) 

. [1,21; 3, 7; 7, 3; 21, 1] l'^ iiJuJI J^I^JIj c. d = 21 (2) 
jjU 3 + 7 j 7 + 3 .L3 UlUj 10 ^Ui' oi (c + dU>ti a=\=b l ±^j , ah + be = 10 (3) 

li] . 10 

x 2 + 10jr + 21 = (jr+3)(j:+7) j! Cr + 7)fct+3) 

.kis jS" i Jt=-lj i__ ijl oij JjiI^JI j^s a . b = 1 LdSj 

(J) x 2 + 8* + 16 

(1) c-d = 16 . [1, 16;2,8;4,4] 

(2) c + d = S [1 + 16#8;2 + 8yf8;4 + 4 = 8] 

* 2 + 8.v+l6=tt+4)(x + 4) 

(c) + 13* + 36 

(1) £'■<< = 36 [1, 36; 2, 18; 3, 12; 4,9; 6. 6| 

(2) c+d= 13 [only4 + 9= 13] 

. !1> I Ifi (j • 4)0 • 9) 

1.7. Factor each of the following, noting that the coefficient of the x term is negative while the constant 
term is positive. 

(a) x 2 - 13* + 30 

•ij ■ L«j»^5" Oj-Su, Oi 1-. ,j_jjJaJI ^JuLJI ol» «_Jl» (c + d) j y*rj-» (« ■ <fr i»l 

(1) . G-<f = 30 [-1,-30; -2,-15; -3, -10; -5, -6] 

(2) c + d = -13 ' '[ Jjs-3 + (-10) = -131 

j 2 -I3j+3O=(.i-3)(.t-10) 

(6) x 2 - 15* + 36 

(1) erf = 36 [-1,-36; -2, -18; -3, -12; -4, -9; -6, -61 

(2) c + d = -\5 [-3 + (-12) = -15] 

x' ISt ) «. (t i)U !?.) 

. >_JL, ii'W'l JbJIj y^-j* crtl * JbJl J»U. jl ii-SG . JL, JS" JW .1.8 

1.8. Factor each of the following, noting that the coefficient of the x term is now positive and the constant 
term is negative. 

(a) v 2 1 !9.v - 42 

(c + d) OjSo ^-^j • o! jLi] U^J U^So_ tjM-fcoA^j.'jiiJuJI jJLaUJi jli i_JL« (c . d) 6| 

. llr^o 0j5o 01 t5^3l ^^JJaAjM J^Wi jli i_^y 

(1) c-rf=-42 [-1,42; -2,21; -3, 14; -6,7] 

(2) c + rf=19 [Jus -2 + 21 = 19] 

x 2 + 19* - 42 = (x - 2)(i + 21) 



(6) * 2 + 18.t-63 

(1) erf =-63 [-1,63; -3, 21; -7, 9] 

(2) c+rf=18 [-3 + 21 = 18] 

+ I8x - 63 = (x - 3)(* + 21) 

. SJU, oljUl U^J colsJI JbJIj x J^ll JaU..^ JS" jt J^Vj, SJUI Sj^JI ^UJI JU .1.9 

1.9. Factor each of the following expressions, in which both the coefficient of the x term and the constant 
term are now negative. 

(a) * 2 -8;c-48 

i*-Ji!l IS JjUJI oij iibi^ oljLb) L*! jji ji jJ^UJI jti , jLJL. (c + rf) j (c . d) jj 

. liL, jji ji eS_^JI iiLLJI 

(1) c-rf = -48 [l,-48;2.-24;3,-I6;4,-l2;6,-8] 

(2) c+d = -8 [4 + (-12) = -8] 

jc 2 -8jt-48 = (*+4)(;t-12) 

(6) * 2 -26j:-56 

(1) c-rf = -56 (1, -56; 2, -28; 4, -14; 7, -8] 

(2) c + d = -26 [2 + (-28) = -26] 

jr 2 - 26* - 56 = (Jt + 2)(x - 28) 

. yJUc-UI J^JIjj: JbJI J^j,, itil^-ijjj, U .1.10 

1.10. Factor each of the following, noting that there is no x term and the constant term is negative. 

(a) x 2 -81 

iil^oljLiJ l^J ji v*4 J^I^JI oli lit jjS;. . c + rf = 0 jij yJL, (c.d) Laj 

. *ilL*JI (j-iij 

(1) c d = -81 [9,-9] 

(2) c + rf = 0 [9 + (-9)=0] 

jr 2 -81 = (;t + 9)(*-9) 

(b) x^ — 169 

(1) c-rf = -169 [13,-13] 

(2) c + rf = 0 113 + (—13) = 0] 

j: 2 -169=(x+13)U-13) 
^1^.^)1 ^UJI J_UJ 1.10 JJ 1.5 JjL^l^^jUloUl^ljjjJJIpj^l .1.11 

. 1 JiU, V x 2 jJI Jol^. \jj 

1.11. Use the techniques and procedures developed in Problems 1.5 to 1.10 to factor the following expres- 
sions in which the coefficient of the jt 2 term is no longer limited to 1. 

(a) 5x 2 + 47;t+18 

. (5x + ?)(x + ?) J*S_s [5,1] : ^ J^JI ja .ft = 5 (1) 
. [1,18; 2, 9; 3, 6] : ^ J^jJIj c . d= 18 (2) 
j~o>JI ~XS J (2) ijLiJI ^ *U*^JI JjIj^U g-ljjSlI JS" ji ad + bc = Al (3) 
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. [1, 18; 18, 1; 2, 9; 9, 2; 3, 6; 6, 3] [5, 1] (1) ijL±J\ J 
j-Uh J-jIj«JI v^y (5.9) + (l .2) = 47 jt .US iiUI ,>lj*JJ SUa^JI oli-JjJI JT 

: ^ dJJJJj . 2 Vj-^l 1 otj 9 ^ Vj^"' 5 Cltj jSlsij 

5* 2 + 47* + 18 = (5* +2K* + 9) 

(6) 3* 2 + 22*+24 

. (3.1 + ?)(* + ?) [3,1] : ^ J,lj«]| a . 6 = 3 (1) 

. [1,24; 24, 1;2, 12; 12, 2; 3, 8; 8, 3; 4, 6; 6, 4] JaljJIj c . d = 24 (2) 
J ' Oij 6 ^ u>" 3 u! ^ JS"U viyj [(3 . b) + (1 . 4) = 22] ad + bc = 22 (3) 

: j^^Jj 4 

3* 2 +22*+24=(3* + 4)(* + 6) 

(c) 3* 2 - 35* +22 

. [3, 1] , a. 6 = 3 (1) 

. 1.7 ili_JI ^ US' [-1,-22; -22,-1; -2, -11; -11, -2] : ^ J»lj«)lj c. d = 22 (2) 
-11 y» 3 u/Ai <i i ~ Jol^Jl -h^J [(3 .-11) + (1 .-2) = -35] ad + be = -35 (3) 

: J* J-a«J -2 J l 

3a: 2 - 35* + 22 = (3* - 2)(* - 1 1 ) 

(d) 7* 2 -32* + 16 

. [7,1] , «.6 = 7 (1) 

. [-1,-16; -16,-1; -2, -8; -8, -2; -4, -4] : ^ J^ljJIj e . d= 16 (2) 
[(7. -4) + (1 .-4) = -32] <2rf + 6c = -32 (3) 
7* 2 - 32* + 16 = (7* - 4)(* - 4) 

(e) 5* 2 +7*-52 

. [5,1] . d .6 = 5 (1) 

. SjUVI j-ii- £• J-jJjslI SIS' J j-jJu' Oi v^v. JS" [1, 52; 2, 26; 4, 13] c.d = -52 (2) 
[(5. 4) + (1 .-13) = 7] ad + 6c = 7(3) 
5* 2 + 7* - 52 = (5* - 13)(* + 4) 



(/) 3* 2 -13*-56 



(g) ll* 2 + 12* -20 



. [3, 1] , a. 6 = 3 (1) 
. (c) J IS ^jJi [1, 56; 2, 28; 4, 14; 7, 8] c . d = -56 (2) 
[(3 . -7) + (1 . 8) = -13] ad + be = -13 (3) 
3* 2 - 13* - 56 = (3* + 8)(* - 7) 



. [11,1] ■ 0.4=11 (1) 
. .^U! ^jAi' [1,20; 2, 10, 4; 5] c.of=-20(2) 
[(11 .2)+ (1 .-10) = -32] ad+bc = 12 (3) 
1 li 2 + 12*—- 20 = (1 Ix - VS)(x + 2) 

(h) 7x 2 -39x-18 

. [7, 1] , a. 6=7 (1) 
. ^.jj; [1, 18; 2, 9; 3, 6] c.d=-18(2) 

[(7. -6) + (1 .3) = -39] ad + be = -39 (3) 
7.t 2 - 39* - 18 = Ox + 3)0 - 6) 

. x 2 JoLu J^ljp ijocs SJLJI jj^UJI JJ»~) 1.11 ilt~JI Js- -Lti .1.12 

1.12. Redo Problem 1.11 to factor the following expressions in which the coefficient of the x 2 term now 
has multiple factors. 

(a) 6* 2 +23* + 20 

. [1,6; 2, 3; 3, 2; 6,1] : J^lj a.b = l (1) 
. [1,20; 2, 10; 4, 5; 5, 4; 10, 2; 20; 1] : ^ JjI^Ij c.d = 20(2) 
. ad + bc = 23 (3) 

(1) s^UiJl j_ iU^JI J^ljJI js" ^ (2) 5>»JI ^ iU^~JI J.ljJJ jrljjVl JT oi e-w. 
J^ljJI ^i-jij (2. 4) + (3. 5) = 23 ui J^a J^.%>i IfcJl jLiJI J.ljJJ Si^JI oUJjslI JT 

: J~a=uJ 5 y>; 3 olj 4 ^ yj^j' 2 oi ^ jftai lJ s>- ji~ 
6* 2 + 23* + 20 = (2x + 5)(3.r 4- 4) 

(6) 4* 2 +15;t+14 

. [1,4; 2, 2; 4, 1] a. 6=4 (1) 
[1, 14; 2, 7; 7,2; 14; 1] c.d=U (2) 
7 cs 5 V^ 1 ' 1 2 J vV-^' 4 oi JiftJ JJyJI [(4 . 2) + (1 . 7) = 15] ad+bc= 15 (3) 

: J*- J^^J 

4jc 2 + 15x + 14 = (4jc + 7)(x + 2) 

(c) 8x 2 + 34* +21 

. [1,8; 2, 4; 4, 2; 8, 1] a. 6 = 8 (1) 
[1, 21; 3, 7; 7,3; 21; 1] c.d = 21 (2) 
: Js- J^J 7 ^ 4 3^2 >_.^iic^~ J^lj«ll [(2. 3) + (4. 7) = 34] ad + be = 34 (3) 

8x 2 + 34i + 21 = (2x + 7)(4i + 3) 

M) 6 a- - I7.v + 10 

. uJLJL jl d , c oU J*»-jj> Jj>Ij~ 6 < a JuJ^ UJij lilj < -17x -k>JJ l^feij 
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. [1,6; 2, 3; 3, 2; 6, 1] a. ft = 6 (1) 
. [-1,-10; -2, -5; -5, -2; -10,-1] c.d=10(2) 
-5 1 -2^6 v ^ ^i-ji [(6 . -2) + (1 . -5) = -17] ad + be = -17 (3) 

6x 2 - Ylx + 10 1 = (6* - S)(x - 2) 

(e) 9a: 2 - 30* + 16 

. [1,9; 3, 3; 9, 1] a . 6 = 9 (1) 
. [-1,-16; -2, -8; -4, -4; -8, -2; -16,-1] c.d=16(2) 
[(3. -8) + (3. -2) =-30] ad + be = -30 (3) 
9j( 2 - 30* + 16 = (3x - 2)(3a- - 8) 

S_JiUJI oli J~l! Jyllw J*lj«JI cJlT liU . JUr U Ijili bja jSH\ SjiWI S^jJJI olliU. : 

^..^ jj^i' J 1.11 J) 1.5 ,y Jit-Jl^s j>)lj 1.3 pjfll ,y (2) 5J*U)I pjLi^J .1.13 

1.13. Using Rule 2 from Section 1.3 and the techniques developed in Problems 1.5 to 1.11, factor the 
following polynomials: 

(a) * 2 + ll;ry + 28y 2 

(1) c-<< = 28 [1,28; 2, 14; 4, 7] 

(2) c + d = 11 [4 + 7=11] 

x 2 + 1 Uy + 28y 2 = {x + 4y)(x + 7y) 

(f>) x 2 - 19xy + 60y 2 

(1) <:•<! = 60 [-1,-60; -2, -30; -3, -20; -4, -15; -5, -12; -6. -10] 

. 1.7 SJL-JI J vW-'^ 1 a"^ 5J ^ U ^. JJuJI J-" 1 -?" 11 '-"J 

(2) c + rf = -19 [-4 + (-15) = -19] 

a 2 - 19;cy + 60y 2 = (a - 4y)(* - 15y) 

(c) * 2 - I3xy - 48y 2 

(1) c-</ = -48 [1,-48; 2, -24; 3, -16; 4, -12; 6, -8] 

. 1.9 SJUJI ^ SJu'U ijjJI JjUJI 

(2) c + d = -13 [3 + (-16) = -13] 

x 2 - I3xy - 48y 2 = (x + 3y)<* - 16y) 

(d) x 2 + lLry-42y 2 

(1) c-rf = -42 [-1,42; -2,21; -3, 14; -6,7] 

. 1.8 SLwJI J> V L-,V! j^iJ SJiU »Juj 

(2) c + d = ll [-3 + 14=11] 

x 2 + 1 liy - 42y 2 = fcr - 3y)(* + 14y) 

IV) 3.v 2 I 29.VV • 18r 

(1) a b = 3 [3,1] 

(2) cd= 18 [1, 18; 18, 1; 2,9; 9,2; 3,6; 6,3] (ft) j (a) 1.1 1 SJL~JI ^ US" 
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(3) ad + bc = 29 [(3 • 9) + (1 • 2) = 291 

3jc 2 + 29*? + 18/ = (3* + 2y)(* + 9y) 

(/) 7* 2 -3&o>+45)> 2 

(1) ab = 7 [7,1] 

(2) c-d=45 [-1,-45; -45,-1; -3, -15: -15, -3; -5, -9; -9, -5] (c) 1.11 SJL~J! ^ US' 

(3) ad + be = -36 [(7 • -3) + (1 • -15) - -36] 

7x 2 - 36xy + 45y 2 = (7x - )Sy)(x - 3y) 

(g) 5x 2 + Uxy - 44/ ... . . . .. . ' ... ... ,'. 

(1) a b = S [5,1] 

(2) c .d = -44 [1,44; 2, 22; 4, 11] 

. W l.ii 

(3) ad + 6c =12 [(5 ■ -2) + (1 ■ 22) = 12 

5jl 2 + 12xy - 44/ = (Sx + 22y)(x - 2y) 

(A) &r 2 + 46*y+45/ 

(1) a .6 = 8 [1, 8; 2, 4; 4, 2; 1, 8] 1.12 iit—UI US' 

(2) c-rf = 45 [1,45;3,15;5,9;9,5;15,3;45,1] 

(3) aii + oc = 46 [(2 • 5) + (4 • 9) =46] 

8jt 2 + 46xy + 45/ = (2* + 9y)<4* + Sy) 

(i) 4x 2 -25/ 

(1) a-f> = 4 [1,4; 2, 2] 

(2) c-d = -25 [1, -25; -25, 1; 5, -5] 

(3) ad + bc = Q [(2 -5) + (2 -5) = 0] 

" 25>' 2 = (Iv + 5 v)(2.v - Sy) 

Fractions jj— &\ 

fUJIj i_JI pJij jtvy*. j:?- ^ 1-4 ^1 (1) S-itUsJI ^ jjljJI jj^O) ^UVl i.u*JJ UJ> .1.14 

fJAt—l • u-UoSfj jljiijl JjUo' OU jj> SytolS ijjS tfJi J* 5h:nll i-bd) 

. j£H\ A J.UJI otAJJ ji aUilj Lull UjjJb- J) SJUI jj^JI jU^tf-l ^ tjujl 

1.14. According to Oat fundamental principle of fractions expressed in Rule 1 of Section 1.4, when the 
numerator and denominator of a rational number are multiplied or divided by the same nonzero 
polynomial, the result will be equivalent to the original expression. Use this principle to reduce the 
following fractions to their lowest terms by rinding and canceling the greatest common factor: 

- r - % 

16 = 16_1 1 2U= _ 3x 2 -lx 3 _ 3 

96 16-6 ~ 6 3jt 2 " 3x 2 l 



36z 2 - 63z 9z(4z -7) 4z - 7 



jt 2 +7x + 12 ^ (x+4Kx + 3) = £+3 
* 2 + 9x + 20 (jt + 4)(jr + 5) * + 5 



. 48 J j.UuJI £. UJI UijJi^ iJkil jj_£JI jjj) (1) S-itUll .1.15 

1.15. Use Rule 1 to raise the following fractions to higher terms with a common denominator of 48: 



^_116_16 1 _ 1^ 12 _ 12 

3 _ 3"l6 _ 48 4~4"l2~48 

1 _ ^ 24 _ 24 1 _ 1 8 _ _8_ 

2 ~ 2 ' 24 ~ 48 6 6 8 ~ 48 

LmjAs- ^1 Jj_UJI jL^ti-^ < -akuJI ij-»Jl jjiUuJI v^J 1.4 p-Jill (2) iotlill »Ji«iLl .1.16 

1.16. Use Rule 2 of Section 1.4 to multiply the following rational expressions and reduce all answers to the 
lowest terms. 

7w 1 x 4 2x 2 y 5 

J-S^ij ^LJUJlj U ,.,. \ \ *->j-*jaj Lj^i j^JI ^ja*&- ..v.v.11 S*ikL*J! '^.j^S ^jiUJl -J^ 

«-)!>■ ^ ^f" jll j— '^1 ji 1.1 j^-JiJl j^i^ij LjjJl JJ-As-J! ^ j ^sAX>w |*J J~aA^> 

7m 3 Jt 4 2j 2 y 5 _ 14m 3 x 6 y 5 _ 7ui 3 y 2 2*V _ 2*V 

3y 2 z 2 21ti><>z 3 ~ 63w 6 y 2 z 5 ~ 7u) 3 j> 2 ' 9u) 3 z 5 ~ 9iu 3 z 5 

5jr 6 y 3 8u)Z 3 
4ui 4 z 2 15j 2 3> 

5arV 8mz 3 40iuj:Vz 3 20u»j: 2 >'z 2 2x*y 2 z _ 2x 4 y 2 z 
4u> 4 z 2 ' \5x 2 y ~ 60wVyz 2 ~ 2?nvx 2 yz 2 ' 3to 3 ~ 3uP 

. LijJI jjJ^JI J\ Uj^i-lj jJI SjUi j^- ii^JI SJUI i^Jl _^U<J1 Vj v>l .1.17 

1.17. Multiply the following rational expressions involving quotients of binomials and reduce to lowest 
terms. 

. , x-5 x + 2 



(6) 
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JS ^ u^ii ji i-^>« JjMl ijJ^JI ij-if ^ JS" ji 5 JliJI jfiij o^U-l j» US' Jvjin 



x-5 x + 2 



x + 8 x-9 x 2 -x-72 

(ft) 

x J x — 4 

. x+7 x 2 ^ x 2 (x + 7) x 2 (x + 7) x + 7 

x 3 ' x-4 ~x 3 (x-4) ~ x 2 -x(x-4) _ x 2 -4x 

(3) S-U-Lsl! ^ L^S" ^j^i SJUc JI 4j« ^.^Jl J;jp«- tf. JJU1I ij^JI jisUJI .1.18 

. 1.4 

1.18. Divide the following expressions by inverting the divisor and multiplying as in Rule 3 of Section 1.4. 

65ujV ' llu>V 

6xy 5 2x 3 y _ 6xy s llu) 4 z 2 66tu 4 xy 5 z 2 _ 33y 4 
65tu 4 z 4 ' lliu 4 z 2 ~ 65nrV ' 2x 3 y _ 130u) 4 x 3 yz 4 ~ 65x 2 z 2 

Ix - 14y _^ 12x + 32y 
12x - 2y ~ 18* - 3y 

7x-14y , 12x+32y 7x - 14y 18x - 3y 
I2x-2y ' 18x-3y ~ 12x-2y ' 12* + 32y 

7(x-2y) 3(6x - y) _ 21 (s - 2y) _ 21 x - 42y 
~ 2(6x - y) ' 4(3x + 8y) ~ 8(3x + 8y) ~ 24x + 64y 

. (5) SJ*li)1 J US' UbJI c >l ji j^l .1.19 

1.19. Add or subtract the following fractions as in Rule 5: 



(ft) 



jjis l! jj_S3l i»j ols (o/rf) = 1 = (ft/*) j . oUii 



arf be ad + be 
bd + bd = bd 



(ft) 



■(s-j) + (j-s)- 



5 7 5-7 7-5 



2 _ 117 2-3 _ 17-6 _ 11 
17 ~ 3- 17 17-3 ~ 51 _ 5T 



- 29 - 



( ivl y ) J jty J^oill 



y^H\ ^JjX^aJI ^U*JI i^EjL aJbll j^-S3l jl .1. 

1.20. Add or subtract the following fractions by finding the least common denominator. 

11 V 
W 12-18 

. oUM j«>y y US' jjJ-'il j-lijl ^ SJL^JI JJj^ll iUe-Ml g»4 J»- JS3 fUuJIj 

]}__]__ _n 

12 i8~^r.2,ar z-z-3 

. 2 i.u]L, ^Ull J=JJ fUJIj cilljS'j 3 ijJL. JjSlI j»JJ pliJIj -k-JI 

n _ 7_ _ n_J> _ _ 33- 14 _ ]2 

12 18 ~ 12 • 3 18-2 ~ 36 ~ 36 



6 8 Z-2-2 

5-4 3-3 _ 20 + 9 _ 29 ' 5 
: 6.4 + 8-3~ 24 ~24 _ 24 



8 13 8 13 
21 28 _ 3Z 2-2Z 



8 13 _ 8 4 13 3 32 - 39 
21 " 28 ~ 21 -4 "~ 28^3 ~ 84 : 



. UjJI JljJ^Jl J j J ji^Ji ^fvito-lj . ^y^all ST^xJUJl OloUdl il^J.l iJUi _jj^S3I ^-^J £*^r' .1-21 

1.21. Add or subtract the following fractions by finding the least common denominators. Reduce all answers 
to the lowest terms. 



9x 5x g.x 5X 



5* \9* 5 J \5x 9/ - 45x 4 
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6x 9> z-jj 



fa 9}> ^6x 3). / lij 



I5}> I4i 
lixy ~ 18xj> 



xVH^MH^)] 

fa 7x +56 _ 13x + 56 
~ x(x + 8) + x(x+8) ~ x^+8x 



a + 9 U-K^)(x - 9) (*-r9) 

(«-9) 



7^9) + [(7+9) (t~~ 9)] 



(x+9)(. 

!2 + 7x 2 -63x 7x 2 -63x+l2 



- 8x + 15 fct--5) Jx-D(x - 5) 



i [(x-3)'(jc-s)] + (x-3 



t-3 x 2 -8x+15 ~[.(x-3) V^-S/J (x-3)(x-5) 
_ 9x - 45 + fa _ 15(x - 3) 15 
~ (x-3)(x-5) ~ <x - 3)(x - 5) ~ 7^5 

Radicals jjA^Jl 

: SJUI jjj^JI p 1.5 ,y jjisJI ^Lai- .1.22 

1.22. Using the properties of radicals set forth in Section 1.5, simplify the following radicals. 



- 31 - 



(a) 73-T27 

(A) 75- 745 

(c) 7245 

(<f) 7l08 

(«) (7T§2)/(73) 

(/) (7294)/(76) 

(g) </& 

(A) 77? 

(i) 736*V 

0) v^V 



73 • 7Z7-= 73 • 27 = Tin = ±9 
75 • 745 = 75^45 = 7225 = ±15 
7245 = 75^49 = 75 ■ 749 = ±775 
7108 = 73-36 = W5 



7192 _ 7j92 
73 "V 3 



= ^64 = 4 



V6 



77^= s 7? = 7? 
77? = V7=7y 

736*V = ±&r 2 y J 



(3) iJeljll 
(3) ;j*U1I 
(3) S-leUJI 

(3) sapUJI 

(4) 5jlpU!I 
(4) 8J*U1I 

(2) sapLsJI 
(2) SJ*laJI 
(2) 5J*Uil 
(3) j (2) sj*lill 



! ^ JS* ^3 )' iUv.^ Jj-i^il (J^jWz^- j-Jii^-l .1.23 

1.23. Use the properties of radicals to solve for y in each of the following instances, 
(a) 73? = 6* 5 

(1) ojpUil f .bkx-; |J" iiiUwJI ji? 

(7"3>> 2 = ( fa5 ) 2 

3y = 3fa'° 
y=12x 10 



(ft) 777 = 42*' 



(77y) 2 = (42r 3 ) 2 
7y = 1764* 6 
y = 252x 6 
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Use of A Calculator 4~-l*Jl aJ^I ^IOAs^I 

jjJJ JjJUJI J—S" ijyio 3' iUa'i 1.1 (v—ill ^11 JpIjSJ i-~»J! S~*U» ^^U- ^J- 11 

1.24. Practice the use of a pocket calculator and the rules of exponents from Section 1.1 to solve for y. 
Round all answers to five decimal places. "~ 

(a) y = 4 5 -4 3 

y = 4 5+3 = 4 8 (1) 5JpU!I 

. [3 ^laijl iaiwii 8 J^-JJ ■ j-biJI Jit .ki^i; < 5_»UJI ^ 4 J^--li • 4 s :>Uu)l 
y =65,536 

(i) y = 13 7 13 4 

j, = 13 (7-4) _ 13 3 (2) !0»UJI 

. [j=] ^LjLdl Jaivaj 3 J^-X jvi" . | ^Ui*JI ^S- iuUtsij 13 J^-G 

y=2197 

(c) y = 17 6 -H 17 s 

y = 17 (<S -" = 17 -2 

[±] J* iiuJU 2 Ji-JJ ,J . 0 c bUI JIp Jwj , 17 Ji-JJ . 17" 2 jUi.y 

. I = | ^Ua«J1 Jaiwaij UL* 

y = 0.00346 

(</) y = (5 3 ) 2 

y = 5 (32) = 5 6 (3)8J*li!l 

y= 15,625 

(e) y = (2-") 2 

y _ 2 (-M) = 2" 8 

ClL. tU>«J [±] £.bu!l ^1* Jai»iJl, 8 Ji-JG pi , |2 j-ki»JI ^s- iivii , 2 Ji-jJ 

. j ■ | ^Lol^JI U'.fi'i jw' 

y = 0.00391 

. JjLla ^ J I J _jj^JI JS" Cyw y 4*JS jjJliJ 1.5 p-Jill ^ jj-UJI i^UJI ii^l j-Ji^l .1.25 

1.25. Use a calculator and the rules of radicals from Section 1.5 to estimate the value of y. Round all 
answers to five decimal places. 

(a) y = V3-7T7 



y = V3 ■ 17 = VBT 



(1) sapUI 



dJij ' -fx j-bUJ! -M-^ j^biJI ^ iijl ijju |INV| ^bUjI -Lisii v5T jUi'i 

. 7.14143 J^J^ 
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y = + 7.14143 

(/>) v - Ja-JD 

.y = V63 • 37 = V2331 
. @ j-LOJI Jip iiviJl; li^ |INV[ C 1;AJI ii^; ^ 2331 J^-Ai 
V = ±48.28043 

(c) y = ^48 • ^74 

y = -^48 • 74 = ■i'3552 

i-i^l 0 C UJI Jts- WJL lije. |INV| , 3552 J_i-A! , ^3552 

. 0 ^lii<JI iiviij ji>U 3 Ji-AJ \%jy | 
y = 15.25777 

(d) y=<y22.^45 

y = v5? 45=^^090 

j-buJI -ki^j ji=JJ 5 J^-JJ ^' 0 j-biJI Jip ii^JL, li^ jlNVj j-bi^JI ii^ij 990 Ji-JJ 

.0 



s'''4ft ' 



y = = ^58 (4)!ApU)l 

V 46 

. [T] c UiJ! ii^jj 3 J^-JJ 0 j-UiJI ^ WJU [INV] c ki»JI ii-i; ■ 58 J=-Ai 

y = 3.87088 



(/) >=■ 



V89 



. 0 Jj> lij^ [INV| c bUI Li^j , 37 J*-JJ 

y = ±6.08276 

(g) y = \/</656l 

7 = 76561 (2)SApU)I 

. Q j-U^UJI .ki^j 8 J^a; jJ 0 C UJI ^ ii^JL lij^ | INV | j_ tii<JI ii^i , 6561 Ji--U 
y = +3 

'HI -itljSj i^UJI il^/t (.Ji^-I, (fc) , k*^, JSli ^ *JUI j.,J»JI ^ ^ (a) .1.26 

. y jUj.)I 1.1 

1.26. (a) Express the following radicals in their exponential forms. (6) Then use your calculator and the 
rules of exponents from Section 1.1 to solve for y. 
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(1) y = V3-VTj 

(a) - _ y • S" 2 • 17 1 ' 2 

(6) y = (3-17) 1 / 2 = 51 , / 2 =51 05 < 4 > 5 - 

. \Lrj. ji ClL. 6j^_ 61 jSuT^jjll jijJI ui /i-j . 51" = 7.14143 



(2) y = ^22-745 



(3) y = 

(a) 



(a) 1.25 aL*JL IJjt OjlS 

> =22'/'.45'/ 5 

y = (22 ■ 45) 'I 5 = 990'" = 990° 2 
[3 j- buJI Jai^ij 0.2 Jj-ju ^ 0 j-LiiJI J^ii , 990 Js-JU 
> = 3.97308 

(i) 1.25 at-JL lie Ojls 



2668'^ 
'' 46'P 



: (tt)" 3 = 58 ' /3 = 58035 



(5) sj*U)I 

. Q ^-bUll Li^, 3 0.33 Ji-X [y^j j-bU)l ii.i; , 58 J^-JU 
y = 3.81884 

• of.y^ Crf^S- 3 x-W J! juU U* i~-JI .J^b-'sHj . (e) 1.25 <)L~Jl lie jjls 

. V"l *■*«» ^ bu; jj-UJI J? 01 Ji^"Jj) y jU,^ a ~.Vl jpIjSj i~«UJI ^Ji^.1 .1.27 

1.27. Use your calculator and the rules of exponents to solve for y. Note that all the radicals are expressed 
in exponential form. 

(a) y=522-<'/ :! »-29-< 1 / 2 ' 

v = (f )~" /2 ' = 18 -»/ 2 > = l8^ t 5 )^ 1 
GU j- bull ^jJlp Jai^JL. lij^xa 0.5 Ji-JU pj- 0 j-bUJI iirfij 18 JiJJ , 18~ 0 ' 5 jUu^ 

. [=] ^-bUll luLyOjj l!jb 4jjC>tJ 

y = ±0.23570 



(A) y = 15-<'/*> ■ 23-<>/ 4 > 



y = (15 ■ 23)-<" 4 > = 345-f" 4 ' = 345~° 25 
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( a*>y > JjSlt J-^iii 

, lliL. iUJ \±\ ^kioJI Js- Lk^s\j lij^ 0.25 J«-Ju pi 0 j-kiAJI ii^j , 345 Ji-JJ 

, | — | ^l^iftJi iaA-^ijj 

y = ±0.23203 

(c) y = (6561 1 ' 4 )" 2 

y = (6561)" 4 " 2 = 6561'/ 8 = 6561 0125 (3) SJ^UJI 

. 0 ^UiUI iivuj 0.125 J^-a; ^ 0 ^kiJI ii^Jj . 6561 J=-JJ 
y = +3 

li^ |INV| c UiJI Li^llj , 6561 f*J\ JU-iL J^JI ^ Js. jv^ oi jSUj : 
. 0 £-tO»JI J»iv^J j-Ml 8 Ji-JJ 0 j-biJI ^ Jai^JL 

(d) y = (34 2 / 5 ) 2 

y m 34(2/5 - 2) =34 4/5 = 340.8 

. 3 ^hijl iuLiij 0.8 J^-jl; pi 0 j-biJI Jai^j « 34 Ji-jJ 
y = 16.79512 

GO y = [14-W 2 '] 4 / 5 

j. = [14-0/2)] 4 /' _ , 4 l-(J/2) • 4/51 _ 14 -(12/10) _ j 4 -l.2 

aUJ [±] ^UiJI Js- .UivsJlj 1.2 Ji-JJ |»j 0 ^biJI Jui-Aij 14 Jj-ju 

y = 0.04214 

Proofs OUU)|! 

, ab = m (ax + c)(to + </) jLoljJI oi . mr + nx + p ijJ^JI ij-iS" oJati lij .1.28 

. erf" = p oi US* ( ad + be- n 

1.28. Given the polynomial mx 2 + nx + p, show that the factors are (ax + c)(bx + d) where ab = m, 
ad + bc = n, and erf = p. 

. jgJbJI 5 J ^sS' oi ^S^i V-r^' Ll— SU- lij 

m ! + nx + p = (ax + cXfri + rf) 

mx 2 +nx + p=abx 2 + (ad + bc)x + cd (1.1) 
. ab = m * ad + be = n < cd = p '. oi ^s"^. (1.1) 4*.iUaJ! ^yj 

0j_Sj (ox + cy)(fcc + a» J^lj«JI oi c~fi . inx 2 + nxy + py 2 . jij^ia olS ijJi^- ij^sZ. oJati lij .1.29 

. cd = p 1 ad + be = n t ab = m Jjio 

1.29. Given a polynomial in two variables, mx 2 + nxy 4- py 2 , show that the factors (ax + ey)(bx + dy) are 
such that ab — m, ad + be = n, and ed = p. 
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mx 2 + nxy + py 2 = (ax + cy){bx + dy) 

mx 2 4- nxy + py 2 = abx 1 + (ad + &c)xy + cdy 2 

. cd = p t ad + be = n < ab - m j I Jl^J Laj 

. «fiT)"=* ^1 _,ji»JJ (1) ij^Uill oLI j-iljs .1.30 

1.30. Use the laws of exponents to prove Rule 1 for radicals, namely, = x. 



. 1.1 

j~.bU (3) SJ*U)I 

Exponents 

: SJUSI jj.aUJI Ja~~J j^Sfl pjkMSul .1.31 

1.31. Use the rules of exponents to simplify the following expressions: 

(a) x'-x 1 (b) x ! -x 1 ' 2 (c) x 6 x-* (d) x^-x- 1 

1.32. Simplify the following exponential expressions: ; iJUU i^Vl ^jiU^JI la • .1.32 

,5 ,3 2 ,-4 

<w ? (« Ts w ^ w -p- 

1.33. Simplify the following: . ^ ^ ^ j 33 
(a) (* 3 ) 4 (i) (X 4 )" 2 (c) fct'y 4 ) 2 (<f) 

1.34. Simplify the following: ; L. .1.34 
(a) (6) (x ! )'/2 (c) (j l/3)2 W) ( ^4 ) -(l/5) 

Polynomials ij«ls*Jt Ol j—S" 

: SJtdl jjJlJI ol^ ^ J£) iol-^J! oU~JI j;, .1.35 

1.35. Perform the indicated arithmetical operations for each of the following polynomial expressions: 
(a) 16xy-22xy (b) 14rix 2 + 31*1*2 (c) 32iy 2 -48xy 2 
(d) SOxyz - 43xyz 

1.36. Add or subtract the following polynomials as indicated: jj^l JJJt J| olj^ .1.36 

(a) (6x+9y) + (3;t-8y) (i>) (20* + By) - (4* + 7y) 

(c) (12* - 17y) - (9x - 8y) (d) (5* 2 - I2xy + 3y 2 ) - (2* 2 + 9xy + 7y 2 ) 
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1.37. Multiply each of the following polynomial expressions: yixll jja»JI oljjSf ,y J? ijj^l .1.37 

(a) (5* + 2y)(8*+3y) (i>) (6* - 15y)(10* - 3y) 

(c) (3* 2 -5*y+4y 2 )(6* + 2y) (<J) (20* - 5y)(8* 2 + 2*y + 3y 2 ) 

Factoring J*l j*Jl Js^* 3 

. jjTVi iij^uii j.uji ju-L yui jjj^i jr i_o .1.38 

1.38. Simplify each of the following polynomials by factoring out the greatest common factor: 

(a) 12-15* (A) 42* 3 +28* (c) 15* 3 y 4 + 55*V 

(rf) 18* 2 y 6 z 4 + 22* 3 y 4 z 3 -26* 5 y 4 z 6 

. j-rVi j_^uji Ju-L yui jjj^i oi^ ^ js' -k~, .1.39 

1.39. Factor each of the following quadratic equations: 

(a) * 2 + 10* + 24 (b) * 2 -10* + 21 (c) x 2 +9x-22 

id) * 2 -7*-60 (e) x 2 - 49 (/) x 2 - 23* + 120 

: 1 -J x 1 Ljj ydlj SJUJI SJlill i-jjJI o^Lu ^ Ji^ .1.40 

1.40. Factor each of the following quadratic equations in which the coefficient of the x 2 is no longer 1: 

(a) 3* 2 + 17*+10 (6) 5* 2 -19*+12 (c) 7* 2 - 22* - 24 

(d) 4* 2 + 16* + 15 (c) 6* 2 -23*+20 (/) 8* 2 -41*-42 



Fractions jj»«^Jl 



1.41. Reduce the following fractions to their lowest terms: : UijJl UijJjJ <JbJ! jj— 531 .1.41 



M « W 777; « 



8* 5 
56* 3 



* 2 +*-30 ,„ x 2 -8*+12 



W) ^ W T9 - T777 - .</> 



6* 4 w * 2 + 14*+48 1 * 2 -ll* + 18 

1.42. Multiply or divide the following fractions as indicated: : iJUl jy*S$\ p—Slj V-r^ .1.42 

7* 4* 5* 3 y 2 8u) 2 y 5 12* 3* lluj 2 * 4 3u>* 5 

W 97'3j ib) 2^-JxV <C> 25^^ W ~8y?~" 2^7 



: 4-JUil i-JkuJI ^^^^1 jjiUJI p-Jilj .1.43 
Multiply or divide the following rational expressions: 



t+12 _ x-6 2*-7 . 3* + 2 

* + 9 ' * + 2 ' ' *+4 ' *-9 



otS" Ulf jivVl il /ii«JI j-UuJi ^Uy.k JJUf jj-S3l .1.44 
Add or subtract the following functions, finding the least common denominator where necessary: 

(a) \ + l «0 l-± « 5 + f 

5 t, 3 1 7 5 

<<*> 77^-777 W I"; CO 5-75 



(**!V) JjVl J-SLflJl 



1.45. Add or subtract the following as indicated: 

13 6 8 
<"> <») — 



-6 x 2 -14x+48 



1.46. Simplify the following radicals: 

(a) V2-V32 ((,) 77- V« 

(d) V605 («) + 

1.47. Simplify the following radicals: 

(a) yil&rV (6) ^8UVi« (c) TioSV 



Radicals jjis^Jl 

SJUI jjlJI L-j .1.46 
^243 

/288-r- V6 
SJLJI jjiJ! .1.47 



Use of Calculator 4_jI*J| aftl f UAul 

1.48. Use a calculator to multiply or divide the following: ; J, Lo S*_jij L_>^i) S^Ull pjisj .1.48 
(a) 5236 .0.015 (6) 0.065-3.75 ( 

1.49. Estimate the following using a calculator: 
(o) 6 s <*) 3 7 " (c) 8-" 



(/) 3*5197 



(A) 784 05 



-0.25 (d) 0.675 + 0.045 
: *_-UJI U jjj .1.49 

(d) 12~ 6 (e) ,/784 

(i) 50,625°- 25 



3LSUI JJUjl JjJL>- 



1.31. (a) 

1.32. (a) 

1.33. (a) 



1.37. (a) 

(<*) 



1.38. (a) 

1.39. (a) 



(6) ^• 5 =x< 1 »/ 2 >=V?T (c) x 2 (<0 x-» = l 

(/.) *~ 8 = ^ (c) ' 6 y* <d) 7 
*v* = yf (f,) ^' 2 = vi3 (c) x w = in? ( d) I -<4/» = ' 

54xy (i>) 45*1X2 (e) -16xy 2 (<<) 7xyz 

9x + y (6) 16x+6v (c) 3x-9y (d) 3* 2 - 21x;y - 4y 2 

40x 2 + 3Uy+6y 2 (fj) 60* 2 - 16&cy + 45y 2 (c) 18* 3 - 24x 2 y + 14xy 2 + 8y 3 
160x 3 + 50xy 2 - 15y 3 

3(4-5*) (6) 14x(3x 2 +2) (c) 5x 2 /(3x-lly) (d) 2x 2 /z 3 (9y 2 z + llx-13x 3 z 3 ) 

(* + 4)<l+6) (b) (x-3)(x-7) (c) (x-2)<x+ll) (d) (x + 5)<* - 12) 
(x + 7)(x-7) (/) <x-8)(x-15) 
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(3x+2)(* + 5) <*) <5x-4)(x-3) 
(2x-5)(3x-4) (/) (Sx+Dix-TS) 



(c) <7x+6)(x-4) (d) (2* + 3)(2x+5) 



16 



1.42. 


(a) 


28x 2 
27y 2 


(») 


1.43. 


(a) 


x 2 + 2x 


- 15 


x 2 +x- 


72 


1.44. 


(a) 


31 
40 


(*) 


1.45. 


(a) 


7x-54 




x 2 + 9x 




1.46. 


(a) 


±8 


(ft) " 


1.47. 


(a) 


±13x 3 / 




1.48. 


(a) 


78.54 


») 


1.49. 


(a) 


7776 


(6) 




(«) 


±15 


(A) 



20mxy'' 



132 



(O 5 

•*> x 2 -7z + 6 

25x 
W 12 

llx+26 



W - 

% w 

(d) 

W 



144.1 
41X+272 



12xz 2 

x 2 + 14* + 24 
x 2 + 3* - 54 



(<0 



2x 2 -25x + 63 



W) 



3x 2 + 14x + 8 

"> i 
17x - 15! 



+ 2x-8 v "' x 2 -49 

±21 (c) ±9V3 W) ±11 V5 

<*) ±9xy 2 z 3 (c) ±6x/V3i7 

0.24375 (c) 580 (d) 15 

2187 (c) 0.0002441 (rf) 0.0000003 
±28 (i) ±15 



14* + 48 
(<) ±5 (/) ±4V3 
W) ±15x 2 >VV27 



(/) 13 



Equations and Graphs 

Equations dViUjI 2.1 

. ^jLJI jo-'SIt J* S*-i!l j-ii J! iPj< ol^ii« ji jJc* JS" Uiyp lij 

S— «S3I u-le jSj;. ji Oji S)iU*Jt ,_j9_^ Jt i^-i ji Vj-^i j' C.jW J' "j^*. ^' j^*i c jl.W»JU 
jLi a = b cJLT \s\c . b . a J_Jui»!l jIj_pSH J£1s . S*—i)l ^ilL- J c*0 ji llJp 

: ^"31 J* tjeiJc ji ji jS^j. lsjI— j^jUoJ- 

a + c = 6 + c ^Jl S»«»U- (o) 

a-c = fe-c C >JI V-U- (i.) 

ac = />(■ Vj*^l ( c ) 

a/c = 6/e <c # 0) W 

j^. ^Ij Sk~JI SbUJI jUm) J oljtiJI villi jskr j» tojUl Salj^JI o-iiUJI f Ji^~i- ji ji) j&H 

. ^jUI Jit JJtj ^jUI jl_o J* 4~£ Jj«*~JI jsi^JI ji ■ 

EXAMPLE 1 . An equation, such as the one below, is solved in three easy steps, using the properties of equality set 
out above. Given 

: SbUJI J> f c >u . jLJi J) Jj^JI j^iiUJ jb- i^i (1) 
( c >ll wU) 



——-—2=1 
4 5 

: JbU*JI J> JI 2 JiUiL , j^l JI Jj4~JI >^JI ►Uii-li J- esi ^ (2) 



7-2+2=1+2 
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C §) 



. 2.2 , 2.1 JjL-JI >l 

Cartesian Coordinate System tSjaJj^J* CJ\J\^-*i\ ^Uaj 2.2 

Ja_i*Ji jju-ijj "J— sssSlI 4 — taii" ^JsLiJI ikii ^^Lf-J oL£ l-Hf-")!! Jj'^* 5 - 0 J»jl*>*i I jjlLij l?3 x *-^ ) 

^I»Lflj" J_*ij c-*— 3 L5 _^i ^Ja_JI ^Js- Aj^jSil pL-aVtj - y jy*-> J\ -^^b ' x jy^ J\ 

iJa&Jl £-3jJ> — *aj li^j . oLul-Ls-^t J. jljtf-'jn'j* jjal* rTj.}^ jj^ - AJaJLi JSj 

. 2.3 XJL«aJI ^Jall . iJL* Jji—ij i-Jr_y> )' oUjI-As-J '. X j_js**JI L y^*'^ • J^*»JI 1 J V^J^ * 

.L^jL gLyVl 01 Ji^V . (2-1) jSLiJL; i^, r fL-jjMl ^ ^ oLi-l-b-V 1 ^b^l : 2 

. ic-LJl i_jjIajJ |JA 5'U-o 

EXAMPLE 2. The signs of the coordinates in each of the quadrants are illustrated in Fig. 2- 1 . Note that the quadrants 
are numbered counterclockwise. 



(2-1) j£i 

l>e Ji ^ji oIj^j ej i ^ (4, 2) skiju . j^Vl skij /> sksJi jSj* oU'Ij^i : 3 Jul. 

(4, -2) SkiJIj . x J-P ^ Ji^i j^-J^jj > ^ jl_JI Jl olJ=-j jpl ^ (-4, -2) StiJIj . x 

. 2.3 JJL^JIj 2.2 JSill . x jj^i Ji»i ^'Ja-jj }' jj^j j5*JI J! Cj\a=-j gji ^ 

EXAMPLE 3. The coordinates give the location of the point P in relation to the origin. The point (4, 2) is four units 
to the right of the y axis, two units above the x axis. Point P(-4, 2) is four units to the left of the y axis, two units 
above the x axis. Point f(-4, -2) is four units to the left of the y axis, two units below the x axis; f (4, -2), four units 
to the right of the y axis, two units below the x axis. See Fig. 2-2 and Problem 2.3. 
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< -4,2) 
1 1 ' 


. 

1 ■ 
3- 
2 
1 


(4,2) 


r*4_-J_- 

<-4*-2) 

] 


1 

2 ■! 

-2- 
-4- 
-4- 


1111 * 

1 2 3._4„__ 

; (4.-2) 



(2-2) j£i 

Linear Equations and Graphs SjU I SJa^J' O^aUjt 2.3 

Ifrj-ljJaJ J^L~. Vj— j&>. (FirstPower) Je-lj ^jdl J\ Iffljjia jiy ^yJl ibUJI 
ax + cy = d 

. yt*» \ju*~)£ i' ^! c • a j ULJ*- d , c • a 

oLjfiju-)ll r LLi CjL; S-JaiJI i-JiUJI J-iwij . p-fe— i*- j» SJ>U*J) jUI ^-jJI 

. ^L^u l_o jji a. (3) j | ,...fc....» iio ^jiU»ji (2) j ibUJl, oLji j~kii jUuJ (1) J) <jj-ijlS3l 

j-us 5iU x oi* Oi* sbUJi j~uj . 5>uji at ^ 4bi«ji J=-j y -J "is*- ^ jU^-i 

4 JLi jJiil . gLdl J ^ixJI Ij ^fjll JLs j-li' )' j Jis—JI ^^'j ji^l JJ~J' 

. 2.4 j 2.3 JiL-Jlj 

EXAMPLE 4. In graphing an equation, such as : Ji* lliLj SJiLu JjAw aap : 4 Jli« 

6x + 3y= 18 

lija . »>UaJI y ,vJ aI~.1; ihU*JI J^ij a J (1) 
6(-l) + 3>=18 3^ = 24 y = 8 

(-1,8) a Skill 

,r = 1 J^j 

6(l) + 3y=18 3y = 12 y = 4 

(1,4) ^ ft SkiJI 
. |*-J^~~o p-S^iO J=UJi Ji*J (2) 





-1 JL^ 


li 




- 1 . 


t = -1 






y S— 
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-1.8)\h ■ 
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5 - 
4 - 
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-V- 










3 -2 -1 


i 


3 A 


— r— 
5 







(2-3) JO 



I iiJI A*J (3) 
(2.3) J-Ci)l >il 



Slopes J j*Jl 2.4 

Ji_J jljM, JUI JUI iiJIj . j-UI JJ jLJI ^ J! 4^). JUI i^j, LiJIj . L&JI 
)> = *,. ^JSVl -kill J_^j . -LiJl jlijl JUJ SilLJI uJI^/ LUS"j • a^ 1 J! jM j* 

. (A) yj\i jJcdl J) jjy ll^ljjj . i-^t jj- feLi * 2 ) x = k 2 ^j-ijil i*SJI J^J l_riv» <_Sjl~i feW *i) 

; SJLJi iikiUI JjjiaJL ^^£o m JaUl J^«J 

A* *i — J2 Jt2 — -*i run 
EXAMPLES. To find the slope of the equation : SbLUI J^j )M : 5 

6* +3). = 18 

. (2.1) ShLUI ^ JUI Sa_^> ^ iblUl, OLii oLflJb-Vl; ,_^>_y0 

u ^ A* *i - xi 

y = 8 j x 2 = 1 C, (1,4) J-Jhil SUJIj y, = 8 . *, = -1 (-1,8) JjMl SkiJI 4 JIUI y> jbs-l 



8-4 = _4_ = 
-1 - (1) -2 



S-*_*JI yi jj>j US' jJcs ~i JUI SjLilj 5^-5 OJS flUlj J»— Jl JS - J oUI-i»)ll fUii lil (1) 

. (2.1) 

^ m Aj-x, l-(-l) 2 
^UJI p— jSI j^lj Ijuy . o^JI^-Jl jQl j»Ji-t JlJlj-siJrfJIOtyUt JUI JUI (2) 

. (2-3) JSLsJI y ibLUJ 

. sjlo-Ij sjlj-j List L5"_p«j' US' jji'J^-j J-i«aj lL.lj jji^. iiJI 01 KJ ^y |2| JUJ UUUI i^JiJI (3) 

. 2.8 J\ 2.5 JjLUIj 2-3 JSLiJI >il 

Intercepts ijJsJl 2.5 

^_ip J— x ^jUUJI a>JJ ^ (jJl-Vs-i oU y = 0 jup x jj^i ^tii. iaiJi jl ti^-j • y Jj^Jl ia^JI UjJ^ 

^"Ij^l j^i ^ = 0 -Up y ^Jai, JaiJI UUa9 iijlail - iiiU-JI X i*-3 ^U^.lj J = 0 

. i3iU*Ji y jU=j jc = 0 aJlc- J-^ti y ^JaUil -bJJ y 

EXAMPLE 6. To find the x intercept of the equation ibUJ! x ^LUi! JbJl : 6 JlSrf 
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&c + 3y = 18 

X >U~9 Jb>-jjj y = 0 ^vaj 

&r + 3(0) = 18 x = 3 

. 2-3 JSLiil ^ j^is, US" (3, 0) j» x jiUJI jJI 

y SaJ Ji^-jjj X = 0 y ^LUil -b«JI iUxjVj 

6(0)+3y = 18 y=6 
2.13 ,J\ 2.9 ,y JiL^JIj (2-3) J£i)l ,y Cii US' (0,6) y y jLLili J^JI .-. 

The Slope-Intercept Form ^laJl U*Jl - J-Jl %*-p 2.6 



ax + cy = d 
cy — —a* + 



i> = <2/c , m = -a/c jt jiljsiljj 
y = mx + 6 (2. 2,) 

A_=JI oUIj^I (0, in j , LiJI m ii~=- il*iJ) 3iU«Ju jtUJI J~)!-J-JI ii^ Jitf (2 .2) SJiU^ll 
2.9 JiL-JI j^Jlj 8 JUJU 7 JUJU ^y jj. US' a- jtUJI J**JI oUIj^I (fc/m, 0) . y jiUJI 

■2.14J1 

EXAMPLE 7. Deriving the slope-intercept form from the standard form of an equation is accomplished by solving 
the equation for y in terms of x. Thus, given 

6;r + 3y= 18 

3v 6i - IK 

y = -2x + 6 

jJI J'lJ^lj 6 = 6,5 JliJI J J»j US' iiJI . m = -2 oli (2.2) SbUJI ^ jyjJljj 
(3, 0) ji (-6/-2, 0) j-j* ■ (-i/m, 0) , x jiUI -i=JI ,jilJb-Jj • 6 J 1 ^ 1 ur* ^ (°. 6 ) ' J' C^ 1 

. 6 JliJI ^ j US' 

EXAMPLE 8. Given the equations of four different lines i&&~JI JajjMI ijLUI oV.)U» oJ*s4 li) : 8 Jb> 
(d)y = -^.v + 3 (6)y = 2.v-l (c) y = 5 (rf)y = -3x+6 
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UUs <Ul5 . X JjU" ^ Jl«i). JryJI L>! J) jj^J iJaiJI SbUJJ ji>lS!t J=J I -J~«J I ji c-oit tit j 

. -3 (d) . 0 (c) 2 (i) (a) : ^ i^ijl J_^o jl ^ dJJJJ 

upi = 0 i^=- y £t>U!l J^JJ >> ^'1-^1 Ji J±^_ jUUll jsJI-J-JI Si~*> J. ColiJI JbJI jL UU 

. (0, 6) (d) , (0, 5) (c) , (0,-1) (b) ± JO, 3) (a) y JJP »*JI iiJI ol fUi 

jii iiJI j! jjbd Lais (-6/m, 0) jtUll J^JI-J^I SA^ ^ :LLUI 3.sUJJ x ^UUJI JbJI 61 C^-j 
5iJ^ jJ> >^ Jlp S^_Ji!lj (c) J m = 0 jl . (2,0) (d) ■ (1,0) (2>) , (12,0) (a) ajj> x jjp ~JI 

. 2.13 J\ 2.11 JjUxJK (2-^t) JiiJI >;! (c) ^ x J ^tls J^- J^j; H 4iU 








! . 


■> 






J 






3 t 




1 

? 

1 - 


. \..^.*-3jc + ( 
















2\ 3 4 


6 ! 



12 3 4 5 6 



(</) (c) 

(2-4) JS^. 

^ia..u>Jl .ksJl jbd^tJ 2.7 
Determining The Equation of a Straight Line 

UjU j jtl_iJ! JjJI Ujyi liU JjijiJI oUyUJI ( ^»» ^ .UiJI ibUo -bj^j Jl^*j 

m ISJ Ui . 9 JliJI ^ j^ii;. US' 3jUJJ ^tUSI J^I-J^JI Si^ j-lj^l J\ Lii ^L^i 

. ikiJI-J^I ii~*> j-toi^l ^SU. <;U 10 JtiJI j» US' -UiJI (*,, )>,) SJ^s-j 'ibZj 

y-y t =m(x- Xl ) (2.3) 
*-k^ (2.3) jj-SUj. 4_jL? , 1 1 JLjuJi j^—ii US' LiJI iUUtl -LliJI ^jiuu La lijj 



. 2.20 J\ 2.14 JjL. 

UjUI ^i^-J , (2-5) JSLiJL S™JI Ji. (0,6) y jLlill JbJIj m iiJl *!■ 

. ^tlill-jeJI-J^I Si^ ^6 = 3 j m = \ 

EXAMPLE 9. The equation of a line where the slope m and the y intercept (0, b) are given, such as i 
be found by substituting m — \ and b = 3 in the slope-intercept form 



(2.4) 

Uo : 9 Jli« 

n Fig. 2-5, can 
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- i< 
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(2-5) 

^^jcJL. UjUj.) jjk-i (2-6) J£i)U Ji« (x,,y,) ix*-j *kiij m J-JI ij^ 1 *^ S^ 1 " : 1° d 1 ** 
.(2.3) JkUJl ^ SkiJI-J~<JI ii^ J y, =25 , x, = 1 . m = -5 je 

EXAMPLE 10. The equation of a line where the slope m and a single point (xi, yi) are known, such as in Fig. 2-6, 
can be found by substituting m = —5, xi = 1, and y\ = 25 in the point-slope formula in equation (2.5). 

y-y, =m(j:-jri) 

y- 25 = -5(x--l) 

y = -5x + 30 




(2-6) j£i> 

UwU*! jjk^-J (2-7) JS^ilL; i-^l Jjl. fe y 2 ) j (*,, y,) j..tL;;II S-^U~ JaiJI SbU* : 11 Jli» 
. JjJI ilju.^l (2-4) SbUJI ^ j-kidl Si^ y 2 = 2 < x 2 = 6 . y, = 1 , x, = 4 ji.^JU 

EXAMPLE 11. The equation of a line where two points (xi.yi) and (X2.y2) are known, such as in Fig. 2-7, can be 
found by substituting x\ = 4, yi = 1, X2 = 6, and y 2 — 2 in the two-point formula in equation (2.4) to find the slope 
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n-yi . 

XI — JT| 





3 














3- 
2 ■ 








i6. 2) 








14. 1) 


— 1 






2- 




i " 





y-yi =m(x-xi) 

y- 1 = 

v U 1 



(2-7) JO 

aUsS'il j 3 jli^l ^ aJs*Jt o^t*Jl otf-kf 2.8 
Applications of Linear Equations in Business And Economics 

■ 2.34 J) 2.21 j, 

3 U^ta) l_JJ«;. .t Jj^l g^JI j-. iJ^-j J_f j . oU^uJI ^ jjcji y»UI SpL, 240 

^ ( i ) yUJl J~)l ^ oUL 4 , j ^ilill gx^JI y ^ ^ ytUI JaJI oUL, 

J_^«JJ i_aiaii*J! Jjail JS' ^i> tt LoU, ^J. ^jl (v) • * ) - sU * " ,> sUiU) J^jJI SjJS j* 

. ^ II Jj^J .. fl-^ j' jl 

EXAMPLE 12. Linear equations are often suitable for describing production constraints. Assume a firm has 240 hours 
of skilled labor available each week to produce two products. Each unit of the first product x requires 3 hours of skilled 
labor. A unit of the second product y requires 4 hours, (a) Express the firm's labor constraint in terms of an equation. 
(6) Draw a graph showing all the different possible ways labor can be allocated between the two goods. 

itl-* 240 SjijaJI oUUI JU^-lj oUL. 4 y SJ^jJI y, } oUL 3 ^Jko x SJ^-jll ^Ldl Of U* ( f ) 

3*+4>>=240 (2-5) 

. 2-8 JS^JI J US' ^ e^Ull J^JI-J^I (2. 5) Jj~; ^Ul J-i^JI ( v ) 

4y = -3jr+240 
y = -^ + 60 

S~.Lv> JjVl gjjll ^ .Lis iidl oi -kj-'i 

l() 20 30 40 50 60 70 80 90 



3» + 4y = 240 




(2-8) 
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■ i_JUJI Ojjjs jJii JaiJI ji LiJI ^ SJ^JI ibUJI .Ui^l. : 13 Jli» 

EXAMPLE 13. Using a linear equation to express straight-line or linear depreciation, the current value y of a moving 
firm's van after x years is estimated to be 

y = 68,000 — 800ftr 

( s ) . 8 Si^x^JI SaJuI , ol^ 3 Juu i^iil ( v ) , iu-Ul! iJU/HI S^Jill ( i ) Jb-j! 

. iJjU^Jj LjLo MS^i jv-'jl 
y = 68,000 - 8000(0) = 68,000 , x = 0 j» jAjjwJb, ( i ) 
y = 68,000 - 8000(3) = 44,000 , X = 3 ^ U ( v ) 

y = 68,000 - 8000(8) = 4000 ■ x = 8 ^ ^^b, (-»-) 
. 2.26 j 2.25 JjL_JIj (2-9) JSJiJI jfeil ( J ) 



' I j : y = 68,000 8000* 


68,000 
60,000 - 




40.000 - 




■ 30,000 ■ 




i ! i i i i i >■ I «■ 


. j . I. 


I2J4S678* 



(2-9) JSv* 

: 14 Jliw 

jjJb" Oi eiJtsai .Jl»j . iji^l j^Vlj jlp^yi iuLfc) $560 , FC fcjllll LjiJlSj . U sUi. ( f ) 

. x juL-dl ^ SJUI sjo-j JS" Uis $9 . MC , i,jbJI iiKdl oij ju'LJI ^y^, Jbd\ jii. 
,m = MC = 9 , y = C y = mj: + b U^i\ 3iUJb. 1^, , C SJtT ^LU£o 4»-ly slii^b 

: jj j , i = PC = 560 

C = 9.r+560 

. x = 140 . 5J^-j 140 o^di liji 
C = 9(140) + 560= 1820 

il>jVI op lLu- goUl ^ SJ^j J£J /> yuJI «US3I 5_iUJI JJi J Jwu sLiiJI CJlS" lib (v) 
« = p-.v 
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/> = 25 -Uc- SJ^j 140 c^i 



R = 25(140) = 3500 



= 25<x) - [9jr + 560] = 16* - 560 



r = 16(140) - 560 = 1680 



sji^-j 140 Cuiuj i 



it liji 



2.24 J\ 2.21 Jil_JI >l 

ii-jljjyM 01 ^ . k . - LJ -^I ^J-JJ iii^JI iU^^JI oliJjJI J5T ^All i-j!j~ftJl Ja^- ^ 

. p y = $2 j , p x =$5 ^ o\j y • x j~*A~JI LjiU^j $150 <ujJ U by ji . B u^j 

lil (_^-) , 20% c~A«iJl lij (^) . iJl^-JI J^J 6J» U . 4~l\j~> Li- ( I ) 



( i ) < os-aJI jljJUj /7 t 



: iUUI 



EXAMPLE 15. Economists are often called on to maximize utility subject to some budget constraint. The constraint 
is generally represented by a budget line depicting all the different possible combinations of goods a person can buy with 
a given budget B. Assume a woman has $150 to spend on two goods x and y whose respective prices are p x = $5 and 
p y = $2. (a) Draw her budget line. Show what happens to the budget line (i>) if her budget falls by 20 percent, (c) if p x 
is cut in half, and (d) if p y increases by 50tf\ 

Px ■ x + p y ■ y = B 

. B= 150 j ■ p r = 2 ■ p, = 5 y> 
5* + 2y=l50 (2.6) 
CjLj IfrJtUlj jiUll J^JI-J_JI Si^> ^1 (2 .6) JjpJ 
y = -2.5* + 75 

. (2-10)(a) JSLi Jwic/Jl LiJI >il 
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(2-10)(a)j£A 



S_bU.j . 150-0.2(150)= 120 120 ^ SJiijfaJI iolj^l oji 20% i™, S-iljjJI c-^il lij ( v ) 

5x + 2? = 120 

.y = -2.5x + 60 

J-^iu JLKl o-> v*— 1 ^'^1 ji-«~S (2-10)(a) JSlsJI ^ £ k£ : JI iiJI jtil 

: (2 .6) SJUoMl ibUUI Ola . .^iviJI J I p x , x i*LJI y^, jiilul lij (^-) 
2.5x + 2)i = 150 

? = -1.25x + 75 

^L*ldl ^Jj X J«JL_II jiliijly (2-10)(i) 
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(2-10)(6) JSts, ' » ' ^ ' y S * UI C 4 '-' 1 IS 1 ( O 

5* + 2.5? -150 

y = ~2x + 60 

. (2-lOXc) J^iJI o- c-^. L*S- J_»Jlj y—tjll jtUJI JbJI v. JS" ^ J p, ^ ^1 

J^ls ^L^ 11 (j-^i y s«i-JI y J>i ius" * aiV yiii^ jtLall oji ft 

. x iJ_JI ^ 4iJlj^ Jf Jio ji jbi-l bj x i*JUI ^y. ,yJi«JI i^SJI j«i »l^4 ^k,., Jljlo 

. 2.32 . 2.31 JiL^JI LUJ 
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(2-10)( c )j£i 



3j jit^tA JjU»j> 

Solving Linear Equations SJasxJl O^iUdl Jj>- 

2.1. Use the properties of equality to solve the following linear equations by moving all terms with the 
unknown variable to the left, all other terms to the right, and then simplifying: 

(a) 3* + 8 = 5* -6 (fc) 32 -3* =9* -40 

3* + 8 = 5* - 6 32 - 3* = 9* - 40 

3* - Sx = -6 - 8 -3x - 9* = -40 - 32 

-2x = -14 -12* = -72 

. x-7 ■ i=6 



(c) 6(4* + 5) - 3* = 19 - 2(7* + 82) 

6(4* + 5) - 3* = 19 - 2(7* + 82) 
24* + 30 - 3* = 19 - 14* - 164 
24* - 3* 4- 14* = 19- 164 - 30 
35* = -175 
* = -5 

(d) 6* -13 = 3(2* -11) + 20 

6* - 13 = 3(2* - 1 1) + 20 
6* - 13 = 6* - 33 + 20 
6* -6* = -33 + 20 + 13 
0 = 0 

. ilsM-o dUi oisr las' j j^s\ f uji ^ 3iUJi ^> ■ r 1 ^ 1 a, jfe x - 2 - 2 

2.2. Solve for * by clearing the denominator, that is, by multiplying both sides of the equation by the least 
common denominator (LCD) as soon as is feasible. 

(a) ---=6 



. . 20 Ji SbU/JI LS s> 
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= 6-20 
Sx-4x = lW 



,,.(£_£) -6.,, 

3x - 2x = 108 
;r= 108 

8 6 12 
M - + — T = - a 5^0,-5) 
a: i + 5 jc 

8 6 12 



■(f + rrs) : 



12 



8(x + 5)+6.l = 12(i+5) 
14* +40 = 121+60 
2* = 20 x = 

14 20 38 



.t + 3 jr-4 * - 4 



(x * -3,4) 



C + 3)(,- 4) (Jl3+^)=(-H_)(, + 3) ( ,-4) 

14(x - 4) + 20(x + 3) = 38(i + 3) 
14x - 56 + 20* + 60 = 38* + 1 14 

-4x = 110 x = -27.5 



x - 5 2x x-5 



U 5*0,5) 



— (^-|)=(^)^- S) 



72r - 25(jr - 5) = 52* 

-5x + 125 = 0 x = 25 

Graphing on a Cartesian Coordinate System 

: a/ai iuJl ^ .2.3 

2.3. Plot the following points: (a) (3, 4), (i>) (5, -2), (c) (-6, 3), (d) (0, -4), («) (-7, 0), (/) (-8, -2), 
(g) (2, -3), (h) (-5, -4). 
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( 5JUI f j^jlj O^UjI ) ^ilill J^aill 



4 ^Jl J^ci j^J J-^SII 3-U JJ olJ=-j 3 Aj^i (3, 4) Skill (a) 

. (2-11) JSLiJI J US' oIj^j 

J-i— I ^1 p-5 5-kii <y j^ 1 J! ° |J 'J 5 -^j^ (5,-2) ikidl Ji-^ (*>) ■ 

• • (2-11) JS^i!! J US' ^-Jb-j 

. J^i oli-j 3 j jL-JI J\ olJ^j 6 (-6,3) Skidl jU;)I (c) 

. oIj^-j 4 JiJ Jl j)^ J, x JJS ~JI J,k 6ii v (0,-4) SkiJI ^ -bJ^J (d) 

. (2-11) JSLiii >l (A) j (g) , (/) iUJJj . y JJP ~JI 
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2.4, 



(2-11) jsti 

,J\ SJUI Si-JI ol-. *J>iJ! i 



iUJI Jj»- .2.4 



Convert the following linear equations in standard form to the slope-intercept form by solving for y 
terms of x. 



(a) 56* + 7;y = 91 
56* + 7y = 91 



-56x+9l 
-to + 13 



(e) 72* - 8y = 0 



(6) 42jr-6y = 90 
42* - 6y = 90 

-6y = -42* + 90 
y = Ix - 15 
(d) 16y = 176 
16y = 176 
y = U 



-8y = -72x 
y = 9x 

: lb*')* 

iA~*> b = 0 oli (c) J JUJI y> US' i^kiJI SbUUJ «UII ii^l jSXi lij (1) 

^ki ^LJI LJJI ji ^ IXJij . ly- ifcU. (0, ft) y jiUil A«A) y J\i>-\s jtUSl J-JI-J-JI 
. (g) (2.13) aL~JI jbil . Jv>Vl iks jj* y 



- 54 - 



Si^ J m = 0 J-JI oli (<0 ^ JUJI y, US' i^UJI 3iUJ) i»UI Si^l ^ij jJi jJL» jS^ J lij (2) 
. (A) (2.13) SlL-JI Jbal - Sv- SjU abUJJ ^Ul iiJIj colill jjjL 3. j , jtUll J^JI-J^JI 

Slopes Jj~<Jl 

2.5. Find the slopes of the lines of the following equations: . iJUJI ibU^JJ ijLiJI Jj~« .2.5 
(a) >• = -5.t+16 (6) y = |.r-5 (c) y = 4.3x-8 (d) 3- = -7* (e) y = 18 

(/> y = -i <«) * = 6 

j-.j'-JI oHiU^JJ J.j_UJI Jj_^j . * J^U^ iJ^I 3iUJJ juJI-JjJI SA^ J JyJI Ji*a 

Jrji •!) 4iM (/) j (e) J J-JU . (-7) (d) , (4. 3) (c) , £ (i) , (-5) (a) J[ , S»^U JjVl 

. y = (0>i-| , y = (0).t + 18 3JUI S J>V JI Ju> ^ Ol jSUi jl? o^bL^JIj . CiVjImJI J, x 

JS3 (6 U*) x J\^i\ ^ Ul i^iJI jo=«. > . x = 6 U^- Uj- (g) ^ J^lj 

ol JIS" I.X4J . ^-^a-^o yu^ L5 it U—iJIj A' 2 ~ x t - 0 * *i = x 2 Cols' li^s . y 

*2 - X, 

. jtUll jaJI-jjJl J\ %\ ol>UJI viUb- : J^- jjjt aJUl olU i>iJI Jj^ j*.jt .2.6 

2.6. Find the slopes of the lines of the following equations by first converting the equations to the slope- 
intercept form: 



(a) 


24x + 6y = 30 

y = -4* + 5 m = -4 


(*) 


15* - 3y = 48 
y = 5* - 16 m = 5 


(c) 


9x + iy = -14 

y = -18;r-28 m = -18 




-36* + 16y = 80 
y=2j* + 5 m = 2\ 


W 


14* - 4y = 1 


w 


14x+56y = 280 

y = - ? r x + 5 „ = -i 



y jLLill -L^JI j_. U-^> J-S" iLaAj, ijti. ^.jl (n) : J^JL ijtiJI .UjIj jIj^I .2.7 
U~» JS - U**Ao, ijks- ^.jl (b) . Jljsll Jle 4 , 2 ■ 1 , | , 1 : SJbJI Jj^l U! j (0,0) 

• J^ 1 l> "i ' f ■ -1 . -2 . -4 : iJUJI Jj^l Ljjj (0,4) y jtlsll jlJI ^ 

2.7. To illustrate the steepness and direction conveyed by the slope, (a) draw five separate lines each with 
y intercept (0, 0) and having slopes of \, ±, 1, 2, and 4 respectively; (A) draw five separate lines each 
with y intercept (0, 4) and having slopes of -4, -2, -1, -§ and -i, respectively. 

OujUJI S^JI ^j) . (b) 2-12 JSLiil jfcil (fc) , (a) 2-12 JSLiJI >il (a) 

: SJbJI iLiJL j«j ji\ ijkiJIJ^ jUull 2.4 p-J J SJiUU) iiLi^JI JuCi'HI f Ai^,l .2.8 

2.8. Use the different variations of the formula in Section 2.4 to find the slopes of the lines passing through 
the following points. Recall that the order in which you treat the points does not matter provided you 
are consistent within the problem. 
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(b) (a) 
(2-12) JS^ 

(a) (5, 8), (7, 14) 

_ Ay _ y 2 - yi _ 14-8 _ 6 _ 
Aj: *2 — *! 7 — 5 2 

(6) (6,10), (9,4) 

_ rise _ n-y\ _ 4-10 _ _ _ 2 
m " run ~ x 2 - ati 9-6 3 

(c) (-2,5), (1,-7) 

_ n-y> _ £>» _ -7-5 ^12 _ 
" *2-*, ran 1 - (-2) 3 

(<0 (4, -19), (6, -9) 

w-yi _ Ay _ -9 - (-19) _ 10 _ 5 
ij-xi ii 6 — 4 2 

: iUJI ^Uii ^Sjc— SJL. «JI ,y S_H~ioJ I ► Ijsr'lll 

(«) (8,6), (12,16) 

rise = yr -J2 = 6-16 = ^10 = 1 
run i|-Jt2 8-12 -4 2 

(/) (-1,3), (8,15) 

Ay yi -n _ 3-15 -12 ^ l 

m ~ A* ~ *, -jtj ~~ -1 -8 ~ -9 3 

0>) (-2,-13), (-6,-5) 

= yi-W = Ay = -'3 = = _ 2 

"* i|-^2 Ajt -2- (-6) 4 

(A) (5, -7), (12, -8) 

yi - n _ rise _ -7 - (-8) 1 1 
m ~ x, -x 2 run 5-12 -7 7 

Intercepts A*t>UJl JjAsJl 

: JJ 1=11 JS3 y jtViJI A«JI j^-jt .2.9 

2.9. Find the y intercept for each of the following equations: 



(a) 5x + y = 9 



)' -iL^Jj x = 0 ^>jj jc = 0 OjSjj y jjs~*Ji -U^JI ^ki Ujup _^Jij. y ^tUll -L>J! 
5(0) +J =9 
> = 9 

. (0, 9) ^ )> jtUil JbJI oUIj»-1 .-. 



(A) 7jt-4;y = 56 



(c) y = 5x-17 



7(0)-4y = 56 
-4j. = 56 
y = -14 



y = 5(0) - 17 
> = -17 



(0,-14) : y jtUll J=JI .-. 



(0,-n) : y jtuii j«JI .-. 

jujl oLJIj^I jjj (c) ^ JUJI UJb. y = mx + i> jtUJI j^JUJ^JI ii^ ^ SJiUJI oils' li) 
(d) > = 18* - 33 

(0,-33) : y jtuil j^Ji .-. 

(«) y = 3x + \ 

(0, ){ : >> ^uil j=JI .-. 

(/) j>=1jt-2 

(0,-2) : >' jilill j^JI .-. 

2.10. Find a - intercept for the following equations: : SJUI O^U»i) x jtUJI .1=JI J^-jl .2.10 

(a) y = 9jt-72 

x !_^J Ju^jjj y = 0 ^ x J\-i^*i\ • * J^LSH J»~JJ }i 1 _ s i'l-k-'lfl Oli y = 0 

0 = 9*- 72 
-9* = -72 
x = S 

(8,0) : x jtUJI J*JI .'. 



(ft) y = 13x + 169 

>' — 0 

0=13jr + 169 
-13* = 169 

x = -13 

(-13,0) : x jtLaJI j^JI .-. 

(c) y = 32*-8 

0 = 32* - 8 

-32x = -8 

— 1 
x - 3 

(i-,0) : * jtuil .-. 

(<0 J = 7x 



(0,0) : a* jtuii j^ji .-. 

: . y = m + b S-LUI ajUJl jtUJI J~JI-J_JI oiUU SJ^Jb * jtUJI J~JI J^-ji .2.11 

2.11. Find the x intercept in terms of the parameters of the slope-intercept form of a linear equation 
y = mx + b. 

y = 0 

0 = mx + * 

mx — -b 

x.-t ■ (2.7) 

. (-b/m,0) jAUill J-j ii~*n x jtUJI A=JI .'. 

: SJUI olbUJJ a jtUI J^JI iU,.| ^ (2.1 1) SJUJI oU^U fJii~J .2.12 

2.12. Use the information in Problem 2.1 1 to speed the process of finding the x intercepts for the following 
equations: 

(a) >> = 16* + 64 

(2.7) ji.jxiiUj . b = 64 . m = 16 U»j 



(-4,0) : x ^tuii -i=Ji 

(6) }> = 18* - 9 

(2.7) 3jL«JI , fc = -9 . m= 18 



(c) y = 15* + 120 



(i,0) : * ^UUOI jlJI .: 
6= 120 , m= 15 C-^j 



(d) y = 5je-125 



(c) 18* + 5y = 54 



(-8,0) : x jtuii j^ji .-. 



£ = -125 , m = 5 , 



(25,0) : * jUUill ji^JI 



18.1+5(0) = 54 



(3,0) : .t jiLill j»JI .-. 

: SJLJI iiiJI olbUJd ^Ul J~uJJ ^-Ai? U^ji^lj v jtUJI >• jtUll jJI Jar-jt .2.13 
2.13. Find the y intercepts and the x intercepts and use them as the two points needed to graph the following 
linear equations: 



(a) >=5jt+10 



(2-13) JSOiJI >ii . (-2,0) : x jiUll J»Jlj (0, 10) : y jiUJl J^JI 



y y i.x< 10 




(2-13) j£i 
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(ft) y = -3a: + 9 

. (2-14) JS^JI >l . (3,0) : x j^JIj (0,9) : y jUUil jlJI 




(c) y = 4x - 8 

. (2-15) Jtall jtii . (2,0) : x gtUI JbJIj (0,-8) : y jtUll jUI 
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(2-15) j£A 



(<0 y = -* + 6 

. (2-16) JSiJI >;! . (6,0) : x^tUJI jtaJlj (0,6) : y jtliJI 




(2-16) J£a 



(e) >. = i;c + 4 

. (2-17) JiiJI >ll . (-12,0) : x jtUll JlJIj (0,4) : y jJ=U)l jJI 
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(2-17) JSC* 

(/) y - -i* + 2 

. (2-18) JSjsJI >il . (10,0) : * jtUll JaJlj (0,2) : y jUsJI -1~J! 
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(2-18) J^it 



(«) ? = 2* 

L^T y jtUIl jl^JI £. * J.U1I J«!l Ux* (0, 0) : x jtUJI j^JIj (0, 0) : y jiliill ji»JI 

. (2-19) JCill jbil . (1,2) j (0,0) iUJI^^UI^I^ ji^L^Jj^lj , y = 2(l) = 2 .-. 
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(2-19) j£i 



(*) y = 3 

olJ^J jji _ r jvd) SjjI— • £-sij» o! llyjlli jtUJI _^Ji. "Jj (0, 3) : y jiUll jb*)l 
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(2-20) J&i 

Determining The Equation for a Straight Line ^ i r -. ^J l Jxfcli JJilxJl Jj JjxS 

: yuii .,«)! J.jkUJ sijuji ju-jt .2.14 

2.14. Find the equation for the following straight lines with: 

(0, 16) : y jtUJI jtJIj . 7 = J^aJI (a) 
. £> = 16 ( m- 7 <jp ^^ycJljj * y = mx + b ^JpUll -L>Jl-J*JI 4*~*> ^!jiwa-b 
y = 7* + 16 

(0,45) : y jtUH JuJIj . -6 = J_»JI (fc) 
. b = 45 < m = -6 ^ ^ 

y = ~6x + 45 

(0,-5.5) : y jtUII Jk~% . 0.35 = J^i (c) 

y = 0.35* - 5.5 . 

: Jj u jsa sbUJl jUxaH (2.i) abUJl ,y skui-j^i i« r J^l .2.15 

2.15. Use the point-slope formula from equation (2.3) to derive the equation for each of the following: 

y» SLUI-J^JI Si^ ul . -4 = J~Jlj ■ (3, 11) S^u'h j»* iiJI (a) 

y-y, =m(x-.t 1 ) 

Jit- m = -4 j y, = 11 . Xi = 3 jiu.jcJL.j 

y-ll=-4(x-3) 

y = -4x + 12+U 
y = -4jc+23 

5 = J~Jlj (-7, 4) SkiJL j»i iiJI (i>) 
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y-4 = 5[*-(-7)] 
. -j! = 5* + 35+4 

y = 5x + 39 

| = Jitllj (8,-2) ikiJL. j»j JaiJI (c) 

y-(-2)=~J(jr--8> 
y + 2=i*-2 
y = J*-4 

-7 = J^JIj (-5,-3) SUJL iiJI (d) 
j, _ (_ 3 ) = -7U - (-5)] 
y + 3 = ~7jr - 35 
ji = -7jr - 38 

. y = 5i+8 iJjU* ^jJI JaiJI lSjI^j (-3,6) SkiJL, ^jjl J>iJJ SbliuJI jb-ji .2.16 

2.16. Find the equation for the line passing through (-3, 6) and parallel to the line having the equation 
y = 5* + 8. 

ia^jLcJI ojufc (*-v3JJ 5 i^jl—J "C* (jJJI -k>JI J-* U^fl j*i j^J • ^O^?^' J^jkiJI 

y-6 = 5[x-(-3)] 
y = 5* + 15+6 
y = 5.1+21 

. y = 2x + 15 .ubU. ^JJI JaiJI J* OjS^j (6,4) SkiJU tfiJI iiJJ ibUJI sj»- .2.17 

2.17. Determine the equation for the line passing through (6, 4) and perpendicular to the line having the 
equation y = 2jr + 15. 

.kiJI J_v» oLs , 2 4_L« tjUl J»-AJI . jij-JI SJU- jjSi- iJnUuJI J»jLiJI Jj~* 

y-4 = -J(x-6) 
v = -** + 3 + 4 
y = -ijr+7 

: SJbll AUdl, ^1 i>iJJ ci-SlaUJI J^r-jt .2.18 

2.18. Find the equations for the lines passing through the following points: 

(a) (3, 13) j (7, 45) 



m = yj^yi = 45-o = 32 = g 

1*2 — ^1 7 — 3 4 

. AlaiJI-J-sJI 4i~^> ^ )'] = 13 < X] = 3 < m- 8 ^jjcJLjJ 
y-yi =m(j:-jri) 
y-13 = 8(*-3) 
j. = 8jr - 1 1 



(b) (2, 18), (5, -3) 



(c) (3, -17), (0, 19) 



-3- 18 _ -21 
5-2 ~ ~T~ 



-7 



JixJi J*a ^ }'] = 18 < Xj =2 # m = -7 ^Ij^-Ij 
>' — 18 = -7(i- -2) 
y = -7a- + 32 



19 -(-17) 36 



— — = -12 



0-3 -3 

: W v^si- jt ^SU* ihUJI 0i» (0, 19) : (jJjll jilall Jk£ 0) 

y = -\2x + l9 

(<0 (0, -2), (8,0) 

_ 0 - (-2) 2 1 
_ 8-0 ~ 8 _ 4 

(0,-2) : y jtliil Ji»JI o) 

y=I,-2 

: 2.4 ^JJI J J^JJ c~ii .2.19 

2.19. Prove the formula for the slope given in Section 2.4: 

m = >i - n 

X, -Xi 

J_*a s-i^i LS -ij of v^=J. j yU'i'.W LjdS" o^s ia^JI (1:2, 3*2) J (*[, Ji) j.;;Un:\\ <z*-bs-\ lij 

yi = mx\ + 6 
y 2 = mx 2 + 6 

■ V-r^ 1 UU = (►*■ > V^r 11 ot j« 5 JliJI J JJ U jL*HI J is. Ml y, ^ y 2 c >j 
yi - y 2 = mj| + — mX2 — b 
yi -y 2 =m(j:i -x 2 ) 

JjJbdl y oiULj (X[ - X 2 ) ^S- 'kr, „...i?JL 



Jn _ yi-n 

... *\ -« 

2.20. Verify the point-slope formula: : SUJLJ^JI Ji^ s^, oj f .2.20 

y-y, =m(x-^,) 

oL OjC of m 4L»j (x,, y{j JkiJL j»j ^iil Jr^ll OjSj (x, y) SLii 

m _ y-yi 

JT-JTl 

»JJ»Jt iiU^ij (*- ibUaJI wJe^i 

y-yi =m(jr-Jti) 

Linear Equations in Business and Economics iUasS'itj Sjti^fi ^ SJasxJl O^JUdl 

oLJLS^ll . $600 S>w*JI SJ»-jlJ ijJi^JI SiKJIj o^lj J\-*M $7000 Sajllll l^AJlSj sLii. .2.21 

1 gx^JI 5Jb-j 30 (b) . iJ^j 15 (a) il&ull c^ii lij , C SJS3I 

2.21. A firm has a fixed cost of $7000 for plant and equipment and a variable cost of $600 for each unit 
produced. What is the total cost C of producing (a) 15 and (b) 30 units of output? 

C = 60te + 7000 

C = 600(15) + 7000= 16,000 x=15 oil? lij (a) 

C= 600(30) + 7000 = 25.000 *=30 cJlS" lij (*) 

S^lill ,4JL&JJ OjJjj , S-L^-j 35 (i) , sju-j 20 (a) c^si li) U sliuJ i-KJI JjIKai Jirjl .2.22 

. $400 sju-jll iJ^ll iil&Jlj $3500 stiiJJ 

2.22. Find the total cost of producing (a) 20 units and (b) 35 units of output for a firm that has fixed costs 
of $3500 and a marginal cost of $400 per unit. 

C = 400-r + 3500 

C = 400(20) + 3500 = 1 1,500 X = 20 oilS" li) (a) 

C = 400(35) + 3500 = 17,500 x = 35 oils' li I (b) 

a_il£dl OjJjj . gi-bJI S»U SJ^j jsa $45 J* jU~s SJL.VS3I S-iUJI J Li sLii. J~0' .2.23 
, iJo-j 150 (a) o*l li) . 7i sUiJI ^jx-o y U . $1600 iaUJI SiKJIj $25 JJ^-jlJ Sj-i^JI 

? SJb-j 75 (c) < 5J^j 200 (fc) 

2.23. A firm operating in pure competition receives $45 for each unit of output sold. It has a variable cost 
of $25 per item and a fixed cost of $1600. What is its profit level jr if it sells (a) 150 items, (6) 200 
items, and (c) 75 items? 

(K)gJ\ =(«) jly_VI-(C)iilSill 

jAyjcdlj C= 25x + 1600 j R = 45x j| 



it = 45* — (25* + 1600) 
* =20* - 1600- - 

n= 20(150) -1600 = 1400 *=150-U*(a) 
Jt= 20(200) - 1600 = 2400 ^ = 200 Jcu> (ft) 

jr = 20(75) - 1600 = -J00 x = 75 (c) 

Sji-JoisJI i_ilS3lj $950 iijlill iilStsJI OjJs _ S1»IS3I i_jUsJI Jb ^ J*^J sLiiJ J^-ji .2.24 

. 5J»-j 80 (ft) . SJ^j 50 (a) gai' Ujuo . $85 SJ^jU jjJI y^j $70 SJ^ji! 

2.24. Find the profit level of a firm in pure competition that has a fixed cost of $950, a variable cost of $70, 
and a selling price of $85 when it sells (a) 50 units and (ft) 80 units. 

(rc) g)\ = (R) jl^l - (O JiKdl 

^ycilj C = 70* + 950 j R = 85* 01 

;r = 85*-(70* + 950) 
n .. 15* -950 

SjLj- jr = 15(50) -950 = -200 * = 50-Ut(a) 

jr = 15(80) -950 = 250 .r - SO .c* ;/') 

jj*) SJUJI jU- JJ^ oly- 8 j»j Jj,»l»js-'!ll (*)' oty- 6 j*f (a) Jupjt .2.25 

: oiy-Ji 

2.25. Find (a) the value after 6 years and (ft) the salvage value after 8 years of a combine whose current 
value y after x years is 

y = 67,500 - 7750* 
(a) y= 67,500 - 7750(6) = 21,000 

((,) y = 67,500 - 7750(8) = 5500 

: cAy-i\ * jta( U jS^iSJ jJJB .2.26 

2.26. For tax purposes the value y of a computer after * years is 

y = 3,000,000 - 450,000* 
. ol^u, 5 J~ Spbj^ll (ft) . olj^ 3 A~ y^SOl i*^ (a) 

Find (a) the value of the computer after 3 years, and (ft) the salvage value after 5 years. 
(a) y= 3,000,000 - 450,000(3) = 1,650.000 

((,) y = 3,000,000 - 450,000(5) = 750,000 

14% »Jb>Lc J5VI . ^ 'i-c-yiy $40,000 jV j* ky-- 5JJls $5120 1° -LpUlo J-^. .2.27 

? J^, JS" ^ y^JI ^UJI U . 12% ^-H\ 3 

2.27. A retiree receives $5120 a year interest from $40,000 placed in two bonds, one paying 14 percent and 
the other 12 percent. How much is invested in each bond? 

_^ii_^J! jJ-JI ^ (40,000-*) uli pi ■ 14% Ju*l~ jJu*JI ^jL-j' * ji ^bjiii 
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y = 0. 1 4x + 0.1 2 (40,000 -x) 



y = 5120 ^ ^.jhcJUj 

5120 = 0.141 + 4800 - 0.12x 
320=.02x 
14% Ms- x — 16,000 at 14% 

12% jjs 40,000-16,000 = 24,000 

U,»ai — j ui j_Jp LS i^. ji\ jJLdl ^ U, . £luJI li» jUi-l $60,000 L> _,Lw>-« dU^j .2.28 

V J\»srf ja 14% .jjj jjU J^»J 15% j %11 Jj^ 

2.28. With $60,000 to invest, how much should a broker invest at 11 percent and how much at 15 percent 
to earn 14 percent on the total investment? 

OJj 15% yJi^^H j_L*JI J^i (60,000 -x) jli 11% Ms- J »vv,,.JI jLJI Js»; x oils' li) 

: ^ y Lj^Jt oOjUil 

>' = . Hi + .15(60,000 -x) 
0.14(60,000) = 8400 : y y, <us vAr^ 1 j» u^O"^^ 

8400 = .Ilx+9000-.15x 
-600 = -0.04x 
11% Jn* x = 15,000 

15% ju* 60,000- 15,000 = 45,000 

Jt,ll < Ui- 45 JjVl JUjil i»_a . oUjLJI y j-iwi iii- ^ i—iji oLjis- jjU. .2.29 

. ba- 70 JijJI S»J jjSj 0;>H3 JUj 200 Jip Jva~. ,_,£) iL. 85 jlill £jdl ^ 

2.29. A candy maker wants to blend candy worth 45 cents a pound with candy worth 85 cents a pound to 
obtain 200 pounds of a mixture worth 70 cents a pound. How much of each type should go into the 
mixture? 

li oL^UJl jIjJw (200-x) jls p$ Ui« 45 i*_JiM IS oU^lr?JI jljJLo JiAi' x ui 

. U^, 85 S^JiJI 

y = ,45x + .85(200 - x) 

. y '-by* jA>] I ikUd I 4^*3 ^ ^jhiyd 

.70(200) = ,45x + .85(200 - x) 
140= ,45x + 170- .85x 
-30 = -.4x 
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45^ .Up J = 75 (Jtj) 

85^ S»j jus (200 - 75) = 125 

"L-"- 11 0-* jjlL^r 6000 £• LU» 01 v^-i cS-^J 18% £^»i ijP »l»JI jIjJu U .2.30 
1 16% 4j C 5US!I i^y-rU Jj^JI J^i <y 12% 

2.30. How much wine with an 18% alcohol content must be mixed with 6000 gallons of wine with a, 12% 
alcohol content to obtain wine with a 16% alcohol content? 

*L_JI jljJu Ji»j y 0b . Lliu ji i^iilj 18% j-iloVl S-_i li oUJI jljJu Ji»j- x 01 ^ijxi 

. LjU^JI 

y = .I8jr + . 12(6000) 

. y J 16% 0j!U- (6000 + x) 4j vAr^ 1 -M^l jl-Uu <y> jkiyeHy 

.16(6000+1) = . 1 8* +.12(6000) 
960+.I6A = .l8jt + 720 
-0.02* = -240 

x = 12,000 OjJU- 

. £ 4_JLyu ^gj'.' in" 0i j ^ - ^yill j;V*L..U ^ 4iA^>bftJI oliJ^JI *^sI£xa)I jjj^j .2.31 

. B = 8000 , p, = 400 ■ pj = 100 Oi c^ip lilj (y) |> m)U j! (x) jUJIj ji^j- ji jSUj OljiVlj 
gi'LJJ J-j-1»- (>— jb S-jUbVI oLiLJI l_lsb (Jul (f>) < ^slSUI gj'LJI LS ^io jl (a) 
. 37.5% i—^ ft c-AiMl lij (d) j , p, oipU>; li) (c) , 50% 5™^ B colj li) ^ISJI 

2.31. An isocost curve shows the different combinations of two goods that can be purchased with a given 
budget B. Blast furnaces can be heated with either gas (x) or coal (v). Given p, = 100, p v = 400, 
and B = 8000, (a) draw the isocost curve. Always starting from the original data, draw a new isocost 
curve (b) if B increases by 50 percent, (c) if p x doubles, and id) if p y decreases by 37.5 percent. 

: ,y> B = 8000 , p,, = 400 . p_, = 100 Jap ;J\S^S\ gi'tJI ( _ s ^» Sbl«J i.UJt 0) (a) 

IO0jr+4O0y = 8000 

y = -0.25-r+20 

. (2-21)(a) JSlill ,y Jv=c Li. jp ijU yiUI J^JIj 

8000 + 0.5(8000) = 12,000 ^ bA,Jt^»JI iJlj-»JI OJi 50% jljJUu jlirtl Jujj. U_^-j (b) 

lOOx +400y = 12,000 

y = -0.25.r + 30 
. (2-21)(a) JSLill J jLi^JI LiJU Ji^ Ijjbj 
: ^ iJb-bJI SbU*JI 0|s 200 JjJjJI j*~JI ^ji Pj ojtUii' li) (c) 
20fa +400y = 8000 

y = -0.5x + 20 
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. (2-21)(i>) JSLsJI J, jkicJI iiJL lliLji Ji^« U»j 
400 - 0.375(400) = 250 ^yb ijuoJI p, jU 37.5% IL-i ft . L^iiijl li[ (d) 
I0(k+250y = 8000 

;y = -0.4x + 32 
. (2-21)(c) Jiiil ^5 £ WJI JriJb liU Jj„ 
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(2-21) j£* 

ajUU jtUJI j a JI_J !! »JI Si^ jj^ (a) ,B ijilj~»Jlj ft. , UfcjUJj y 
• Se'js-JI ^js" (*) li) L« Jj.J»J (a) ,y oU^JI ^ji^Jj _ ^IsXJI gUI ( _ J ^i» 

• J ' Px li) (c) 

2.32. Given two goods jr and y with prices p, and p r and a budget B, (a) determine the slope-intercept 
form of the equation for the isocost curve. Using the information from (a), indicate what will happen 
to the graph of the curve (A) if the budget changes, (r) if p x changes, and (d) if p y changes. 



y Ji»-jjj iaUJI Si^sollj i-Juj (a) 



Pyy = -(Px*) + B 



\Py) Py 
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< m = -(p/p,) Jj«JI e^s- )' = rnx + b SJaiJi SJiUJJ ^tUll j^JI-JyJI Si^> jjLii' ibUJI ojjy 
ci^j . (0, B/p v ) jiLS^ll LiJ j ^tUiil J^JI oli ^ ,y j . y jjULill J^JJ = B/p y 3 

: y, jslSOJI iiJ * jtUll jbJI OJi (-Z>/m,0) i.UII Si^JJ x ^Uiil J.JI jl 
HB / p,) I (-p, I p y ), 0] = (fi / p„ 0) 
L5* j 1 y ' x JjJaJI J B iJljjyoJI J j^iJI jl (2.S) SJiUJI j^ilj (i) 

. B o~ii~l lil jL_JI Jjj B oalj lij j-«JI 

)' ^LLiil Jl — >JI ^J^- jji jjoii l-^j-. (B / p x , 0) X ^tliJI JisJIj i~p y l p y ) <_UJI jU p v O^Ju lil (c) 

lj_Si'y> p, cJi li[ I —I- " p., culj lil IjIjl^I jifj jjC kij- ^UJI j*-jllj . (O.B/p,) 

. y ^kLail Jj>JI ^juAi 

. (B/p,,0) x jJI OjJ j-to <jj- (0,B/p,.) y jtUll JiJIj (-pj/p r ) J^l jli p, Ojjil lil (ft) 

y £js>Ull Jj»Jl p y J ^U^VIj . lUk_j J~dl -bjjj J' ^klail Jl>JI J*Je>^ < Pv J i^yij 

. kjlJ ,v jtUII j^JI JL>. j~)U)l ^ Jj . IjIj~I J^JI Juju 

j'slji 0j*U 570 1985 j.U j^jj jjJU 535 jo o*iijl L^la Ojli Jo*w £ ysJI ^lyl 8a Lj Jut .2.33 
. ial^JU fUJI »Ui"i!l j»s-l lij 1995 f U £_pd jj^JI ^j^-JI j^-j! . 1990 pi* 

2.33. Increasing at a constant rate, a company's profits y have gone from $535 million in 1985 to $570 
million in 1990. Find the expected level of profit for 1995 if the trend continues. 

, (0,535) l_*j. JLJ\ f^Ji jjii; liJUtt li^Jj . 1990 f U! x = 5 j 1985 f Ul x = 0 jl 

i^, iUJI J-^y jj-iUjj (Ay/Ai) J-JI dl» CoU' Jju^h ^Jui' j-UjVl it ULUj (5, 570) 

. (2-22) JS^iJI J US' ^Ji^. 
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(2-22) J^A 

• ijrr*^' ^W^.^ Jj^ja/LJ 1 ^ ^Jl>iu^I 

_ 570 - 535 _ 35 _ 
5-0 - 5 
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(0,535) ^tUll JaJI 01 
1995 »UJ x= 10 ^i^ly 



y = 7(10) + 535 = 605 



JL*- i-i^U JS^ ^ ^ . 212°F JiUi' 100°C jij 32°F JjU' (iyL«0 0°C of c~Jp lij .2.34 

2.34. Given that 0° (Celsius) is equal to 32°F (Fahrenheit) and 100°C is equal to 212°F and that there 
is a straight-line relationship between temperatures measured on the different scales, express the 
relationship as a linear equation. 

>U~\ 4_Jls j~iiJI iij*. fl-ii^ly (2-23) JSLiSI ^ (100, 212) , (0, 32) j~k«dl j. I» Jb 

. m J^l 

_ 212 - 32 _ US0 _ 

m_ loo-o - loo - 

(0,32) y jtlall jbJI ol e-~j 




(2-23) j£i 



Solving Equations oKiU*Jl Jj>- 

: ^jUJI ,jajL*i. r lj^L.lj SJUI SjLiJI o^UJI J*- .3.35 
Solve the following linear equations by using the properties of equality: 

(a) 6jc-7 = 3j:+2 (6) 60~8* = 3;r+5 

(c) 7j: + 5 = 4(3jc-8) + 7 (</) 3(2r + 9) = 4(5i - 21) - 1 

Solve jhe following equations by clearing die denominator: ; .l£j| iJljL iJUll o1>U/>JI J»- .3.36 
(.") T + J=22 (6) £_ 4 =i+8 
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Slopes J>«Jl 

: j^Jlii-^ Iu\JI J^l ^ yisll iUaiJI c/sbUJI .2.37 

1.37. Convert the following linear equations in standard form to the slope-intercept form: 
(a) 3* + 12y = 96 (6) 12* - I6y = 240 

(c) 22* + 2y = 86 (d) 28* - 4y = -104. 

!.38. Find the slopes of the following linear equations: : VU» AgUJI O^iUJI Jjs* JJrji -3-38 

(a) v = -16* + 23 (6) y=j*-9 (c) y = 15.5* 

(fl y = 4*-3 <«) y = 19 (/) *=27 

: JJUI J,LUL yu: ^1 ijLiJIJ^ J^-ji 2.39 

2.39. Find the slopes of the lines passing through the following points: 

(a) (2, 7), (5, 19) (ft) (1, 9). (3. 3) (c) (3, 56). (7, 8) 

(d) (9, 19), (15, 22) . W (-4, 0), (1, -3) (/) (-7, 0), (-1, 0) 

Intercepts S*i>Ut!t JjJ^dt 

: M\ SA_JI J UUI olbUJI y, JSJ y jMill J»JI J^-ji -2-40 

2.40. Find the y intercepts of each of the following equations in standard form: 

(a) 8*-3y = 15 (ft) 13* + = 4.5 (c) -26* + 7y = -56 

id) 47*-18y = -9 

2 41. Find the y intercepts of each of the following equations in slope-intercept form: 

(a) y = -6.5*-23 (ft) y = 108* + 14 (c) y = 79.5* - 250 

(rf) y = -3*+0.65 

: SJUI i.U!l SiwJI ofcUJ * jMill Ji»JI Ji=rjt .2.42 
2j42. Find the * intercepts of the standard form equations below: 

(a) 6*-13y=126 (ft) J* + 17y = -8 W -5*- 5 y = 55 

(rf) -13* + 19y = -39 

jLUll J~II ki-* yi JJlsll o^UJl j> JS3 y jiUJI ^Jl ^-ji .2.43 
2 43 Find the * intercepts of each of the following equations in slope-intercept form: 

(a) y = 7* + 35 (6) y=-8*+64 (c) y = ,* - 16 

(a - ) y = -1.5*-9 

Finding The Equation for a Straight line Ja«3l tfil*. al*ol 

2.44. Derive the equation for a straight line having ! jill p-^i^-^JI J^ 1 - 2 -4 4 
. (0,-6) : y jLUll JbJIj (f ) *L. (ft) ■ (0,22) : y jiUJI jJIj (-13) *U (a) 

. (0,-70) : y jtUJI J»Jlj (23.5) iL. (d) . (0,49) : y jiLiil J-ilj (~J ) <U (c) 

2.45. Use the point-slope formula to derive the equation for each of the following straight lines: 

. (3) (8, -5) iUJU j*, (ft) • (7) 4f J (2. 6) SLiJt j~ (a) 

. -5 (3, -1 1) SkiJb yu. (rf) • ij) 4-J ("10. 2) SkiJl, j*l (c) 
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: -klkul J}U- y*t ^clil JaiJI iJ-lUj jLiLil ^ J.vl i^ ll-J^l ^J^«.l .2.46 

2.46. Use the two-point formula to derive the equation for a straight tine passing through: 
(a) (2, 6), (5, 18) (*) (-1. 10). (4, -5) 

(c) (-6, -3), (9, 7) (d) (4, -5), (10. -8) 

Business and Economics Applications iUasS'jflj Sjb^il ^ OULJaJ 

OjL} Jj_^ dli^'j $12,250 _. ..I-Jol Co.j^ll jjjvi; i)^ otji-, 4 (6) , j™-, (a) Juu *JI J^-jS .2.47 

. $1995 .jJ5 jji*. 

2.47. Find the value after (a) 1 years and (b) 4 years of a photocopier which was purchased for $12,250 initially 
and is depreciating at a constant rate of $1995 a year. 

Jj^, ciUjj'j $265,000 _, oj>!-1I S-~U> ilH o!^ 7 (fc) , ol>L- 3 (a) -by SJUJI i^ill jJj .2.48 

. $32,000 

2.48. Estimate the current value after (a) 3 years and (b) 7 years of a printing press purchased for $265,000 and 
depreciating linearly by $32,000 a year. 

s'Ui^JJ US3I ..iJlS^I jj^ . $750 SJ*-jD Sj-ioJI cjJIS3Ij> $122,000 fcliil l^iJlSj- jjiii' sliu> .2.49 

. iJ^j 50 (/>) , SJ^-j 25 (a) lil 

2.49. A firm has fixed costs of $122,000 and variable costs of $750 a unit. Determine the firm's total cost of 
producing (a) 25 units and (o) 50 units. 

$85,000 Squill olJISal! ji o*Ap lil SJi*-j 100 (b) . olj^-j 10 (a) gui' STj^J Ufll ^jJlSjJI jjti .2.50 

. $225 SA^U S^iuJI ^iJl&d!,} 

2.50. Estimate the total cost of producing (<j) 10 units and (*) 100 units for a company with fixed costs of $85,000 
and variable costs of $225 a unit. 

S_JL*JI J_t J-o^'j SJ^j 125 (fc) j < iJ^j 75 (a) cj>1, lil SS">J j-JI :>.!=- .2.51 

. $55 SJ^U s^iu JilSij $1800 iilSi L«Jj ij^j JS3 $120 ^ J-^«i' C^=~ JJjISOI 

2.51. Determine the level of profit on sales of (a) 75 units and (6) 125 units for a company operating in a purely 
competitive market which receives $120 for each item sold and has a fixed cost of $1800 and variable costs of 
$55 a unit. 

Jj^ .lap .^ois—o l_« jljJu L.j 8% Jjju. jap $50,000 ^.L^ ^> U jL-*~, ^aAx-j l» jlAi» U .2.52 
? 9.5% jj^. asU Jj^u ^ J-^J 12% 

2.52. How much of a $50,000 account should a broker invest at 8 percent and how much at 12 percent to average a 
9.5 percent yearly rate of return? 

J_^>J) J*i$ $190 p-JUJI £. Uij 01 c^. ydlj . jU) $140 i^l ,^i)l obU _>lAi« L» .2-53 
v $175 iu. Ji^ljll ^1J1 p^ill ^ 32,000 itjU- Ji* 

2.53. How many tons of coal valued at $140 a ton should be mixed with coal worth $190 a ton to obtain a mixture 
of 32.000 tons of coal worth $175 a ton? 

j-ijp OjJU 279 IJ J\ 1988 f-U jij* O^L. 265 jiiy Ljijj c^tt Jju^ sLiuJI ,-iJlSi' j«J a^p .2.54 

. ^Ui-jVI J r U)l .UiHI lil 1996 j.lp ^LlcCol jAS . 1992 j.U 

2.54. Growing at a constant rate, a firm's costs have increased from $265 million in 1988 to $279 million in 1992. 
Estimate costs in 1996 if the trend continues. 
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^U,! . 1992 |.l_f j-slji OjJu 887.75 J\ 1989 f U jUjj jj^U 905 ,y> oU~JI c-^i^l .2.55 

. 1995 fit oUJI i^^^j Ly |.U)I 

2.55. Sales in millions of dollars have declined linearly from $905 in 1989 to $887.75 in 1992. On the basis of the 
trend, project the level of sales in 1995. 



2.35. 


(a) 


x = 3 


(ft) j: = 5 (c) jc = 6 (<<) x = 8. 


2.36. 


(a) 


j = 48 


(A) x= 135 (c) Jr=7 (</) .< 12 


2.37. 


(fl) 


y = -^ + 8 (fc) y=Jl-15 <c>. y = -ll.t+43 (<i) y = 7x + 26 


2.38. 


(<!) 


-16 (*> i (c) 15.5 (d) -J (<•) 0 (/) jj^, jj. 


2.39. 


(a) 


4 (6) 


-3 (c) -12 (d) | (e)-2 (/) 0 


2.40. 


(a) 


(0. -5) 


(A) (0. 9) (c) (0, -8) (d) (0, |) 


2.41. 


(a) 


(0, -23) 


(6) (0, 14) (c) (0, -250) (rf) (0, 0.65) 


2.42. 


(«> 


(21, 0) 


(ft) (-32, 0) (c) (-11, 0) W) (3, 0) 


2.43. 


(a) 


(-5, 0) 


(A) (8, 0) (c) (40, 0) (d) (-6, 0) 


2.44. 


(fl) 


y = -13jr + 22 (A) y=|*-6 (c) y = -^ + 49 (d) y = 23.5x - 70 


2.45. 


(«> 


y = 7* - 8 


(f>) y = 3;r-29 (c) y=|x+17 (a") y = -5*+4 


2.46. 


(a) 


y = 4x — 2 


(*) y = -3* + 7 (c) y = \x + 1 (rf) y = -^r-3 


2.47. 


(a) 


$8260 


(A) $4270 


2.48. 


(a) 


$169,000 


(A) $41,000 


2.49. 


(«) 


$140,750 


(A) $159,500 


2.50. 


(a) 


$87,250 


(6) $107,500 


2.51. 


(a) 


$3075 


(6) $6325 



. 12% jl^ $18,750 j 8% $31,250 .2.52 
. jkli $140 J»-i; 9600 j jLU $190 U^i jL 22,400 (a) .2.53 
. jiji OjJu 293 .2.54 
. jtfji jjJU 870.5 .2.55 
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Functions J \jjJ I 



Concepts and Definitions Olij jrij (t-»UL» 3 . 1 

i_^SJj . 4_)!jJl JC j — o Ji3 JaiS iJ^j" ^1 (/) oJL&Ud! 31-lJlj J^tfi 

La) . x _J ^JiJI i&y^ 3ljJ[ jlkj .Wiij . x ^ 3b y oL lyii'j y=/(x) oj^alL 3!_)Ji 

. fix) J ££La-eJ! jt_Ji)l k^-y^A 3ljJI i^JU> 

4_lljJI _rt^iJ LSj^ ^Jj*" f - I JLUJI ^ 4^>J*J1 ii^L; 0iU- O'ibUsJI 3Jl>WJ 

. l$J-o U-i j^JJ UI^aJI .Jj^pJI j»Ju^_j ul t r ^J » 3b ^ ^sSl OJLrj bis . h, g Jia 
. ULUi- oi jSUj. ^1 Jlj.il! iik^JI £_ljiSll Ujj 

Constant function: f(x)=ao iatt 3b 
Linear function: fix) = a,* + <j 0 

Quadratic function: fix) = a 2 x 1 + a t x + a 0 fa^O) jjldl i>-jjj| ^ 3b 

Cubic function: f(x)=a 3 x 3 +a 1 x 1 + aix + ai, (a 3 ^0) JslljJI S>-jJJI jj 3b 

Polynomial function of degree n: f(x) = a n x"+a n -,x"~' H ha 0 " Vj-JI 0* ^J-^l 'j^ s) k 

. Jip n= 1,2, 3 c^- cl^if JUp ^ JiJbllj ijUJI irjjdlj iiiJIj JljjJI 61 Jb-'i 

Rational Function: f(x) = — i™J I 3 1 jj I 
*W 

Power Function: fix) = ax" ^jill 3b 

. :. • LS^^ iJP'lfl » ; liij«>- 

< x J U SaJ c-Ls-t bli . jjldl ^ 2> j-jLj 7 ^ vO-^i ^ iics SJ*tt ,y /CO = lx-b : 1 Jl4« 

. /(a) io-J jUuV 3.>U/JI J=uj 4iwaJI ^ i»_3l oijj ^jjO 
EXAMPLE 1. The function fix) = 7x - 6 is Ihe rule that takes a number, multiplies it by 7, and then subtracts 6 
from the product. If a value is given for x, the value is substituted for x in the formula and the equation solved for fix). 

x=3 IS) I 

/(3) = 7(1) 6 15 

x = 4 lil : Ws 

/(4) = 7(4)-6 = 22 
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. 3.4 J\ 3.1 JsL^JI Jo>\ 

: iiL^Jl JljjJl ^ ipjA^o ^ U-i : 2 Jte* 

EXAMPLE 2. Given below are examples of different functions: 

-UjlfJJb /(jr) = 14, g(*) = -9 

/fct) = 5;t-3, g« = -8x. h(x) =22 

/M = 3* 2 + 8*-7, s(x)=x 2 -4x. A(jr)=6;r 2 
/W=4^ 3 -2x 2 + 9jt + 5, «(j)=7jc 3 +4, A(*) = 2* 3 
/W = 8jc 4 + 3jt 2 -5x+9, g(;t)=2* 5 -:r 3 + 7 

fix)=4x 5 , g(x)=x 2 ' 3 , h(x) = 9x~ 2 (i/O) 



4Jas- Sib 

Jxlbdl Ssr-jjJI y ilb 
S™i Sib 

^jiil iib 



, _ r i v ail ^^if- Mi rti l oiJ^a "y^*- cJJa^T X J ^1 .U^;.*.i i^^lj Jl^jOl Jji>- lal 

Graphing Functions JljJdJ ^Ul J-i<Jt 3.2 

(*— ■ ( 3 > 4 ( /) *lL**Jl jlail) tS^J** es* ^ l^W 1 f—^ 1 • CoU C A" = C 

^LJi J_*£ajJ, jLS'j . ^ ^ t 1 jjs*aS\ ( _ 5 1p ^li" iJljJi JrfjS' y ->f(x) Jjui-j Uja* ^Ui 

. ^bJI J-s«ai3l ^yi>y yj 3 ^^ 

Vi ,..7»lt ^bj'ltl o-« ^J-c- i.^jl53i oLi'ljL^)!! j»Ui; ^ aJ^JI JljjJU ^LJI ^jJIj 

. iJljJJ ^yl-jJ! ^ *»J>\ J__oj5o_ l5 _Jj>,Jj*j isLiJI J^^^OJ . iJljJJ i_^W^ (*-*^' lT^ - SJt £*"J i-Lx^J £jj 

. 4 JliJ, Js iSljJJ ^LJt jilj 3 JUJI lLv>^> ioliJl aVjjJI ^ illjJJ ,yUJi ^ij 

. y = 2x : ajUJI SJijJU (3-1) J5Liil ^ ^si^« i_j^L,^Ij . Jai=j I^L^ij fcy) 4jL-x*JI 

EXAMPLE 3. To graph a nonlinear function, pick some representative values of x; solve for y\ plot the resulting 
t them with a smooth line. The procedure is illustrated in Fig. 3-1 for the quadratic 





fW 


= 2x 2 


= y 


iiJI 


-2 


/<-2) 


= 2(-2) 2 


= 8 


(-2,8) 


-1 


/(-I) 


= 2(-l) 2 


= 2 


(-1,2) 


0 


f(0) 


= 2(0) 2 


= 0 


(0,0) 


1 


/(I) 


= 2(D 2 


= 2 


0.2) 


2 


/(2) 


= 2(2) 2 


= 8 


(2,8) 



. ^sLSO. j-LS J^v. iJlill i=-jjJI j» UIJJ ^Ul ^jJIj 
JtL_^)l JJh ^, OIJ (3-1) J_S^JI ^-sj . (vertex) ^i^J! 

. (0, 0) ^j*,! J\ 'it,3j y j^pt*Ji ^jUa^j. 

. 3.22 . 3.18 JjL_JI >il 
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8 ■ 

7- 
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6 - 
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4- 




















3 ■ 
























































-2 








-1 











(3-1) jXi 



. (**()) y = i Sibil (3-2) JSUll^s 3 JUJl^^UI ^1 VJ> U : 4 Jl4» 

EXAMPLE 4. The procedure for graphing in Example 3 is repeated in Fig. 3-2 for the rational function y — 2/x 

(*#0). 








= 2/x 




y 




-4 


/(-4) 


= 2/-4 




_ i 


(-".-£) 


-2 


/(-2) 


= 21-2 




-i 


(-2,-1) 


-1 


/(-I) 


= 2/-l 




-2 


(-1,-2) 


1 

~5 


/(-!> 


-v-i 




-4 


(-*. -4) 


■ 1 
5 


/(i) 


= 2/1 




4 


(|.4) 


1 


/(I) 


= 2/1 




2 


(1,2) 


2 


/(2) 


= 2/2 




1 


(2, 1) 


4 


/(4) 


= 2/4 




l 

3 


(4, \) 



(3-2) j£i 

Ct-»0) J\x Jj_jr V U-Lpj .Jj^ jju, ^ y = -J iwJI illjJJ ^Ul jk-jJI 

. )> jj»*aJI {y> i_J>i«J. ^LJ' ^i* 
(r-(») -yl) Jjjj x UjLuy Vertical asymptote &y^i\ ijjUJI iiJI Jbt«JI I It, ^ y jj^Ij 

Vertical ^S/l <_j.A-«*JI -k^JI SJUJI ^ at jj^JI ■ x J3 >^\ ^lu/i. ^LJI ^jJI OU 

. 3.23 j 3.19 JjL»JI Jx\ . asymptote 

The Algebra of Function JljjJt 3.3 

oJ^t tip . SJU»Vl JljJJI <will jl v^iJI ji c >ll ji oLL^ jSTf jt j^b ^ jSUi 

Cf + «)W = /(*> + «W 
(/-«)« = /«-«« 
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( JljJJl ) dJlslI JjuJl 



(/•«)« = /(*)-«(*) 
(/^ «)«=-/« [«W#0] 

3.5 JjLwJIj 6 j 5 Jil,,.r,ll ^1 . Compositions of function JIjjJI y ls*-— <3 z = g[f( x )] v~^-9 

. 3.17 

. .jUl j^JI JIjjJI ^-U^ ill £(a-) = 5a--4 j /(a) = 3a: + 8 oicf lil : 5 Jli» 
EXAMPLE 5. If /(x) = 3x + 8 and £ (x) = 5* - 4, then from the properties of the algebra of functions given above, 
(/ + «)W = (3a + 8) + (5x - 4) = 8x + 4 
(/ - «)(*) = (3* + 8) - (5* - 4) = -2* + 12 
(/ ■ S)M = (3x + 8)'(5x - 4) = 15x 2 + 28x - 32 

</-s-*>« = f-£j a #0.8) 

/(x) jop j^ji SjTjJI 3ljJliy=/(A-) = jt + 2 j z = «O0 = y 2 + 3y-8 c~lx>'\ lij : 6 Jli» 

EXAMPLE 6. Given z = g(y) = y 2 + 3y - 8 and y = fix) = x + 2, the composite function g [/(*)] is found by 
substituting fix) for each occurrence of y in giy). 

g(y) = y 2 +3y -8 

*[/(*>] = IfMf + 3[/(x)] -8 
= (x+2) 2 +3(a + 2) -8 
= (x 2 + 4x+4) + (3x + 6)-8 
= x 2 + 7x +2 

. 3.32 J\ 3.30 j 3.7 JiL~JI p,\ 

aUsi^l j SjbVf ^ aJ**Jl Jl jvOl oua-JaJ 3.4 
Applications of Linear Functions for Business and Economics 

jyj>\ y ^-bj . Jlji lL Oj&J Ji^jj' U ijlpj . jL^l/lj) ijb^ll ^ SJaiJI JIjjJI C)U> j-Ji«x~J 

. ff _JI SJhJ n{x) j jIjj'JII SJIjJ «(x) j i-iJl&dl SJIjJ C(x) SJUJI (.Ji^J- , AW . g(x) < /(*) 

ijjUl 4_a1SoJIj $60 £-^JI jl OjLJ iljjj ^jjjj iU\S3l i«itLjl ^ J^wO" U <>L:.:.n ^ijsal 

^1 « j S_pUJIj 5-^aJI oIjlj-_j!I iJ^-p J\ x yj . $35 sj^l) ijJc^i] iiKJIj $450 

: SJUJI JI,.0L ^Ji jSU.. .Jl»j . US3I iiKxl) C j ^1 
K(x) = 60a 
C(») = 35(a) +450 

ijj-S'UI sLiiUJ £-> Jl 3— !b . JIjjJI j^>- ^IjLi^L iilvcalj ijbj ijljjbM Cit JIjjJI J^-ji 1 
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= R(jt) - C(Jt) 
*Sj) = 60x - [35(jc) + 450] 
jtU)=25jc-450 

oLjs— 3.4 J ijjTUI iLiiJ) w jpll ■tfjii.j C SJKJI iiKall , ff J&l il^yi : 7 Jli» 

: US' jlj. j K= 25jc-450 j C=35jr + 450 , *^-60i ^il^aly Jljdl ^JU 90 j 70 (x) gjLJI 

EXAMPLE 7. The total revenue R, total cost C, and profit level * for the firm mentioned in Section 3.4 at output 
levels (jr) of 70 and 90 units, respectively, assuming R = 60jr. C = 3Sx + 450, and jr = 25x - 450, are found as 

follows: 

fi(70) = 60(70) = 4200 1=70 Jj> 

C(70) = 35(70) +450 = 2900 
jr(70) = 25(70) - 450 = 1300 

R(90) = 60(90) = 5400 x = 90 Jl^ 

C(90) = 35(90) + 450 = 3600 
Ji(90) = 25(90) - 450 = 1800 

. 3.17 J\ 3.8 JjlwJI Cijj M 

Solving Quadratic Equations ^taJl &r ja O^aWll J»- 3.5 

at 2 +foc + c iJ^I *t\>Jll SJiU^JL \^s- jju y = av J +foe + c S-ibll S=-_jjJI j» SJIjiJI y = 0 
J_»l_j«JI J-UJL. JJ>« »Ji^ SJtill i-_,jJI \y c/iaUJI , (i*0 j cJjj c • b . a =0 

-ft±V6 2 -4ac 
" 2^ ' 

EXAMPLE 8. The quadratic equation ; i^UJI S^-jjJI ibU*JI : 8 Jli« 

5* 2 +47* + 18=0 

. 1.11(a) <)L«JI ^ UT SbUJI JL- (a) 
5jr 2 + 47* + 18 = (5i + 2)0 + 9) = 0 

**s» ^.b is 1 -* v- 5 ^ 1 ; L|i. JS" jvyy ^ + 9 = 0 jt Sx + 2 = 0 it (& + 2Xx + 9) = 0 

: Js. J^u j: 

5* + 2 = 0 x + 9 = 0 

x = -0.4 j: = -9 
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.c=18,;, = 47<a = 5 LS » yUJl SbUJ! ^ jjJuJI io^^l j.Jiec-,1 (6) 



-47±y/(47) 2 -4(5)(18) 
2(5) 

-47±,/2209^360 = -41±Jim 
10 10 



1.7.7 ^ CJ S, US' iu-UJ' Xi 
-47 ±43 



-47 - 43 



t = — - = -0.4 



. 3.21 j 3.20 JiUJI Uit >i! 
. IJj. J jisbi' j! C ^J1 J^*Sj ioldl VjJJI o-jbUJI J*J Ss)tt ii>f ilUj 

Facilitating Nonlinear Graphing JaAit j«£ ^ W Js^ 1 j*-** 3 . 6 

: oljki- ^^i' h,.„,> )> = <u: 2 +f>jr + c ioUJI SsrjjJI iilaJJ uiUJI J^^UsJI 
. Jitt Jl ^tuJI jxi. a>0 cJlS" ISW Ji.t £i ^ISUJI jkiJI <j<i a<0 oils" li' .1 
. y = (Aac-b 1 )IAa . x = -bOa (jc,y) j-jjJI ,y, ^.i^il 'u'i oU?Ij».) 0|s 10.27 SlL^JI ^ c-ji US* .2 

jL^j/ji JJ^Ji jl SjLwaJI j»lj^C^lj yL^i" ijL* iJlaJI £_^>j J ^yi y .V ijti>UJI ^9-b-JI .3 

. 3.22 JJL^JIj 9 JUJI ,y US' A' 

oJjLaoJI ia^JLJ _ ^jjUaJS i^JaiJI jUo j Jj^i" ^ kfilij iU^« ojj.^ii ti-o. Jl aJljd" ^UJI J^JiA^lj 

^jUj' La-Up ^LjuJI x iUjl; JJJjj oUUi^l JS" JUS*I Jbo ": .A^-y x = k JaiJI ^ Jxc^cj. ^PjajJI 

y~m JaiJI ^ t^U' VJ^*-" JaiJI l°l . itj^^oJI 

. 2.23 SJLaJIj 11 JUJI jtil . I^L*, ^jUi' U-lit y j SbUJI viUcd j.UJI J^J y>j x J 

: iolxll -U-jjJI ^ SiljdJ ^iUIJ,^ 3.6 ^Jill ^ ilWJI oljkkJ! y^ : 9 Jli» 
EXAMPLE 9. Applying the hints given in Section 3.6 to graph the quadratic function, 
y = -j 2 + 6x+7 

ill . c = 7 , b = 6 , a = -l 

. Ji-i Jl ^xi. ^ISUJI jkiJl li' a = -l <0 £.j .1 

^ -6 _ -6 _ 4ac-fr z _ 4(-l)(7)-6 2 

* _ 2a~2(-l) y ~ 4o ~ 4(-l) 2 
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( JljJjl ) dJliil J-a«!l 



















6 - 






16); 


















6 7 




— 


4 - 
2 - 


















0- 

8 - 












3 




0, 


\ 
















J 1 




3 




— 1 




8 ! 



(3-3) j£i 



. (3, 16) <y> ^ijll S*i ololj^l Til 

JJj«JI JjU^J j = 0 £i>y. .3 



— -J 2 +6* + 7 = 0 
(-J - l)(x - 7) = 0 
-1=0 x -7 = 0 
jc = — 1 * = 7 



. (7,0) j (-1,0) ^ x JJ*U)I ijjJI /. 
. 3.22 iiL^JIj 3-3 JjL~JI >il 



aUsi^l j 3 jb)fl ^ aJasiJl jjP Jl jjJl OLaJaJ 3.7 
Applications of Nonlinear Functions in Business and Economics 

JsL~JI »J_»j ik^JI i-JaiJI JI.,jJI iJ-ifjo J_Uwd! iii^. ijl^'j iUaaS^I J> JlL-JI u-lii 

<J Jij eil_P t$iP j-*> _ _ 4jjl£*s-*lll 4— iLuJI ^ Jb- 1 ^ • Jb^l {f uJiatf 

JJl— Jlj 11 j 10 4!i»SH >il . S__JI JljjJL llsb gJU jjUJIj SiKJI J^Ui-j SJbll SrjJJI JljJll 

. 3.29 3.24 

EXAMPLE 10. A sneaker company's profits ix for each unit x sold has been estimated as 
jrCt) = -x 2 + 300* -9000 

[-*/2o, (4oc - i> 2 )/4o] 

c = -9000 . i> = 300 . a = -l 
4oc-* 2 4(-l)(-9000) - (300) 2 



-(300) 
2(-l) 



: 150 



4a 4(-l) 
36, 000 - 90, 000 _ -54, 000 
' ^4 ~ ^4 



■ = 13,500 



jj_Si- 1_.J^ 13500 J_it jjiv, £-,J\ oi y-u, IJl« 9 (3-4) JSLiJI SJ^Juj (150, 13500) ^ )\ i»J IM 

S-JtwJI ji Ji~j w=0 ^LJI n—jll vi-^J x ixtUil ijjjJI jUiIj . 150 itL«JI ol-t»_jll 

(33.81,0) ,y» jr i*l>liJ! ij-bJI OjSi- ,*f < j = 266.19 < x = 33.81 s=0 J^J S-iUJI iVjjJI ^ 

. 3.26 j 3.25 JsUJIj (3-4) JSLill >il . (266.19,0) j 
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, 1 , H~-t-, 

4.. - 5Q eliffl-_ 1» , JQP. ; 250 _ 3M„ 



(3-4) 

EXAMPLE 11, Assume that the cost C in thousands of dollars of removing .v percent of the sulfur dioxide from the 
exhaust of a copper smelting plant is given by the rational function 

15* 

CM = -rjj^ (0 < x < 100) 
Jju ^\ J\ OjUuJ! iaiJl iUsjl jSUjJ . i^jkdl ^ \j**JI 4;,.mU Bj-i-Vl JsUJl Jfcto.xJ 4jjjjxdl 

* 105 -x = 0 jjj-j . ji-^iLj ajjL- a ip^A^Jl jop ^U«J1 * aU-s ^Uw,^ tiXiij oUUjyi JS" JU^TI 
. 3.27 SlLJIj (3-5) JSjJI >l . x= 105 Jl* ^ ^i_JI ^UJI J*UI lij . * = 105 



_x C_ 

70 30 
80 48 
90 90 

100 300 



(3-5) j£A 
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Functions JtjJJl 

: x J oUw^JI jv^JiJI -Up aJUJ! JIjjUI jji .3.1 
3.1. Evaluate the following functions at the given values of x. 
(a) f{x)=x 2 ~Ax+l jupf=5(l) . x = -4(2) 

: SUU*JI J: x >yr S Jfl 5 ji-.^U (1) 
/(5) = (5) 2 - 4(5) + 7 = 12 

je = -4 S*Js tf- ji.^U (2) 

/(-4) = (-4) 2 -4(-4)+7 = 39 
(ft) f(x) = 2jr 3 - 5.i' 2 + 8.t - 1 1 JJp (1) x = 3, (2) jr = -2 

(1) /(3) = 2(3) J -5(3) 2 + 8(3)-ll=22 

(2) /(-2) = 2(-2) 3 - 5(-2) 2 + 8(-2) - 1 1 = -63 

CO fW = ^-V 8 ^ (I) -v = 6, (2) * = -2 



.t-4 
3(6)2_8(6)+ 18 78 
(6) - 4 2 
(2) /( _ 2) = 3(-2) 2 -8(-2) + ,8 = 4| = 2 



4_JWI JljjJ! jJS . JJi^J jJcj^ JijjJl ^ Lgj 01 CaJ ^Ja^-o t^y-^/l jJ.iliUjlj o!jUIaaJ1 .3.2 

3.2. Parameters and other expressions can also be substituted into functions as the independent variable. 
Evaluate the following functions at the given values of x by substituting the various parameters for x 
and simplifying. 

(a) /(.v) = 2x 2 + 5x + 9 Jup (1) x = a, (2) x = a - 3 

(1) /» = 2(a) 2 + 5(a) + 9 

= 2a 2 + 5a + 9 

(2) /(a~3)=2(a-3) 2 + 5(o-3) + 9 

= 2(a-3)(a-3) + 5(a-3)+9 
= 2a 2 -7a + 12 

(ft) f(x)=x 2 +lx+4 axp (l) .v = 3a, (2),v=a + 5 

(1) /(3a) = (3a) 2 + 7(3a)+4 

= 9a 2 +2la+4 

(2) /(a + 5) =(a + 5) 2 +7(a + 5)+4 

= (a +5)(o + 5) + 7(a+5)+4 
= a 2 + 17a + 64 

(c) fM = d^R A* (l) x = a ,(2)x=a-2 . 



-v + 4 
(1) /(«) = 



(2) /(a -2) = 



a + 4 

(a-2) 2 - 13 



( Jl jJJl ) liJlSlI J«ai!l 



i_jUI JLCiVl iJU~ . JljJLJI ^ c U- ^^S" y -,/(*) cJj^-I (3-6) JSLlJL ^Ul J^l J .3.3 

3.3. In the graphs in Fig. 3-6, where y replaces f(x) as the dependent variable in functions, as is common 
in graphing, indicate which graphs are graphs of functions and which are not. 

> , y i — - 





(/) W C<0 

(3-6) jXi 



_ JjlL; ^ * is-s i^S/ - jlS" lilj . y J iJl^lj Lij J^-ji a: <y J£) jl 3hll t-iyu y (Jl«i 

■ Jlja jjfc (/) . («) , (A) Oij JIjj (d) . (c) , (a) oi u;y . iU -tjJI LiJ! jUc^U Jy* ^JJI 

9 liUlj ? Jlji JJUI o^U^JI .3.4 
3.4. Which of the following equations are functions and why? 

(a) y = -3A: + 8 

. y ^Ul j^A^o-U oJ^lj JaAS s^y x j^ixJJ 3*^i o^ 3b ^ y = — 3jc + 8 ibU*Jl 

. (3-6) JSLiil ^ (a) -uUj ^iUI JSUJI., y = -3(lj + 8 = 5 jc = 1 oK lij }Ui 
(*) y 2 = * 

. y J jl^J i^y JS3 oSl 3 b c J y = ±Jx~ (^\£> ^yJI y 2 = * ibU^JI 

^ISUJI jkiil oi U^iyj (3-6) JSLiJI ^ (ft) ^Li ^JUI JSliJIj . y = ±2 oU y 2 = 4 c^l? IS) 
. SJb 6jSj ol * j^pt*JJ IjjI^- 0 oj^to JJ I 

(c) y=A- 2 

. y = 36 d\-i x = -6 oils' lij ~iui y J sj^Ij i»J j^-ji A" S»j JS3 jS! 3b ^» y= x 2 ibU^JI 
-b^y y y .U^i J53 ^-Jj y J -kis oj^lj i*_Ji a: y ioJi 01 i—JlLxj iLL^o 3IjJI ^ijy^'j 
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(<0 y = 6 

. (3-6) JSt-iJI ^ (d) 4jLij jltj )' J S-b-tj 4a-5 JaiSL.J^jj a- ^ JS3 iJb y - 6 ibU^Ji 
(e) x 2 + .y 2 = 81 

j^H iJj— (>-j)lj y = ± 9 J y* = 81 - t = 0 <^ 'M ^ al3 i^-s 1 x 2 + / = 1 31aL«*Ji 

. ^ijl -LiJl jUi-l ^ Jiir SjSIjJIj (3-6) J£i)l ^ (e) .bLijj yb 

(/) a: = 8 

x = 8 aip <;f Ijjtj . Li- ijUt j»j=8 J ^LJI JS3U . i)b c_J x = 8 ShU^JI 

. (3-6) JS^JI J (/) ^li, JUI ^-Jlj . pJil ,y ^UJ-il JJ* UJ y oli 

The Algebra of Function O^iUjl 

.(f+gfa) (4) <(/.«Xx) (3) <(/-g)(x) 0) <(/■+«)« (0 iW-ili SJUI JljjJI J^jJ JljJil f JAa-l -3.5 
3.5. Use the rules of the algebra of functions to combine the following functions by finding (1) (f + g)(x), 
(2) (/ - g)(x). (3) (/ • *)(*). and (4) (/ * «)(x). 

(a) /(x) = 4x - 5, g(x) = 7x - 3 

(1) (/ + «>M = /(x) + *<*> = <4x - 5) + C7* - 3) = llx - 8 

(2) (/ - s)(x) = /(x) - |(x) = (4x - 5) - (7x - 3) = -3x - 2 

(3) (/-gXx) =/(x) S (x) 

= (4x - 5) ■ (7x - 3) = 28x 2 - 47x + 15 

H) 



(4) (/ + «)(x) = /(x)+«(x) = 



(i) /(x)=x 2 + 3, g(x) = 4x-7 

(1) (/ + «)(x) = (x 2 + 3) + (4x-7)=x 2 + 4x-4 

(2) (/-«)(x) = (x 2 +3)-(4x-7)=x 2 -4x + 10 

(3) (/ • s)(x) = (x 2 + 3) ■ (4x - 7) = 4x 3 - 7x 2 + 12x - 21 

x 2 + 3 

(4) (/*„(,)= — 



H) 



(c) /W = p«W = J + 5 (^^0.- 5 ) 

3 4 3(x+5)+4x 7x + 15 

(1) t/+t)W- I + r?5 - X{x+S) =^r^ 

3 4 3(x+5)-4x 15 -x 

(2) </-,)(,)■-- — . x(r + q 

3 4 12 12 

(3) (/.,)«._. — -j—-^^ 

3 4 3x + 5 3x+ 15 

(4) (/-s)W = r-5-7T7 = 7 -r- = -iT- 



: of cuaIp lil .3.6 
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( Jl jJjl ) £Jt2)l J-silt 



x + 5 x 



(a) (/ + /,)(<,) 



(/+*)(o) =_/.(<■) + >>(a) 

3a £+6 = 3a(a-2) + (a + 6)(a + 5) 
: a+5 a-2" (a + 5)(a-2) 

(3a 2 - 6a) + (a 2 + 11a + 30) = 4a 2 + 5a + 30 
a 2 + 3a- 10 ~ a 2 +3a- 10 



(b) («•*)(() 



(c) (/!-/)(* + !) 



((-4) (( + 6) < 2 +2(-24 
(/.-/)(.r + l) = A(x+l)-/0r + l) 

■t+7 3* + 3 = U+7)(jr+6)-(3AT + 3)(x-l) 
x + 6 U-1)(jc + 6) 

_ te 2 + 13 J t+42)-(3x 2 -3) _ -2* 2 + 13* + 45 
x 2 +5jt-6 ~ * 2 +5.x-6 

(</) (g-f- /.)((- 3) 

(f-r*)(t-3)= { (l-3)r*(l-3) 

A- J Jj^j JS" f - 3 jiuyCiJLj 



(t-3)-4 0-3) -2 
' (f - 3) + 1 ' (I - 3) + 6 

-5 ( 2 -l2(+35 



(-2 ( + 3 I 2 + 1-6 

3.7. Given /(x) = * 4 , s(.i) = x 2 - 3x + 4, and : j gCi) = x 2 - 3x + 4 , f(x) = x" ji c^Ip li) .3.7 

. . 6 jtiJi^ ur sju!I;ls>)i jijjji jlj-jI 

find the following composite functions, as in Example 6 
(a) «[/«] 

. g(x) J x y ij=rj JS3 /(*) —j ji^lj 
*[/<*)] = (A 4 ) 2 - 3(jt 4 ) + 4 = X s - 3/ + 4 

(*) /[AM] 
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( JljJJl ) cJliJl J-aiil 



(c) *[/(*)] 

.4 

M/Ml = (l # ±^5) 

W) A[«W] 

, r , „ (j 2 -3jt+4) x 2 -3x+4 
(jt 2 - 3* + 4) - 5 a ' - 3* - 1 

Linear Functions in Business and Economics JL^iUtj SJssJl Jt jAjl 

iiUJI tilSO' je . iiU>) Ja* itL, $35 ^1 SsU% J>» lit j^i) $50 AL~ ^Uo. .3.8 

3.8. A plumber charges $50 for a house visit plus $35 an hour for each extra hour of work. Express the 
cost C of a plumber as a function of the number of hours x the job involves. 

C(.v) = 35a:+50 

j<* ■ J»W* »»>-t js" $2.75 ji auv»j p-/ $9ooo oUijUJ as> ^ u ou ^la* .3.9 

. (x) oljljk-SlI jjp ^ SlhT ^bljj.l 

3.9. A recording artist receives a fee of $9000 plus $2.75 for every album sold. Express her revenue R as 
a function of the number of albums jt sold. 

RM = 2.75* + 9000 

S-JI-iS" (Q "ISoJI :•>- . ojUil ^ Jij JS3 ik. 60 , Jji-JJ .$3.25 j-liJ ^Ux, .3.10 

3.10. An apple orchard charges $3.25 to enter and 60 cents a pound for whatever is picked. Express the 
cost C as a function of the number of pounds x of apples picked. 

C(x)= 0.60.x + 3.25 

■ jij-** 11 p— » jS" $-85 CUiU £_L» ^a^. ,U) JS" j* $24 ^ l^s- ^ijU jlji. .3.11 

. itUJI ijUJI ^yljVl j-ip ,y SJIj? -Op jJJI (R) aly.VI j» 

3.11. A potter exhibiting at a fair receives $24 for each ceramic sold minus a flat exhibition fee of $85. 



Express the revenue R he receives as a function of the number x of ceramics sold. 

R{x) = 24jr - 85 

(V) sj^i ^ LJ kiji Jiuyi (.iji^L $1500 i^jb div $12,000 Vfi^i aT .3.12 

. (r) oijiJi ^ a us 1 

3.12. An office machine worth $12,000 depreciates in value by $1500 a year. Using linear or straight-line 
depreciation, express the value V of the machine as a function of years t. 

V(f)= 12,000- 1500r 
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( Jl jJjl ) dJlill J-tfiJt 



(a) . £_UJI j^Jill fljr jL? ^ J^~j S^Kll i^UJI J J-"v. - 3 - 13 

. x = 25,000 (c) j j:= 10,000 (ft) JL* aijJI jJ3j (a) SpUJI oUj, jLSJI iJ* 3 US' (ft) . ^U! 

3.13. A farmer in a purely competitive market receives $35 a bushel for each bushel of wheat sold, (a) 
Express his revenue R as a function of the number x of bushels sold and evaluate the function at 
(6) x = 10,000 and (c) x = 25,000. 

(a) R(x) = 35a 

(6) R(10,0M>) = 35(10,000) = 350,000 

(c) S(25,000) = 35(25,000) = 875,000 

. Jl^IjJI flj^jLSUl $15 UjJS iJb- SilSjj $425,000 UjJS i ; U iUSl (3.13) 3t_JI J jyljjl J^i .3.14 
. a = 20,000 (c) j a = 5000 (ft) jut Sibil jjij to^JI oUUr ^Ls31 3Jp ^ 3 US' C liiKi (a) 

3.14. The farmer in Problem 3.13 has a fixed cost of $425,000 and a marginal cost of $15 a bushel, (a) 
Express his cost C as a function of the number x of bushels produced and estimate the function at 
(ft) x = 5000 and (c) x = 20,000. 

(a) C(a) = 15* +425,000 

(ft) C(5000) = 15(5000) + 425.000 = 500,000 

(c) C(20,000) = 15(20,000) + 425,000 = 725,000 

(*) S_*LJI oi_.l jSr jLS3l iJ* ^ aijf (*) J;UI £jl>)l jp j-cd! JljjJI fJi^J (a) .3.15 
. a- = 30,000 (c) j x = 20,000 (ft) Jit 31.1)1 jjSj 

3.15. (a) Use the algebra of functions to express the same farmer's profit n as a function of the number x 
of bushels sold, and evaluate the function at (ft) x = 20,000 and (c) x = 30,000. 

(a) i(i) = 11(i)-C(i) 

irfct) = 35(a) - [15(j) + 425,000] 

jrfct) = 20a - 425,000 
(ft) ir(20,000) = 20(20,000) - 425,000 = -25,000 

(c) ir(30,000) = 20(30,000) - 425,000 = 175,000 

j_p (a) . S^ca« SJ-j-j J.S3 $450 UjJi iJu- SilSoj $8250 U,.a» iatf lilfc Ja-jS U 3?^ .3.16 
. .1=50 (c) j a = 20 (ft) -Up 31-ul (a) 3>«xiJI oUs-j)l }Jlp j 31-15" C iiK=)l 

3.16. A company has a fixed cost of $8250 and a marginal cost of $450 for each item produced, (a) Express 
the cost C as a function of the number x of items produced and evaluate the function at (ft) x = 20 
and (c) x = 50. 

(a) C(a) = 450i + 8250 

(ft) C(20) = 450(20) + 8250 = 17,250 

(c) C(50)* 450(50) +8250 = 30,750 

{n) SS^JI j-Uji jp y± (a) SpL. iJL^j Jf /y- $800 Jlp Jv*~ 3.16 3U*JI ^ STyJI ji ^i^il .3.17 
. a = 40 (c) j a = 25 (6) jup SIIjJI jjsj (x) ipLJI ol-b-jJI J4t 31-15" 



3.17. Assume that the company in Problem 3.16 receives $800 for each item sold, (a) Express the company's 
profit jrasa function of the number x -of items sold and evaluate the function at (b) x = 25 and 

(c) x = 40. 

: SJb , R(x) = 800x J&\ jlyjl (a) 

jr(jc) = R(x) - C(x) 

it (x) = SOOx - [450t + 8250] = 350t - 8250 
(6) 71 (25) = 350(25) - 8250 = 500 

(c) n (40) = 350(40) - 8250 = 5750 

. 2.34 J\ 2.21 Jst_« jtil Jlj_0! 5/^0 iJ^c oli-kJ 

Graphing Nonlinear Functions SJsAJl j-p (JljJJJ ^giUJ) J—asJI 

: Lj^ J£) ^ijJI i«i SJUI ioLsil 4»-jJJI JljjJl 318 

3.18. Graph the following quadratic functions and identify the vertex and axis of each: 
(a) fix) = x 1 - 2 

^IjjMl ^— f(x) j-a y ^UJJj/W JL^-jij x — ! i~>-iy^i\ S*-i)l jbiu Vjl 





/M = * 2 - 2 


= y 


-3 


/(-3) = (-3) 2 - 2 


= 7 


-2 


/(-2) = (-2) 2 - 2 


= 2 


-1 


/(-l) = (-1) 2 - 2 




0 


/(0) = (0) 2 - 2 


= -2 


1 


/(l) = (I) 2 - 2 


= -1 


2 


/(2) = (2) 2 - 2 


= 2 


3 


/(3) = (3) 2 - 2 


= 7 



(0, -2) ^liui 




(3-7) j£a 



(A) /W = -x 2 + 4x + 32 
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( Jl jJjl ) itJlill J-_j-I 





/(*) 




2 


+ 4x +32 


' 




— 

/(-4) 




- 

-(-4) 


+ 4(— 4) + 32 




-2 


/(-2) 




-(-2) 2 


+ 4(-2) + 32 


= 20 


0 


/(O) 




-(O) 2 


+ 4(0) + 32 


= 32 


2 


/(2) 




-(2) 2 


+ 4(2) + 32 


= 36 


4 


/(4) 




-<4) 2 


+ 4(4) + 32 


_ 32 


6 


/(6) 




-(6) 2 


+ 4(6) + 32 


= 20 


8 


/(8) 




-(8) 2 


+ 4(8) + 32 


= 0 



(2, 36) ^.f^l _-3 
x — 2 j_p^JI 
(3-8) JSLiJI p\ 

































_ 


M- 










t 

*-32 — f- 












2; 
























i 


\ 














4 ^ 
0 




1 






3 








— 


f> - 
2 - 













i • 
> 








H 


— i 1 


- 








<> 








_J_.l_.-i 






i 



(3-8) J^A 

, x = 2±6 . y = 0 . x = 2±4 . )> = 20 , ;t = 2±2 , y = 32 . x = 2 : Jjp- JiL_l J_-^ 

(c) /U) = * 2 - 8* + 17 

(4,1)^1^ 
x = 4 jj=«JI 
(3-9) JS^-Jl >il 





fix) 


= x 2 


- ix + 17 


= y 


2 


/(2) 


= (2) 2 


- 8(2) + 17 


= 5 


3 


/(3) 


= (3) 2 


- 8(3) + 17 


= 2 


4 


/(4) 


= (4) 2 


- 8(4) + 17 


= 1 


5 


/(5) 


= (5) 2 


- 8(5) + 17 


= 2 


6 


/(6) 


= (6) 2 


- 8(6) + 17 


= 5 



















■ 




6 - 
5 - 
4 - 
3 






V. 


J 


,-*> 


8»+ 17 




2 - 
1 • 
























H-f- 


(J. 1) 
— 1 — 1 


-< 












„3.„.< 


5 









(3-9) 

i = 4±2,y = 5;^ = 4±l < y = 2 , „ = 4 : JJP _JI J*.- JS'UJI J_--il 
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( Jl jJiS ) dJlsil J«ailt 



{d) f(x) = ~x 2 + 4x + 9 





/w = 


-x 2 


+ 4x +9 


= y 


0 


/(O) = 


-(0) 2 


+ 4(0) + 9 


= 9 


1 


/(I) = 


-d) 2 


+ 4(1) + 9 


= 12 


2 


/(2) = 


-(2) 2 


+ 4(2) + 9 


= 13 


3 


/(3) = 


-(3) 2 


+ 4(3) + 9 


= 12 


4 


/(4) = 


-<4) 2 


+ 4(4) + 9 


= 9 



(2, 13) ^Ijll 3*3 
x = 2 jj^l 
(3-10) JSLill jJal 




(3-10) JS^ 

: ^LJI J_i*jdJ Lk« ^jlj SJUII JljjJ ioLJI ^_J| Jit Mid I ^ jj* id*- .3.19 

3.19. Determine a number of representative points on the graphs of the following rational functions and 
draw a sketch of the graph. 

(*>>■ = A 




(3-11) JiLs 



x = 4 : ^'\J\ ^.jUJl iiJl 
y = o : j^aVi vjLi«Ji -1*^1 

(3-11) JSiJI jtil 
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5 - 




-s 










— 4— 


4 • 

.1 - 

2 - 


y 


.t + 2 










■ 1 i 1 


1 - 








-7 -6- 


5 - 


4 3 ;2 


1 

2 - 












zt 
































-V 1 


5- 









x=-2 : ^Ijlt vjUJi iiJi 

y = 0 : eJjUJI iiJI 

(3-12) (3-12)J^!l>l 

Solving Quadratic Equations iJbll jUl I ^ OlbUjl Jj>- 

: JalyJI J-U* SJBI SjiUI ^-"J' a* cHiUJI .3.20 
3.20. 3olve the following quadratic equations by factoring, 
(a) x 1 + 10* + 21 = 0 

. 1.6(a) at~JI ^. 

jc 2 + 10i + 21 =(x + 3)(x + 7)=0 
x i«J iUujj ji^aiS £_s\-~> U^i« J? ^ijy x + 7 = 0 j'\ x + 3 = 0 OJs (x + 3)(jr + 7) = 0 uj 



:0\. 



x + 3 = 0 jt+7 = 0 



(6) x 2 - 13* + 30 = 0 



1.7(a) aLji ,y 



x 2 - 13* + 30 = {x - 3)0c - 10) = 0 
jt-3 = 0 ;r-!0 = 0 



(c) * 2 + 19* - 42 = 0 



1.8(a) jjLji 
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(d) ;t 2 - 8* - 48 = 0 



(e) 3* 2 + 22x + 24 = 0 



x 2 + I9x - 42 = (x - 2)(x + 21) = 0 
i-2 = 0 1+21=0 



x 2 - 8x - 48 = (x + 4)(x - 12) = 0 
jc+4 = 0 x-12 = 0 



3x 2 + 22x +24 = (3x + 4)(x + 6) 
3jc+4 = 0 x+6 = 0 
x = -t x = -6 



1.9 (a) iiL^ll j. 



1.11 (6) 4)L*JI ,y 



: i^^il Si_<JI IJUI iJlllI S>-jjJI ^ cWiUJI Js- .3.21 

3.21. Solve the following quadratic equations using the quadratic formula: 



-b± V b 1 -4ar 



2a 

(a) 3* 2 - 35* + 22 = 0 



: I ^ c = 22 < b - -35 ( a = 3 ^c- (J iij^cJ L 

_ -(-35)± v /(-35) 2 -4(3)(22) 
2(3) 

1.7.7 j 1.7.6 ^Jul ^ c yi US' L-WI |.|j»~-,L 

35 ± V 1225 - 264 _ SS + v""^ _ 35 ±31 
6 6 ~ 6 

. J l ^ 31 ^-jbl £*^r' 

35 + 31 35- 31 2 

*~ 6 6 _ 3 



(6) 7* 2 - 32* + 16 = 0 



-(-32)±V(-32) 2 -4(7)(16) 
2(7) 

32±V 1024 - 448 __ 32 ± 7576 _ 32 ± 24 
14 ~ 14 ~ H~ 
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(c) 5* 2 + 7* -52 = 0 

2(5) 

_ -7±V49+1040 _ -7±V 1089 = -7 + 33 
*~ 10 10 ~ 10 

(d) 3x 2 - 13* - 56 = 0 



-(-13)±V(-13) 2 -4(3)(-56) 
2(3) 

13 ± V 169 + 672 _ 13 + V~847 _ 13 ±29 

6 6 ~ 6 

13 + 29 _ 13-29 ,2 



. (/) J) 1.11 (c) i)t_JI >l JoljJI JJLJ Si> (d) J\ (a) j. J>JI jJi ^ 

Facilitating Nonlinear Graphing (^J' ^-P ^Ul J~*a!l ja<*s5 

JljjJI -uj J^i ,y )' -ax 2 + bx + c ^Ul j-^J) 3.6 f-Jb\ J S^J^JI O^UJI ol^iJI fJi^J .3.22 

: SJbdl SJliil t-jjJI ^ 

3.22. Use the three steps outlined in Section 3.6 for graphing y - ax 2 + bx + c, to sketch the following 
quadratic functions: 

(a) y = -x 2 + lOx - 16 

. Ji-M jLiJli a<0j.jc = -16 . b= 10 . a = -l (1) 



(2) 



-ft -(10) 4ac-f> 2 4(-l)(-16) - (It))* 



2a 2(-l) 4a 4(-l) 

64-100 -36 _ 



. (5,9) ^.Ijll ioi oLflJi^l 
J&H\ jtUil ji^JJ x oLSIj^I jUjV *ijL~. SbUJI ^ojjj (3) 

-x 1 + 10* - 16 = 0 
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y= + IOjt 16 
(5.9) 




(3-13) JO 
(A) )> = * 2 - 8* + 18 



* 2 - 10* +16 = 0 
(jt-2)(a:-8)=0 



. (2,0) , (8,0) iJaSil jjJi»JI 
. (3-13) J£i)l Jz\ 



± = -(-8) 
2a 2(1) 



goi,. ljbLSUJI jtill 0,1s a = 1 >0 jl vi^j (1) 
40C-* 2 4(1)(18) - (-8) 2 









_ | 


(1 
•1 

1 

7 
1 




w 

(4(2) 

, , i ; 




8i+ 18 

... -I. 






2 3 < 


5 


-r 


i 



(3-14) j£i 

(c) 3- = -2x 2 +10x-8 



. (4,2) ^.tjll S*5 oLSb») 
j^i. j-kiJIj (4, 2) j-tjJI <_*» (3) 
. x *J=U)I SjjJ! j>yi llj . J*<i 
. 3-14 JSLiJI jjiil 



-ft _ -(10) 
2a 2(-2) 



. Ji-Sl gci ^iSUII jLill jji a = -2<0 JJ (1) 
4oc - fe 2 4(-2)(-8) - (10) 2 



64- 100 -36 



(2.5, 4.5) ^tjl SaS oUIj^I 



(3) -2a' 2 + 10* - 8 = 0 
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-5x + i = 0 " 
(^-1)(j:-4) = 0 (*=!.* = 4) 

(4,0) . (1,0) ,y> x ijJl^JI oLilja-j 

. (3-15) JS^JI >il 



12 3 4 5 



(3-15) j£i 

(d) 31= A* 2 +6* +21 



-(6) 
2(1/2) 



4(1/2)(21) - (6) 2 



4(1/2) 
42 - 36 , 



■ i 




1 1 i 1 1 1 1 1 




-J8 -7 -6 -.5 -4-3-2-il 


I..2..! 


(3-16) j£i 




(e) > = -jr 2 + Sx - 7 




(2) ,-^5.-4 
1 ' 2(-l) 


v = 4( " 



. (-6, 3) ^.ijil 3*5 oLSlJb-J 
. x jLi 'i [jilSUJI jkiil (3) 
. (3-16) JSLsJI >il 



4(- l)(-7)-(8) 2 
4(-l) 



(3) -X 2 + 8x - 7 = 0 



JjL/V jtfi jiJI (1) 
. (4,9) ^Ij] i»j oLilJ^I 




(/) y = x 2 + Sx + n 



-<8) 
2(1) 



4(1)02) - (8)- 
4(1) 



(3) X 2 +Sx + 12 = 0 

(x + 2)(x + 6)=0 
x = -2 x = -6 




J*H jxi ^Lall (l) 



. (-4,-4) ^\J\ i*i oLilJ^j 



(-6,0) . (-2,0) : x i-J»Uil jjj^JI 
. (3-18) J£ill >;! 



(3-18) 
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( JljjJl ) dJlsJl J-tfiJl 



ujLiJ! JtJJIj (2) i^ljll vjjLmJI -UJI (1) iUuU <JUI -uik^JI Jljjjj ^L, ikij j-p .3.23 

. 3.6 * ...oil ^ ^j^sl UjLo ^Jioj JsIaJI ^0 jl^-lj (3) 

3.23. Do a rough sketch of the graphs of the following rational functions by finding ( 1 ) the vertical asymptote, 
(2) the horizontal asymptote, and (3) selecting a number of representative points and graphing, as was 
suggested in Section 3.6. 



(a) y. 



x + 6 



L J^iJIj t jji^saU LjL^o f»Li«JI £^3* 0) 
jr + 6 = 0 ^ = -6 ^tjll J^JI 
. ^Vl o.jUJI i^JI jUj^ x J i-JL sJ^Sll sbUJI J=- (2) 

-4 

v(^+6) = -4 

y* = — 6y - 4 
(6y + 4) 
y 

y J 4. ^ i., 'J U J^lj jti ^ tW L^L~a ^UaJI 
y = 0 ^iiiSlI vj^I J^JI 

. (3-19) >il . LiU; Ji»ij -tUJI ±ry (3) 




(3-19) j£i 



(1) *-5 = 0 



(2) yd -5) = -3 

yjr = -3 + 5y 
_ -3 + 5y 



y = 0 ^tjJI ljjUJI iiJI 



( JljJJl ) dJudl J^uJl 

. (3-20) JSLill Jt\ : lliW Ji*Jj '^r'iy^i\ Js-ji (3) 




. X = 4 : ^IjJI tJjLiJI lijl (1) 

. uSiSlI vjLi«JI J*»JI * V-^ J~>b C* - 4) y SbUJI (2) 

>(jr - 4) = 2* + 3 
yx - 4; y - 2x + 3 
y.r - 2x = 4y + 3 
a(j.-2)=4v+3 
= 4y + 3 




(3-21) J^A 



y J 'Lu.lJlj ( J»*Jlj jkj^jSS j»UlftJ! £-^JJj 

>-2 = 0 y=2 1 _ y SsVl ^-.jUuJ! iiJI 

. (3-21) JS^iJ) Jiil . CjL, UiJi^j i^i^JI AUdl J»y (3) 



W y 



3-C + 5 
4* -9 
(1) Ax - 9 = 0 
4* = 9 
x = 2.25 
^1 VJ liJI iiJl 



(2) ?(4a:-9) = 3;e + 5 
4iv - 9y = 3jr + 5 
4.ry - 3-V = 9y + 5 
,v(4)--3) = 9>. + 5 
= 9y + S 
X Ay -3 

. y J <LwjJU y*-* 3 ^ UjL*a ^si^jj 




-0.56 
- 1.6 
-11.0 



(3-22) JS^i 

Nonlinear Functions in Business and Economics iUsi^lj 5jb)!t ^ XJawJl j-P JljjJl 

: SJlcJI U^JI eJUl Jljj Ojf^lji jiJJI ,>~^JJ («) il^yi Jlv J^rji -3-24 
3.24. Find the total revenue ft functions for producers facing the following linear demand functions: 
(a) 2 = -8/>+425 (b) Q = -{P +235 

: ji 'L*£>\ ^ l Z}j*v> j*-JI iS^-i cS-jJ! ^s 1 ^ 1 »UV' <-kj" o" ( a ) 
R = PQ 
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....... -2 ^ o^-y^ ^-s 

«= />(-8P+425) 
R = -8/> 2 + 425P 

W *=£fc-£/> + 235) 

rt = -|/> 2 +235,P 

(x) ^ JJIjT (n) j^JI ^ ^ (1) iJUJI C(x) US3I «(*) JKJI jl^l Jlji cJ»pi lit .3.25 

r ;b * a*±>li)l ijJ=JI (3) jcW J j-ijll J»S jUuJ j* gJS Ji.SH ^^^Jl jji>- (2) 

3.25. Given the following total revenue R(x) and total cost C(x) functions, (1) express profit it as a function 
of or, (2) determine the maximum level of profit by finding the vertex of n(x), and (3) find the x 
intercepts and draw a rough sketch of the graph. 

(a) R(x) = 6<Xk - 5x 2 C(x) = lOOx + 10, 500 

(1) JtW = R(x) - C(x) 

n{x) = 6O0x - 5x 2 - (100a: + 10,500) 

ir(x) = -5x 7 + 500x - 10,500 

. y a j&j (3.22) SJt_JI i_ijL.i flji^A, (2) 

= -(500) _ 4(-5)(-10, 500) - (500) 2 

X ~ 2(-5) * ~ 4(-5) 

210,000 - 250,000 „„„„ 

x = 50 jr = ' — — : = 2000 

-20 

. 7t(50) = 2000 joJJ Ji.Sfl ^j^Jl ■ (50,2000) i*j 

. x *J.U)I jjjaJI jUu^ w(jc) = 0 J*lj* JJi^j (3) 
-5.t 2 +5u0r- 10,500 = 0 
-5(jt 2 - 100x + 2100) = 0 
(l-30)U-70) = 0 
* = 30 .r = 70 



. (70,0) . (30,0) iiUll ijJ^Jl 
. (2-23) JS^JI J±\ 



(3-23) J&> 
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( Jl jJllt ) dJlilt J-flill 



(i>) fl(x) = 280* - 2x 2 C(x) = 60x + 5600 

(1) nix) = ~2x 2 + 220* -5600 

(2) ^-2(=2T- 55 4(-2) 

)t(55) = 450 : Ji/^Lg-PI ^jx^. (55,450) : ^i^JI S*3 

. x !«tUII ijJbJt j(i) = 0 J*lj« J^M (3) 

-2(x 2 - 1 lOx + 2800) = 0 
(x - 40)(jc - 70) = 0 
x = 40 * = 70 

. (3-24) JSLiJI >il (40,0) , (70,0): x ijJbJI 



44 LU ? 

«M =-Z« ! + 220* r 5600. j . 




(3-24) j£i 



(c) = 540* - 3x 2 C(jc) = 90* + 16,200 

(1) jt(.i) = -3;c 2 +4501-16,200 

-(450) 4(-3) (-16,200)-(450) 2 

X = WW= 15 «t=5> : 



(2) 



*(75) = 675 : Ji.*fl S J\ (75, 675) : S»i 

. * i«tU)l ijJbJl n(x) = 0 J*ljo JJ~^ (3) 




-3(x z - 150r +5400) =0 
(jc -60)(*- 90) = 0 
x = 60 * = 90 

(90,0) < (60,0) : x Ii*UUi!l ijj^JI 
. (3-25) JS^JI >l 



(3-25) j£A 



(d) «(x) = 48* - 3x 2 CW = 6x + 120 

(1) ^(jt) = -3j 2 + 42j-120 

(2) Jt _-< 42 >_ 7 4(-3)(-120)-(42) 2 

(2) "-27=37-' * 47=3) =2? 

ff(7) = 27 : Ji,Sll ^1 ^jx^ (7, 27) : ^i_JI i»i 

. i iilill jjj^Jl iU, V = 0 J^ljp JJ^ (3) 
-3(jc 2 - 14^+40) = 0 
(x-4)(jr-10)=0 
jt =4 x = 10 

. (3-26) JS^iJ! jtil (10,0) , (4,0): x jjjbJI 



*(x) ntt)»-3i! + 42«- 120 




(3-26) j£* 

^-J" ^ J*-jt ■ VWI VjJ>» j» J3IJ( JjjUI J*-Vl ^ /tC(x) ikyaJI Ul&t v_u>' jSU* .3.26 

C-tel li) . 0W JCJSJI f-ylj AC« J j-tjll w jLk) >Vl SJb> 

3.26. The long-run average cost ACU) can be approximated by a quadratic function. Find the minimum 
long-run average cost (LRAC) by finding the vertex of ACU) and sketch the graph, given 

ACU) =.r 2 -120.v +4100 

J*H ^ .J\S^i\ jkall jjj a>0 Ci\ c^-j (1) 

(2) AC = 4(1><41 "»-'- |20 >' =M Q 
2(1) 4(1) 

AC(60) = 500 : SiKy (60, 500) : J] ^ 

j-fcil . x j-ki H ^LJI J^Li (60, 500) ^ ijl S»s j» jJuJI jl cV-J (3) 

. (3-27) JSLill 

: aJUJi ijikJi sjijJL ^ «y jitxji oj^i jL_ri Jjt oiJia s_^-i jiifc .3.27 

3.27. The cost of scrubbers to clean carbon monoxide from the exhaust of a blast furnace is estimated by 
the rational function 
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(3-27) J^A 

. p_J! ^ iot^JI 4e^*JI illj)/ 4*iy^&JI i — a-J VSoJ \ 

where C is the cost in thousands of dollars of removing x percent of the carbon monoxide. Graph the 
equation to show the sharply rising costs of cleaning up the final percentages of the toxic. 




(3-28) J£A 



ioo 



1500 



110-i =0 

;t = 110 
. (3-28) J£i)l J&\ 



^ ^y-Lj L^*^ ^ b'-^ £jU~^>Ji .d^U^U ^-si^j' ^1 - oljL-JI Ji* _ ol-i^ll .3.28 
:UJ> I4J ^^J, oly— 10 LoyiPj $10,000 1+^5 L» s_,U_ ^>^-sl . J»iJI il^jb)!! o~" ,^1 
(b) . ^jL^JI ^U-jII <L^i 5jL_JJ V(r) 4^1 p-jl J-^ljiJI iiJI (a) . SobjiJ 

3.28. Items such as automobiles are subject to accelerated depreciation whereby they lose more of their 
value faster than they do under linear depreciation. Assume a car worth $10,000 with a lifetime of 
10 years with no salvage value, (a) Using a solid line, draw a graph of the value Vit) of a car under 
accelerated depreciation and (b) using a dotted line show the value of the same car under straight-line 
depreciation, given 

(a) V(l) = 100( 2 - 2000/ + 10.000 (*) V(t) = 10,000 - lOOOr 
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(JljJll). £Jbll J^aill 



0 10,000 

2 8,000 

5 5,000 

8 2,000 



(3-29) JSjsJI jtil 




(3-29) 



•i-ij $2500 -kjs I^juj j_S3j JJi*JI Jl5L»yi c-irf $5000 SjL_JI S*j> ii» ( = 5 JU* <it Jio-V 

ji c. »1p li) oly_» 8 U^tj $12,000 Ijx^j S_,L_J ioUJI fj-jll y i^Liu icj^. ^jl .3.29 
i! 5L»yi o~r V (0 = 12,000 - 1500r ((>) j il }U}II c^i V (0 = 187.5^ - 3000; + 12,000 

3.29. Draw a similar set of graphs for a car worth $12,000 with a lifespan of 8 years, given (a) V(r) = 
187.5; 2 - 3000; + 12,000 under accelerated depreciation and (6) V(t) = 12,000 - 1500f under linear 
depreciation. 
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(3-30) JS^sJI >l 
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(3-30) JiJ» 

Composition of Functions in Business and Economics 

A—ilSo" j& . j^jJl ^ aJ 1i q(t) ^jz^aj S^xuJI olJ^-jJI aJ* ^ 3Jta C((?) 4xiASj' U £U^» .3.30 

3.30. A factory's cost C(q) is a function of the number of units produced; its level of output q(l) is a 
function of time. Express the factory's cost as a function of the time given each of the following 
circumstances: 

(a) C(q) = 1500 + 40? q(t) = 16r - |r 2 

• C(a) ^ 9 >yri 9(0 o^i^L, 
Clq(l)] = 1500 + 40(16;- Jr 2 ) 
= 1500 + 640r - 10r 2 
(fr) C(o) = o z + 3? + 75 9 (/) = 8(f-i) 

«(l)=8(/-J)=8<-2 

■ C(o) q y> jJujaiII) 

C(9(/)] = (8( - 2) 2 + 3(8( - 2) + 75 

= (64r 2 - 32( + 4) + (Ml - 6) + 75 
= 64/ 2 -8(+73 

j_» fj-=r Ufi) = (1 + 0.6n) j^JI ^ Oy^SJI JL_?t JjV J^j^JI ^js-^JI itJI ^U-Usi _,Ji .3.31 
: ii— =- t ^jJI Jll'jLi OlSLJI ji jijsjl • >-i-Ji « Jl iJt djSj Uaac (ppm) jjJ^JI 
jJS (fc) . j^jll J SIIjS" _yJI OjjjSlI J-_si Jji ^^c_ j-p (a) . n(r) = 400 + 30/ + 0.15/ 2 

. r = 5 jllp o 1 -u—S" I Jjl y~<j> 
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( Jl jJJl ) dJtiJl J-aill 



3.31. Environmentalists have estimated that the average level of carbon monoxide in the air is L(n) = 
(1 + 0.6n) parts per million (ppm) when the number of people is n thousand. Assuming that the 
population in thousands at time t is n(r) = 400 + 30< + 0.15t 2 , (a) express the level of carbon 
monoxide in the air as a function of time and (ft) estimate the level of carbon monoxide at t = 5. 

: ^ J-**^ L(n) ^ n(f) tf- jijjjcJl; jAlij L[n(t)] IS yj\ SJI-JI -b -b^ (a) 

L[n(()] = 1 + 0.6(400 + 30( + 0. 15( 2 ) 

= 241 + 18/+0.09< 2 

(ft) i[n(5)] = 241 + 18(5) + 0.09(5) 2 = 333.25 ppm 

F{m) = 65 + -Jm 1 8 l^iH^l m oly^J I ^Jx- Aa^j ii^ iik* ^ okJb. F ^LLi!! £^=~» ^li .3.32 

. m(r) = 43r + 7.5 :i^JL S.>_b«Jlj r jlkoVl iji- J-u^. «j> 

. jLko'"il l?jjL* Jjbw ^ iJljS' ^iLL^JI ^ (a) 

. "Utf^J 1.5 jUaaVl -U^iL- Jjjto UjOX- £oli*di £AZ»lJ> jJJJ (ft) 

3.32. The frog population F measured in hundreds in a given region depends on the insect population m 
in thousands: F(m) = 65 + -J m/i. The insect population in turn varies with the amount of rainfall 
r given in inches: m(r) = 43r + 7.5. 

(a) Express the frog population as a function of the rainfall and (ft) estimate the frog population 
when the rainfall is 1.5 inches. 

(a) f[m(r)l = 65 + y 43 ''+ 7 - 5 

(ft) F[m(1.5)] = 65 + y 43 <'-5)+7.5 = a + f$ = es „ 6m £iU* 

Functions Jlj-lJt 

: x J 5lU»JI i^-wJI ^1 jj^ iJUil JljjJI jJi .3.33 

3.33. Evaluate the following functions at the given numerical values of x : 
(a) /M = x 2 - 9x + 42 x = 3 

(6) g(i) = 2x 2 + Sx - 9 x = — 4 

(c) /i(A)=jr 3 -3jr 2 + 6x-7 jot* = 2 

(d) F(jf) = (5x 2 - Ax + 7)/(3x - 7) JU* * = 5 

: * J ilWM SJUU/Ji p-iJI JJUll JljjJI jSi .3.34 

3.34. Evaluate the following functions at the given parametric values of x : 
(a) /W = 7j 3 -12r 2 -38j + 115 -^ x=a 

(6) sW = 8j: 2 + 5.t-13 -v* x = a + 2 

(c) AW=4x 2 -6^+7 jc* jt = f>-4 

(d) G(jr) = (12:<: 2 -9;t + 15)/(4;c-3) x=b + 5 

Algebra of Functions Jtj-xSl jj? 

• (/•«)(*) (*) ■ (/+#)(*) (a) JLfj! «(j) = 3a: + 8 ,/(x) = 7x-2 : c-tet-lij .3.35 

3.35. Given f(x) = 7* - 2 and g(*) = 3x + 8, find (a) (/ +g)(x) and (6) (/ ■ g)(x). 
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. (g + h)(x) (b) . (g-h)(x) foX.J*jL'AM = 12-5* . gW = 4i-9 : oJ^i \i\ .3.36 

3.36. Given gO) = 4jt - 9 and = 12 - 5x, find (a) (g - *)(.*) and (/>) (g ~ *)(jr): 

. (F.G)(x) (b) , (F+G)(x) (a) J^-ji ■ G(x) = 9x-4 , F (x) = 3x 2 - Ix + 8 : c-kfi lil .3.37 

3.37. Given F(x) = 3x 2 -7.1 + 8 and G(x) = 9* - 4. find (a) (F + G)(x) and (6) (F • G)(x). 

. (f*h)(x) (b) , (f-h)(x) (a) ■ AW = 5j+9 . f(x) = 30x 2 - x - 99 \ cJ»i lil .3.38 

3.38. Given f(x) = 30x 2 -x-99 and h(x) = 5x + 9, find (a) (/ - /■)(*) and (fc) (/ -t- *)(». 

. (G.iOW (*) ■ (G + H)M (a) J^-jt , H(i)=ll/J 2 . G(x) = 6/(x + 3) : cuiei lil .3.39 

3.39. Given G(jr) = 6/(x + 3) and H(x) = 1 1/* 2 , find (a) (G + W)(jt) and (6) (G • H)(x). 

■ (f*g)W (b) . (f-g)(x) (a) J^ji , g(x) = (x+3)/(x-S) , f(x) = (x-7)/(x + 2) : oJ*4 lil .3.40 

3.40. Given f(x) = (*- 7)/(x + 2) and j(xj = (i + 3)/fct - 8), And (a) (/ - g)(x) and (6) (/ -r g)(x). 

■ g[f(x)] (b) . f[g(x)] (a) iJtyM JljjJI j^jl , g(x) = 5x 2 . f(x) = x?-3x + 4 : c~Ut Is) .3.41 

3.41. Given/0) = x 3 - 3x + 4 and g(x) = Sx 2 , find the composite functions (a) flgto] and (i>) g[/(x)]. 

JIjj ^ G[F(x)] (b) , F[G(i)] (a) Jkj-jl , G(.v) = x 5 , F(x) = (9* - 2)/4x \ oJ«4 li| .3.42 

. JljjJI 

3.42. Given F(x) = (9x - 2)/4x and G(x) = x 5 , find (a) F[G(x)] and (i>) G[F(x)], also called functions of 
functions. 

Linear Functions in Business and Economics sLaz&*i\j 5jli))l ^ SJsSJl Jtj-Ul 

S_jK!l oULSidl j_c _ K _t . $685 io^JI so^-jl) _^ixjl iilsaij $125,000 Sabtfl Ljiiifc U sLiu. .3.43 

. x j^'LJI J i}\j£ (TC) iiUuD 

3.43. A Ann has a fixed cost of $125,000 and variable costs per item manufactured of $685. Express the firm's total 
cost TC as a function of output x. 

(V) SjL-JI S_»Ji jfS. . $2250 JS" Jil^i ^ dl^ij $13,500 _, r jJI S-b J=- 5jl~« .3.44 

. r o!_j^JI ^ SJi-iST" 

3.44. A new car bought today for $13,500 depreciates by $2250 at the end of each calendar year. Express the value 
V of the car as a function of years I. 

^AJL£JI oJLT lili . SsL. sj^j JS3 jiUT $95 J^'j U.IS3I i_JLJI &y ^ SS> J^i .3.45 
oIj^jJI ijp j alljj (k) JT^iJI c l^i ^ . $67.50 sj^jI! iJbJI ^iKxIlj $8800 iTyil) fclsJI 

. W fcUJI 

3.45. A company in a purely competitive market receives $95 in revenue for each item sold. If the company has 
fixed costs of $8800 and a marginal cost of $67.50 per item, express the company's profit it as a function of 
the number of items x sold. 
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Solving Quadratic Equations Ajj^ &*-jjJl 0*j!iU«Jl Jj>- 

: JjIjJI J-U^ iol±)l S^j-JI ^ o^bUJI J;- .3.46 

3.46. Solve the following quadratic equations by factoring: 

(a) * 2 -ll* + 28 (6) * 2 +5*-24 (c) * 2 + ll*+18 

(4) * 2 -8*-48 

: iJUll A^,yi\ olbUJI ys JS" J^d ;L^d! li^JI r Ji^l .3.47 

3.47. Use the quadratic formula to solve each of the following quadratic equations: 

(a) 6* 2 + 31*+40 (A) 8* 2 -50* + 33 (c) 4* 2 -31*-45 

(d) 9x 2 - 67.5* + 126 

Graphing Nonlinear Functions SJasJl jj* Jt jdJJ ^LJl J-i<ki!l 

ji ^ i gti jlT lij L. (1) JuJi^ j/ISUJI ^kill JSLi JJUI o^UJI JS3 ^ .3.48 

: oi»j j) a- iiuii ^.j^ji (3) . ^\)\ ui ouii-i (2) . yJ\ j\ 

3.48. For each of the following quadratic functions, indicate the shape of the parabola by determining (1) whether 
the parabola opens up or down, (2) the coordinates of the vertex, and (3) the jr intercepts, if any: 

(a) y = -x 2 + 12* - 27 ((,) y = x 2 - 8* -48 

(c) y = -x 2 - I6x - 28 (d) y = x 2 - 5x + 30 

. ^-JiVl VJ l£j| iiJIj (2) . ^tjil vj^I i^l (1) SJUI iOkJI Jlj-dJ r UJI JS^JI ^ .3.49 

. ^LJI J\ ^ i^-Sja-JI J»UJI y jj^m ij* (3) 

3.49. Indicate the general shape of the following rational functions by finding (1) the vertical asymptote VA, (2) the 
horizontal asymptote HA, and (3) a small number of representative points on the graph: 

r + 9 

*-6 J ~S + x 



Nonlinear Business and Economics Functions iLtfaS^lj Sjb^l ^ SJasxJl 

: *JcJI iiiJI ^Jill Jljjj ^Iji- ^dl oLi^JI y JS3 (TR) ^1 sl^yi 3b iJ^ .3.50 

3.50. Determine the total revenue TR function for each of the firms confronted with the following linear demand 
functions: 

(a) P = -17.52 + 2675 (6) f = -9.8Q+860 

SJUr (*) ^ %\ ^ . SJUI (TR) jljiVlj (TC) !Jsai liKsll JUp ^ JS3 .3.51 

. ^ISUJI jkiU ^f^JI -iXi iUoU dUij ^ Ji/VI ^ yj (*) J 

3.51. For each set of the following total revenue and total cost functions, first express profit n as a function of 



output x and then determine the maximum level of profit by finding the vertex of the parabola: 

(a) TR = -6a: 2 + 1 200*, TC = 180* + 3350 

(b) TR = -Ax 2 + 900*, TC = 140* + 6100 

(c) TR = -7a: 2 + 4100*, TC=600* + 12,500 

(d) TR = -9* 2 + 6600*, TC = 660* + 19,600 
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( Jl jjJl ) viJliJl J^ill 



3.33. 
3.34. 



3.37. 
3.38. 



3.40. 
3.41. 



aju)h Jfl-J» Ji- 



ts) /(3)=24 (6) «(-4) = 3 (c) A(2) = l (</) F 

» /(a) = 7a 3 -12a 2 -38a + 115 

ft) g(a + 2) = 8a 2 + 37a + 29, (c) h(b - 4) = 4* 2 ~- 38ft + 95 

d, 0(b + S) ,^±l^ 

a) (/ + «)(*) = 10* + 6 

a) te-A)0t) = 9*-21 



(ft) (/x)M = 21jr 2 +504r-16 
(6) (« + «(*) = 



4j-9 
12 -Sx 



;a) (F + G)« = 3:r 2 + 2x+4 
) (/ - A)fcc) = 30jr 2 - 6x - 108 
6j: 2 + 1U+33 



(6) (F-G)(j) = 27x :, -75i 2 + 100x-32 
(A) (/-*>(*) = 6* -11 



a) (G + «)(*) = 
:a) (/-*)(*) = - 



,r 3 + 3x 2 
-20* + 50 



(ft) (GW)W = 

Jt 2 

(W </h-s)U) = ^ 



i 3 + 3jc 2 
- 15.r - 56 



. <) /(««] = 125* 6 - IS* 2 + 4 

:*>) «[/(*)] = 5(x 3 - 3* + 4) 2 = 5i 6 -30l 4 +40j 3 +45x 2 -120j: + 80 



3.42. (a) F[G(*)] 



9* s -2 



W O[F0c)] 



ix> 

3.43. TC = 685* + 125, 000 

3.44. V = -2250( + 13, 500 

3.45. n = 27.50* - 8800 

3.46. (a) Jt=4,7 (ft) x = 3, -8 (c) * 

3.47. (a) x = -2.5, -2.67 (6) x = 0.75, 5.5 



-2, -9 
(c) J 



(d) x = -4, 12 
-1.25,9 (d) 



= 3.5, 4 



. (3,0) , (9,0) : x S»tU!l jjJ^JIj (6,9) j-i^JI ioij Ji-Sl gab (a) .3.. 

. (-4,0) , (12,0) : x ixtUJI jjJ^JIj (4,-64) ^i^JI Sajj JipSI gii. (ft) 

. (-2, 0) < (-14, 0) : x SJ.U1I ijJiJIj (-8, 36) ^ijJI a*Sj Ji-'-J £u> (c) 

. a- J iJ,Ui Jl^y Hj (2.5,23.75) j-ljll JipM £ii (d) 
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( Jl jOJl ) tiJlill JwaaJl 



3.49. (o) VA:at = 8 
HA: y = 0 



(ft) VA: x = -: 
HA: ji = 0 



(c) VA:x = 6 
HA: y = 1 



(d) VA: * = -5 
HA:y = -l 



-2.8 
-10 



3.50. (a) TR=-17.5!3 2 + 2675e (6) TR = -9.8Q 2 + 860Q 



(a) 7t = -fot 2 + 1 020t - 3350 

7t(85) = 40,000 J> Vl gjJIj . (85, 40,000) ^1 lu 
(fc)?r=-4x 2 + 760x-6100 

a(95) = 30,000 Ji. VI ^Ij . (95, 30,000) ^liJ 

(c) 7T= -7* 2 + 3500a:- 12,500 

7<250) = 425,000 Ji/VI . (250, 425,000) S*3 

(d) Jt= -9X 2 + 5940* - 19,600 

71(330) = 960,500 Ji.SH ^pltj . (330,960,500)^1^ 



Systems of Equations O^Ujt 

Concepts and Definitions Obb^aJj p*»\AJ> 4.1 

. S_bU. w jjfi oiks S^yi . Siijill o'sbUJI JJU;- J^O^IIJl jijJI /jJ Jil 

^jh o'sbl^.JI (.UiJ J-Jlj . (System Equation) olbU^JI (-Uii Ji*j Lgii JU j-iUJI »ju» Ji. oVjIuj 
o^L**JI ^ (n) ^ o'iiUJI fit; 0_}S^j . j-ltJI O^Lm> jjW ^1 <y i*j~~> j* SjUc- 

. (« x u) .jU;! fit; ji (ix») j.Uiu J >»ji . ol_ r a^JI <y 
olbLjuJI iJ^t JSMI Jj- ji . o^UJI (.IkJ (unique Solution) Js- j!U jjSj. 
J-^iJI fUiill; (« = U) Ol^^iijl JAPj O^jUaJI JO* -ci i£jl™>. ^ jJI ^IkJI ■ Olj-ix^JI i-U) Ujl_* 

jj-SU (Underconstrained System) J_JUI c^~i' fLUI . (Exactly Constrained System) 
_^i a-i'staUj jj* dj£i (Overconstiained system) JuiJI ijji ^ LkJIj . (n < u) tfljjiu iJ* Jsi ij"JiL«j 
fltJIj . Ju>-J J»- ji J»- J j-J ji J^UJI 0* j-fc iJ* <1 J-iJI <^ fUiJb («> ») *iljs*=» 

JjLjoj. J^aill lju» . J=- *) j~) ji JjUJI Jl*! 'J i-l* j! JU.-J J»- <ia -LJi-JI ijjS ji J^ill) Jj«JI 

. jUartlj Sjl^l ^ piJl JJi Jul iiki^JI 5Jb.J^JI oUU^JIj c/ibUJI ,Jii >J iil^JI j>II 

: ,u>t yui o*>u«ji ^ iU»t ojjb- : l Jtt* 

EXAMPLE 1. The dimensions of the following systems of equations are specified below. 

(a) y = 5;r + 7 (6) y = 3jt, + 7x 2 - 4*3 (c) y = fa - 12 

y = 8*-3 y=9.ci-5jr 2 +2.r 3 y = 9a: + 15 

y=7x-ll 

. JaWJL jui. j«j liUiJj (2x2) fits Ail .}'• ■<" : j'jii"J OWiUu J (a) fLkJI 
. jJuJI o»u fib j«i villjJj (2x4) j-lt; jj) . y < j: 3 < x 2 • x 1 : oljjiu S~jij juJjUo J (*) flkJI 
. (3x2) 4 Lyf jlJuJI jjs <jj . y < j : 0lja*»j oV»U. ^>5U «l (c) flkJI 

Graphical Solutions SjUl J 4.2 

i_k& JlOP 01 k^J! ^Uj" lilfl . ^*_JLi^« i>° jj^i (2X2) OlIiUAJJ ^yiasJl j-UaUJ ^LJI ^ ) I 

^JaLic;, |»J iiLi . j.L_kd) jus-j Ji«J- iUiJI oU-IJb-jj ^iUJI (Ai,y,) StiJI oi» OU (jc,,yi) 

j\T lij l^-ij . j^i^o jjfc 0UiU*Jlj J» Ji^ji JJjJj jJ^UJI Ski; i^y 51s . jlkiJI 
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JJ-^iil 5_ibi«JI JjUJI oUlSUJ ijjAs (Dependent Equations) Sjut jt ialSiu olfeU* oHjUJI 

. 2 JUJI 

(2.2) SbUJI J jtliil Si^, J (2x2) oH^UUJ JaiJI f UUI 

y=m 1 x+b l 
y = mix + bz 

. fliiU) ,_U- j^-jj "Jj jj. o^UJ! . 6, ;*6 2 j m, = m 2 oils' IS) .2 
. j.LkJJ J^UJI jUill iAt -t^-jjj S»l£x<, oK^U^JI . ft, = fc 2 j m , = m 2 oils' IS) .3 

: Jb US ^Ul >Jlj .Uil sU^ o-ifjUJa Ubi^JI piJI : 2 Jli» 
EXAMPLE 2. The different systems of equations given below are solved by graphing as follows: 
(a) x-2y = -2 (ft) l(k+2y = 30 (c) 21* - 7y = 14 

6* + 3y = 33 15j:+3y=75 -15* + 5y = -10 

: Jj U J~ (4-1) JSLSJI yJ US' JrfUdlj efcWI JtoJI J*. *w J] ofcUll Jij-sy 
(a) y = £x + l (ft) y = -5x + 15 (c) y = 3x - 2 

y = -2* + U y = -5x + 25 y = 3*-2 




W (ft) (a) 



(4-1) 

. (m, *m 2 ) 5i^o oIjUJIj (n=u) j.UiJI oV JL^-j l _U-4lJy = 3 , x = 4 JJI (a) 

. (bi *b 2 ^ij m, = m 2 ) Ji^u ^ oHjUJI jQj (n = t)) iwJl sj^j j-UiJI . jL»-j JL-jj V (6) 
o^U^JI j-SJj J^L, ijl^ f LUI . j^-lj oT ,y ^jUJt Jj>UJI y. -i jjf. j^, ( C ) 

. (fri - ft 2 ^jS3j - m 2 ) 4jub' ialS^w 
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Supply and Demand Analysis l yi l aJtj Jp jiS J~^*-> 4.3 

< 4_Jj> t-j_)L_Ju L_aJ UlLj . ioUJl JlS^i^l i]^Jb iL^a"i/i j^ic- £pLo i^JUIj ^yJI J^J^' o^ - 

jj<_«i L-£jj Ojlj-^Hj - ^ij-ft-JI ^^—3 OjijJ SlaAi ,J**J D t^JuaJtj 5 ^j^ll (^- L;>,J - 0 £^LS' ikibj . JC jjs>t*JI 

of Uoj . Q e < P e a^J iUrol ^ JiASi ^ij^ilj . crtaUJL CiJ gJl*. eJUl - ^yJl JJUi-j 

OUoj . ^j-Jo' 4_i^ ^1 ^ <_^>yJI il^U-v t_JUaM 4JjU-o oljL^o Jai9 L_JjikJli < & = = Qe Ur£ _r^. 

. 4.5 j 4.4 JsL-aJIj 4 JUJI J> ^JLio iX^JI 0 Ju> 

EXAMPLE 3. The graphical solution to the following system of supply and demand equations is presented in Fig. 4-2, 
followed by observations; 

^yi\ :P = l + iQ 
V-l^ll : f= 10- f G 



10- 
9 - 
8 - 






.'- 
6 - 


' ' 1 ~ 


4 - 


•;• - ' I - < 






2 
1 - 


h 1 n li 


= 10 ■ 


FB "f 

• •- L 




1 ! ! 4 ! t ! 1 ! » U 12 1 


! 14 I 


i m , 



(4-2) J£A 

: oi i=-U G = 8 = e« oij / > = 5 = P, jj^ ji^j,. jiyJIj oJJJI olbU* flkJ JJI 

• P s = P d = 5=Pe • Qe=% X* *itj . e. = Grf=8 = e. ■ P« = 5 JC* .1 

• o^ls t^*—. ' Qs>Qd Uju^j Gd = 4.8 , & = 12 . 'ili. P = 7 Jut . &>&i .P>5to.2 

LS-jj • j** u*-! • G<l>fi s L-upj Gj = 4 . Grf= 11-2 ■ Vi» P=3 Aip . Q</>Q J . P<5 JL^ .3 
. P, j« JUI JJ jU^Vl jiJu. j^JU , S_^JI o^JI 
. Ojlja, <Jp Jli ills . 3 j 2 jyJI US' iUiai iJUJI Jj- jt Ultj .4 
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4_iUita 'is- yo^o O— jkc-t lij \-lj^>- t^JUailj ,_^>yJI 0*i/iUj» j»Uai ^J^- j*j%»JI Jj> UL=-I j jSo ! 4 (JU* 

EXAMPLE 4. Sometimes it is more convenient to solve a system of supply and demand equations algebraically. 
Consider a different set of equations in which Q is now expressed as the dependent variable, as typically happens in 
mathematical economics. 

jiyJI: Q = -SG^6P 
^Jkll: Q = 230-8/> 

-50 + 6/> = 230 - 8P 
MP = 280 
P = 20 = P, 

. v_JlUI (6) ji ^yJI 3iU (a) <y U P f = 20 i^i jiujxsJI j« g e -J^jh fJ 
(a) Qs = -50 + 6(20) (6) &, = 230 - 8(20) 

G, = -50+120 = 70=e« ' &f = 230- 160 = 70=e e 

Break-Even Analysis JiUaJl JJs*J 4.4 

lil&JI alji^ll (2) ji t^iv» iSjL-i jcj^JI (1) »Jif ^ JJI oU~»J! iSj>-~> Ijiti JjUcJI ikii 

. 6 JUJI J i-ilill VjJll JM>J 5 JlsJI ,y SJriJI JWjJJ j^-ji J*Us»| ikss, . «JS3I 

: ^Jl 01J C O) = 30.1 + 2000 SJS3I iiKdlj RO) = 80* of c^JIp li) : 5 Ju» 

: SJUII oilill JjlJI y, tsl JjUJI ikii iUu) jSUjj »(i) = /i(j)-qi) = 50x-2000 
EXAMPLE 5. Given total revenue R(x) = 80*, total cost C(x) = 30* + 2000, then profit jr(x) = R(x) - C(x) = 
50x - 2000, and the break-even point can be found in any of the three following ways: 

x i^J jUuJj 71=0 j^ijj (a) 

50* - 2000 = 0 

X = 40 JiUJI iiaij jjs- ^o'UII i5j^~j> 

. x i*J jUjIj i? (x) = CO) ^ (i) 

80* = 30x + 2000 
50* = 2000 

a: = 40 JiUJl Skij j^p ji'LJI ^jjx»^ 

. (4-3) Jiiil ^ US' jtUJI !ka iU„.Jj IjU, CO) j R (x) (c) 
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( OVil**Jl flU ) jjljll J-aiJl 
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« to > C M oLs .x > 40 cJlS" IS] Ui 



(4-3) j£i 

yta IJu, , Cto>«W j,ls *<40 CJIT IS) *;f .fsl 
.4.6 SjL**JI Wij I _Jajl . ^^il ^ju IJLaj 

.nM = J?to-C(.i') = -3x 1 + 4ic- 120 6Si j»j C(.v) = 6v + 120 d\j> R (x) = -3k 2 + 4&x 01 jijssi : 6 Jli" 

: iJLJI Js>!l ^ ^ . 5 JliJI ^ US' JiUJI iU ,^.,5 

EXAMPLE 6. Assume R(x) = -3x 2 + 48* and C(x) =6x + 120, then jr(jt) = R(x) - C(x) = -3x 2 +42x- 120 
and the break-even point can be found as in Example 5 in any of the following ways. 

. x jU^)I JjUJI J~L»" pi -3 ^Js- i^-JilUj n(x) = Q gi>y. (a) 

-3x 2 +42x - 120 = 0 

x 2 - I4r+40 = 0 

(t 4>(j(-l0) = 0 

X = 4, X = 10 J^UcJl JJL^ ^j'^Jl oi;.^ 

x (a) ^ US' JJ^j r " ft(x) = CW jw-ji (6) 

-3x 2 + 48x = 6^ + 120 
-3x 2 + 42x- 120 = 0 

x = 4, x = 10 JjiUJI ikiij Jap 'LJ! oLji«^ 

IjUJI i=-jjJI ^ JJIjll 3.6 ^_Jdl ^JL.! fljAs-lj . j/VUdl AUS llwib « to = C(x) Jsswj (c) 

. « W = -3x 2 + 48x 
. Ji-V ^ISUJI ^kiJI jls a < 0 61 (1 



2) 



-(48) 
' 2(-3) ' 



4ac-b 2 

4(-3)(0)-(48) 2 
4(-3) 



— 192 

(8, 192) : j*s oUIj^i 



. xjutlall jjjJI iUu'jl J*Ui)lj R (x) = 0 j-ij. (3 
-3x 2 + 48x = 0 
-3x(x - 16) = 0 



. (16, 0) . (0, 0) S-jiUJI ij-L^JI lil 

^tUJI J»Uii . (4-4) JSLiJI >il 
, (4, 144) ^ J;l*JI iU jU (4-4) JSill 
oli x<4 CJIS" lil -lil ii^Hj . (10, 180) 
tij Ul . SjLo- JL=rjj- JJjJj C(i)>S(i) 
R W > C (x) oli 4 <x< 10 CJIS" 
JL^-y x> 10 c^Lf lil LjI . -L^-jj. 

. (4.7) SJLJI £*\ >il 



(4-4) 

Elimination and Substitution Methods Jiuj*si\j t-XbJl (3 Jo 4.5 

jjSi- j!j (2) . (i^SUx» j^p) jjSir ul v-^o (I) oU c/i>UJI j-UiJ j^j J>- jUu.)I 

i_Ls> 0j-£j jij (3) . (i-juyjl jjIJI i>u_^JI ji SiJloiJI OlbUaJI Jia SJujaJ OlkU* C~J) 4iiu~o 

. O o i yci\ SijL (fc) j ijUl Jiji («) 

J--»-_3 j*-ix« jjJLj. ^j-fl J_j-lj flgi) ji SJIjJ ol/rV' "j'^ i"-"^' '■j* u*— 1 <jj=JI "i.rks 

(.t jXJj) jl^Ij jL^ \ a y . x J (2 x 2) f Uii JjJI Xi> f . coL' ^L-i 

J^Ljw ^ ^j^l ^JjUaJI Vj-*^ ■ y«-^^l ^uJI ^ tiUJI jl j^aII j»l£<JI ijt^jj ( j~taU*JI ^ ^ JljJ 
llsb JJjJj JjVl SiUJl, ^UJI a- J.U. ^ ijUll SjUaJI ^ , Sjliil ibU^JL j»UJI x 

( i-iiiaAjl X O^UL_«j . jjcvflll A jt. .t.n.ll SaJI ojj^J L ^^Jj -i) j^*JI j»Ui<JI 

(3 X 3) flk J^Jj . (a) 7 Jbu >l . y J JJI jUuJj x j-JjUJI c > ji ^ J\ j-b^j 

. 4.14 ii'UJt 

SJ'jjj olj^-ixJI J^-M 'L O'iiiLjuJI lSJl^I J-a- ^_>li— I 3' . x ^ (2x2) j.Ui^ ^j^dl ii.^tj 
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. (b) 7 Jli. jtil 

EXAMPLE 7. The system of simultaneous equations : io^l o^jUaJI j.Uii ! 7 Jli» 

2jr + 5)>=52- (4.1) 
3x-4)i = -l4 (4.2) 

tiJUJI 4ii_,t (a) 

. 2 J (4.2) 3:>U*Jlj 3 (4.1) ShUJI 

3(2jt+5j. = 52) = 6x + 15y=156 (4.3) 
2(3jr~4j = -14)=6i~8y = -28 (4.4) 
. (4.2) tfji-Sl! SJUoVl SbU^JI yi (4.5) « (2 
2iy = 184 
y = t> 

. x (4.2) ji (4.1) Jy = S J,yi fS (3 

2* + 5(8) = 52 
x =6 

jij^JI ii> (6) 

. x J S~JL (4.1) J^i Lt*j . y ji x J JJi^Vl o^UJI jjl^I (1 

2* = 52 - 5j> 

x = 26 - 2.5;y (4.5) 
. (4.2) ^'Hl JJl^Vl SJibuJI J (4.5) ^ A" S^Ji; (2 
3(26-2.5>r)-4j = -14 
78 - 7.5;y- 4). = -14 
-11.5)i =-92 
? = 8 

(4.2) U* jSiJj . (4.2) ji (4.1) J y= 8 ^ (3 



3* -4(8) = -14 



^^-i J^-t cJlj U, i)L», . 4.14 i)L*JI >l (3x3) f Ui; J=Jj . 4.13 4.8 JjL-JI >l 

(Gaussian Elimination Method _ ^jU ^i.U ii, >) 5.10 j, HJ1 J±\ . JaiJI ^1 Jj^s ^j,^ 

. (Matrix Inversion . iiji^JI ^jSUo) 6.6 ^ij (Gramer's Rule - y>\ / SJ^IS) 6.3 j^Jillj 
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Income Determination Models J>aJ. OjO^sJ ^iUS 4.6 

Y = C+I+G + (X-Z) 
Z= objljJIj . *= oljiUJI , G = ^jSUJI jlii^l , / = jUx^-il . C= ilUjs-'sfl , y= J^JJI : li-s- 
^^>=jj . aJq ,„ll j^_o*i!l ^ <jjl^j" lSjxw* ^-^>. ' <r\9^l ^ SjijXAJI oUjLtAJL ^^^JLj 

8 JLixJI jJaii . JlXj ^ LjLo J-^' jL; ii^UJj CajJ £^~J ibU*Jl <j-°-?.Vl ^i^Jail ^Js- ol^-A^JI 

. 4.20 J\ 4.15 JsL^JIj 

■ C 0 = 95 Ci).l • l = k o!j C= C 0 + i>y , y= C + / c-^ ^U^3 li ^sLasSl ^jal : 8 JU* 

sax^JI !_*,UJI jv-JSLh (b) j o>UJI (a) SJlU Ji-jdl lijlji . / 0 = 75 , b = 0.S 

. o^UU^JI Shi 

EXAMPLE 8. Assume a simple two-sector economic model in which Y = C + 1 , C ~ Co + bY , and / = / 0 . Assume 
further that Co = 95, h — 0.8, and 7 0 = 75. The equilibrium level of income can be calculated in terms of (a) the general 
parameters and (b) the specific values assigned to these parameters. 

Ojljsll SJal*. (a) 

Y = C + I 

I > C jijjjcdlj 

/■ = Co + *<• + /(> 

Y -bY = C s> +I 0 
(\-b)Y = C 0 + h 
Y=-~ ) {C„+h) = Y, 

iJlailj . (b) o^Ui*Jlj (Co. W SJ^-aJI ji i^jWI oljj-iij! S^ov. i-llJS" (>■ gbll 

(1) o5UL»«JU i_OA»JI jrJiil; jiijjpcJI Jjjt ^ J^--lU o^^JI OjljsJI tSji-J o-»j oi jSU+ (£>) 

. J\y^~i\ a-*, 3jL« j (2) ji i-L^Vl SJiUJI J> 

(i) y = c 0 + 6y + / 0 
y = 95 + o.sy + 75 

Y - 0.8K = 170 
0.2K = 170 
Y, = 850 



(2) Y = y^(Co + /o) 

K = T^a8 (95 + 75) 
r =.^(170) 

y = 5(170) 
y e = 850 
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(Autonomous-Expenditure Multiplier) M ./ya'jj ^jj ^LSlslI jLi;)!l ^itUyia l/(l-i) -L^Jl L5 «— o. 
J-^JI ^jL^j' Z> 61 \ — ojj J^-jJi jjljj lS.j^—" t_5^ ty^ 1 ^' jLi^^U i_jUUi<JI ^'"il ^-^.j 

. 1/(1-MPC) ^jL-i ^UiJI jLi , J-^jJI Ju-.Ji~ goj-^ ^ (MPC) JiL^^U ^aJI 

. 4.20 ^1 4.15 JjUJI 

IS-LM Analysis IS-LM J-Ul 4.7 

ot>^_~~ oJjLftll oVj^aJ i-ii^J, oLJJjJl ^a-^ -ULixU ^jl^JI J^t*JI IS JjJ^- 

^-5 CU^J IS-LM J_Jj>ti'j . ij-JiJI ^y* ^ Ojl^JI £-* ii—ij, J^"-^' oJuUll O^JbwJ iib^JI 

. ojlj-j 4-JU- j^-iiil ( *J — _JI (3j— ,j-o ^ o£*i. Ujop oJjUJI Jjuwj J-^--^' i_gj.x...o iUej.J 
4.6 j^-Jill Jo.-i^i' ^jaJ eJ^Uuj . io^Jl o"i>U*JI j-Ui; Jj>- ^ iaAie^JI ^JU-Vl ^ (*-3>Uj. 

4.21 JsL-^JIj 9 JUJI ^1 . ^-i^_^jJI ^ 0j ji £*-Ujj SjlsUI Jjuw 4^1^ IS-LM JJi»«i- j^s 

■ 4.24 J\ 

Oj-So ijJLJ! i3j— j y = G + I \ — Ojljjf <UU- 6^"^ ^ -k*""* ^LJI Jj-j O^So : 9 

Lr Jj- kr *_UaJI J_e Oj-^J. ojJ-L-j ^-LHj rV/</ ijjUl L? _U*_^JUaJI Af, ijijl i^jt— J, LaJ^P jjl^' <t!b- ^ 

j-tLlas ,_ci iL*sa! ^ijalj M,„ ^UkJI ^j*'^ ^ v-^'j W ' C£_>b^"-> olbLJI jiljiV ijUl 

. A/„, = 65 - 124/ . M, = 0.4Y . M, = 325 . / = 41 - 80/ , C = 34 + 0.9r'oi 

EXAMPLE 9. The commodity market for a simple two-sector economy is in equilibrium when Y = C + I. The money 
market is in equilibrium when the supply of money M s equals the demand for money Md> which in turn is composed of 
the transaction-precautionary demand for money M, and the speculative demand for money M w . Assume a two-sector 
economy where C = 34 + 0.9K, / = 41 - 807, M s = 325. M, = OAY, and M w = 65 - 1 24/. 

. SbUJI j slL»^J! |*Ji!U ^.yciXij . y = C + I Uajl» (IS) jLJI j^. ^ OjljJI 

r = 34 + 0.9r + 41 -80i 

r - 0.9r = 75 - 807 

0.1r--l-80i-75=0 (4.6) 

... ibUJI ^ riHw^JI jv^Ij . M x = M t + M „. Lo-Uj^ (LM) iycJI J^-. ^ jjljJl 
325 = 0.4K + 65- 124i 
0.4K- 124/ -260 = 0 (4.7) 
: £T (4.7) j (4.6) ^> ^^Jl 5lf ^1 Ojljsll JiU^fj 

O.ir + 80/-75 = 0 (4.d) 
0.4K- 124/ -260 = 0 (4.7) 
J-^^i -4 Js (4.6) SJiUJI jjjt »lj!r)!l K.... : Vj 4.5 y Ljj^JI iijt 

. ^Js. J^>Bjij . / Sa^j }U=j1j y v.sj^J ^^Jl ^j^j j»J' (4.8) 
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-0.4K- 320i+300 = 0 
0.4y-124i- 260 = 0 
-444/ + 40 = 0 

-40 

i = — — R> 0.09 = 9% = i e 

—444 

. y iUu.y (4.7) ji (4.6) ^ ( = 0.09 j* ^.^Lj 
O.iy +80(0.09) -75 =0 

0.ir = 67.8 
= 678 

4 UH:\\ oj_ft J-JLPj . i = 0.09 j }' — 678 La-LLc- OjU— i' a3U- ^Jt i^iJIj ^LJI 0j£>' ^Jj** 

. M,,= 65 - 124(0.09) = 53.8 , M,= 0.4(678) = 27 1.2 ■ 7 = 41 -80(0.09) = 33.8 . C= 34 + 0.9(678) = 644.2 
. M rf = M, + A/,„ = 27 1. 2 + 53.8 = 325 = M, j - y = C + / =644.2 + 33.8 = 678 : J^JI ^> Ji-^ly 

(c£ jW^ 1 ) 2biUasS^( j 2L>b J\ hrJuJ\ 4.8 
Economic and Mathematical Modeling (Optional) 

O^jLjiaJI ^LJaj 01 ,j<>ja\ . S^^a CjUjI ^ U vy—^ ls^^' 0* lPUs^I ^i^jjl i-iUs*; 

. Ai^sJl ^ j^y- t-JJailj ^yJJ 4-!a>JI 

^yJI :6/>-30 = 36 («a) 
vJJJI :8/> + 2e = 192 .. (4.9b) 

0U < JLijU Jj.ji)l i_sj-JU>J"jf 1 ^Uad'il aJUJ UUt glj' jJat *ii ^l— i Jn- yi_JI J^Ui , iUaa'sll ^ 
. Q J Sib /■ Q iJKjb /> J SbU. JS" J, J >U- ^ J^- y o'ibW) jAUJI AsJLJ-JI 

ji^ll : ^ = 12 + 6 (4J0a) 
V^ 1 : p = -|0 + 24 (4J06) 

^yJI : G = 2P-12 (4.11a) 
^JJJ! : 2 = -4P+96 (4J/6) 

j_S3j i_Uj J_j'^ iU'jl vi<J^. j5j . y j^JI ^ylc- ^li; Sihi^JI iuUI oLooiJI 01s LjIj J^SaJI jjs-j 
. (4-5) JSt-iil jtil . J_jl=JI LJ U jSjj Ijj iiUI p~._JI j3^> li» 
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6 9 12 15 18 21 24 27 .10 



p 






28 - 
24- 






S 


- 20- 






P = \ Q*(, 


16 

12 - 

Is- 




P = 


| 01-24 




4 


1 1 1 i 1 1 1 

i 12 16 20 24 28 32 


iii e 

6 40 44 



«•) M 

(4-5)j£i> 

(^jW^') J 1 j^ 1 J Ji jjJl 4.9 

Implicit Functions and Inverse Functions (Optional) 

: (4.9a) jiyJI SJiUJ SL.Ju i-y^ j~c\ 
6/> - 3Q - 36 = 0 (4.72) 

/(/>, e)=6P~32-36 = 0 

a^-V W._^>- 4_u^iJI SJIjdl L5Uy liLs . S~*~dl J^-^ ->J*=y ^ j53j ol^^jcuJI 

. i>^> 3ljf 8»U) jSUi ^ (iiia) ji (*/0a) ^ JUJI 10*. >'JI a^Jo oljJaOl 

' , = «(e) = 5G + 6 W.M) 
Q=h(P) = 2P-l2 (4.15) 
i-jUJl ^j-U JSi_~OI j^^JixJIj ^jL—dl io^U ,y i_jUJI ^^Jm j^bJI Ujjjcio UjSo is-uj^l illjdlj 

(4.74) J_ia j^iki^o j-^j^, ltJiJ~ j-S^i 4iU Jio 'L^, SJIjJI jjfc U-Utj 

i-ihi^JI jj-Ul ; 5_«-^ S--^ 1 JljJJIj ■ ji^ll Ljv=»J iv-Si Jlji Lf »- y S~j«iJI JIjjJIj (4.15)j 
jL^alll jjjLo ^ Li*>-ljy ji\ JljJJI ^iii Uio . ,_JlJlj ji-yJI JJo-i 1 JaUJJ j^UJIj j^L^S^U 
iV—SUJI *-JIjJI OLJ y=f(x) iJljJI oJ^i bj . i~SU)l aijJI jli JljjJI Jf c~~Jj S~£c Jlji l«J 
^ Uij lij i^UJI j_kJI S_^j . x y> SJi^lj y JS3 Jui cjIT ISI x =/"' 0') 

. 10 iJLftJL £^UI J: JiX<JI 
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ji^JI i-SU Jlji 14.15) j (4.14) JljjJI : 10 Jli« 

EXAMPLE 10. The functions (4.14) and (4 /5) are inverse functions of each other: 

g(Q) = h-'(Q) (4.16) 

*C) = «"'(«. W' 7 ) 

. g i)1b P J ij^ (4/5) J« UjL^-l jSU,. (4/6) ^ i-SUJI S^JI 

<2 = 2/>-l2 

. P SWj, Q J (4.14) J^u UjL^I jS^, (4.17) J ;L_SUJI S}U!I JiJUj 

g(Q): P = ±Q + 6 
_> e = _|> + 6 

: Q = lP-\2 = g- , (P)=h(P) 



3J jJU^a JjL^9 

Systems of Equations 0*5!iU*!l ^hi 

3yi ji A. ,,5/iH o~ ji l^iJVj Jus. fltdl 01S" ISJ L. iJs- . IJUI o'ibUJI jji! ^ JS" jUI ^ .4.1 

. jlJUJI 

4.1. Give the dimensions of each of the following systems of equations and indicate whether the system 
is exactly constrained, underconstrained, or overconstrained. 

(a) y = 4xi - lx 2 - 6x 3 (6) 5x + 2y-8z=42 (c) 2x + 5y = 9 

y = 9x, + 8x 2 - 4x, 9x - ly + 4z = 37 7-r - 4y = 2 

y = lx x - 3jc 2 + 2x 3 6a: - 3y - 5z = -9 3x + 8y = 7 

o\ (3 x 4) r Ub)l OU y . * 3 . ,v 2 . x, - (v) oljsiw («) c/feU* ii>3l} J*-* i* (a) 

. J~i<JI o~ ^ UkJli n < v 
(.LkJli n = u jl C~=-j (3 x 3) f lkJI jli (o) ol^is. («) j^j. W!U> (6) 

. JJiJI jji j.liJU n> v 0V5 (3x2) fUiJli u= 2 j«=3 jr'W 
: 4.1 :UL~JI ^ c/ibUJj iiki^JI ^tJJ S^JI JjUJ! y L. >a=~ .4.2 

4.2. Indicate what types of solutions are possible for the different systems of equations in Problem 4.1. 
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J-^ <\J ^~-J 4_^S3j ( A — i ^pJ ji 4^£ajJI JjJbJI iJL>^ ^i- iJj^ 4] J^icJI ^UajJI (a) 

li) J-^ <J ^^J j-LkJIj . Saliu o1taUj> ji SjuU- o1bU» j£\ j! oUjUj> oils' li) 

CJlf li) Js- 4I llLn 4jlj . 4) SiJbtui Jjjj- ji JL^-j Js- <J .LJiJI JjS flkjl (c) 

Graphical Solutions djkdl 

: J~^b (2) j J*Jl-J^l £^ il~.k (i) o^U*JI J=- .4.3 

4.3. Solve each of the following systems of equations graphically by (1) finding the slope-intercept forms 
and (2) graphing: 

-2jt+4y = -8 

: x aiiljj y J i).>u<Ji dlij ^uuii ^ (i) 

12JT + 3y=21 -2:t+4y = -8 

y = -4* + 7 y = \x-7 



(a) 12*+3y=21 




. (4-6) JiLiJI >il (2) 
(4-6) J£jJI ^ jtliJI iiii ^ tfjj Ufj 
. y = -l . x = 2 : JJU 



(4-6) j£* 

(fe) ijr + 2> = 6 -li;c + ij> = -5 

(1) y = ~\x + i y = 3jr-10 

(4-7) JS^JI Jz\ (2) 
. y = 2 . x = 4 : J=JU (4-7) JSjJ! ^ j; L^j 
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(4-7) j£i 



(c) -6jc + 2.y = -16 j: + 5y=40 

(1) y = 3x-Z y = - , jx + i 

| . ! | | I I | ; 1., ..LI I u (4-8) JSLiJI >l (2) 




(4-8) JiiJI ^ ^ UTj 
. y = 7 , *=5 : J^Jli 



(4-8) JSLs. 



(4-9) JS^JI >l (2) 
(4-9) JSjsJI ^ US-j 
. y = 3 , x = 3 : J»Jli 



(4-9) j£i> 
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(e) -3x+2y = -6 x + \y=2 

(1) 31 = 1^-3 . ^ = ^.4i + 8 
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(4-10) JS^ 



(4-10) JSjJI jtil (2) 
(4-10) JSLiJI yi ^ UTj 
. y = 0 ■ x = 2 : J^JU 



(/) 5x - lOy = -30 
(1) y = + 3 



- 7x + 14y = 70 
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(4-11) j£a 



(g) 2* + 8? = 48 

(1) y = -Jx + 6 



3x + Uy = 72 



(4-11) J£sJI >il (2) 
•Si (4-11) J_S^JI yj ^ L^j 

jj-SJj /Hj = m 2 ! 4.2 JiJl 

itjlj^ JajiiiiS' L0L0 ^J^ftj' 
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(4-12) JS^Ji >il (2) 
,y >J* Jrji (4-12) JS^JI yj ifjj UTj 

.6^^ < mi = m 2 : 4.2 |»_Ji)l . jUsslSia jt 

. JuJUJi Cjo' U^-£j j»UaJlj 5J^_=-lj il&i-^o 

(4-12) J^A 



(A) f«-3j> = -3 7x-7j = -14 5jt + 5y = 50 

(1) y=2x+\ y=x + 2 y = -x + W 

. 4- 13 JS^, >l (2) 
H (4-13) JSjJI J ^ USj 




(4-13) j£i 



Supply and demand i_~Ua)lj j> 



.4.4 



. SjUI ^jJI (2) o^UJI (1) 

4.4. Find the equilibrium price P, and quantity Q, for each of the following markets using (1) equations 
and (2) graphs: 



(a) J,yi\: P: 

c_JUI : P -- 



3g + 10 

-5<2 + 80 




. Q i^J jUoJj Ojljdl Jut P s = Pj (1) 

3e + io = -^g + 8o 

3^0 = 70 
2=20=2, 

P = 3(20) + 10 
P = 70 = P, 

. 4-14 JSill jJal (2) 



(4-14) JSlA 



(6) jiyJI : f = iG + 200 
^JJJI : /» =.-iQ + 800 - 
(1) Je + 200 = -^Q + 800 

|e = 6oo 

Q = 800=Q, 



. ji^JI jl i_JUJI Sblu ^ & = 800 ^.j=cdU 
P = 1(800) +200 = 400= P e 

. (4-15) JS^JI >il (2) 




100 200 300 400 500 W0_ . 700 800 .. 900 



(4-15) 

olbL^I (1) £ i-^t , yJUIj ^ij-^ii iJbJI i-^JI ^iUJ] Jjljill S-^j Ojljdl ^ .4.5 

. JJUI pj-jll (2)j 

4.5. Find ihe equilibrium price and quantity for the following mathematical models of supply and demand, 

using (1) equations and (2) graphs. 

(a) jiyJI : Q = 5P + 10 
v.JkJI : Q = -3P + 50 

P i»-3 Ujl jJJ 6.. = Grf £»Ksi (!) 

5P+ IO = -3P + 50 
8/ , =40 
/> = 5 = P e 

I t_JUJl ji ^yJI *hU*> ^ P? = 5 ^ ^.^JUj 
2 = 5(5) + 10 = 35 = Q, 
. y J* c-^j Q ji J^Hj . (4-16) JSii >l (2) 
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(ft) jijJI : G= §/> + 150 

i-JUl : Q = -±/> + 450 
0) + 150 = -|/> + 450 
P = 300 = P„ 

. ji^JI jt i-JUl 3aU« ^ P, = 300 ,y> ^.^l 





Q 




|(300) + 150 


= 350 


= e. 




J <a_ 


:M ; 
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0 : 




J- + 4S 
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35<! 
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2 = fP + 150 








50 • 
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100 200 31 


0 400 5( 
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. (4-7) JSiJI >l (2) 



(4-17) JSji 



Break-even Analysis JiUxil JlaAS J~l»3 

^ S_JbJI C (x) i_JS3l iiKJIj « (jc) JKII iljj^U ijLiJI JljjJI ola oU^JJ JaUJI ika jl-jI .4.6 
J-~llj R M = C(.v) ^ (2) jiJ J^JIj ijU. l^j; *(*) ^pJI SJIa aU,J (1) 

. ^tUfcJI Ska aUjIj l^L, C(x) j (x) JJUS (3) j x J 
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4.6. Find the break-even point for the firms with the following linear total revenue R(x) and total cost 
C(jt) functions by (1) finding the profit jt(.v) function, setting it equal to zero, and solving for *, (2) 
setting R(x) = C(*) and solving for x, and (3) graphing R(x) and C(jc) and finding the point of 
intersection. 

(a) «(*) = 55* 

C(*) = 30* + 250 

. i(i) Cj J! Sib (1) 
7T (*) = -C(J) = 55* - (30* + 250) = 25jr - 250 

. x _1 ( Jj>JIj ja.^?U »LjL~o L^si^j 



25* - 250 = 0 



55* = 30* + 250 
25* = 250 



* J JJIj «W=C(I) ^ (2) 
. (4-18) JSjJI >il (3) 




(6) /?(*) = 50* 

C(*) = 35* + 90 



(4-18) j£i 

* J J«Jtj K(x) = 0 £*y. (1) 

r(.v) = 50* - (35* + 90) = 0 
15* -90 = 0 

* = 6 J ^ I 4jail U (_5 

* J l >JljR(*) = C(*) £ ^ Ji (2) 

50* = 35* +90 
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15x = 90 

X = 6 Jibed! jj^jij ^j'U ^gj'r.nfl 

. (4-19) JiLiJI jtil (3) 





/ *w 


« 




150 


C0r) = 3it + 90 


300 




250 - 




200- 




150- 




• 100 




50- 


/*(*)- 50* 




'l 1 1 j 1 ! 1 1 1 1 ' 
1 t 3 4- 5 6. 7 8 9 10 


(4-19) j£i 



(1) Jh> u-s i-lUI « W ^1 ^.tjU iJlill irjJJI o» JbJJI oli otiij] Jjlcdl Ska jbrji .4.7 
W = C W j^jj (2) j a- 4aJ jUj.Jj , ^al) gj\ ilb j^ij, dUij jojl 3b sUu.J 

. jLUall tk£ JbJb«j lliLoCWj «(x) Jjj»l (3) j (2) j x aUuJj 

4.7. Find the break-even point for the firms with the following quadratic total revenue R(x) functions 
by (I) finding the profit n(x) function, setting it equal to zero, and solving for the x's: (2) setting 
RU) = C(.v) and solving for the jt's: and (3) graphing R(x) and C(.t) and finding the point of 
intersection. 

(a) R(x) = -4.r J + 72,r C(x) = I6.v + 180 

(I) irtr) = -4.T 2 +72jt -(I6.t+ 1 80} = -4jr 2 + 56.V - 180 

J^Uxl I j K (x) - 0 3 

-4.r ! +56*- 180 = 0 
-4(.v 3 - 14.t + 45) =0 
(t-5)(.r-9) = 0 
x — 5 x - 9 JiUJI ikiij ^j'U oL^~o 

8(«) = C(i) j^ijj (2) 

-4x 2 +72x = 16i+l80 
-4j 2 + 56r- 180 = 0 

. (I) J US JJUslly 

.V = 5 X — 9 J^UcJ I <daiij ^ti 'Ij oli jZ-^lA 

R (x) = -4/ + 72.v i-ibJI S^jjJI y, i)U!l ^ 3.6 ^1 VJ L.i f | j^Lj (3) 
. Ji»Sl ^IS^JI jkiil jlj a = -4 < 0 (i) 
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-(72) 
" 2(-4) " 



^ _ 4ac - 6 2 

= 4(~4)ffl)-(72) 2 -5184 _ 
' 4(-4) -16 

(9,324) : iuS 

jt J LiUil jjjJI jUuy JJ^JIj R (jr) = 0 j^j; (iii) 

-4x 2 + 72* = 0 

-4j-a-18)=0 

-4x=0 jt-18 =0 

x=0 x = l« 



R.C _ J.J 


150 
300 
!W 

■•no 

ISO ■ 
IHI 

sa - 


Mill 


( ^<^ O->=l6, + I80 

1 \ 

(5.260) ! \ 

\ 
\ 

!«(*) = -4» 2 + 72» \ 

.'i i i IT i i i i iTi V "*■'■ ■ 




2 4 


6 8 10 12 14 16 18 



. (18,0) , (0, o) : x J iAUili jjj^JI ill 

W _) ^LJI ^-.^ (4-20) JSLiJI Ju\ 



(ft) 



(4-20) JSJ> 

«(^) = -5^ 2 +750j: C(x) = 100* + 20,000 



J*lj*JI J^Ui'j tt=0 (1) 



-Sx' + esox- 20,000 = 0 



r = -5* J - 

-5(x 2 - 130.1 + 4000) = 0 
U - 50)(j- - 80) = 0 

x = 50 x — 80 JiUcJI ikiij oly^j 

«W=C(«) j^jh (2) 

-5x 2 + 150x = 100* +20.000 

.0)JUS JJUij 
a = 50 jc = 80 J^UJI gi'li oljij 

. R (x) = -5x 2 + 750.V 3ljJI J^'j (3) 
. Ji^Sl jylS^JI ( jki)U a = -5 < 0 jj ii_>- (i) 
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-(750) 
2(-5) ' 



4(-5)(0) - (750) 2 -562,500 



= 28,125 




4(-5) — 
(75,28,125) : ^ijll 

x J i*iU!l jjJi^JI jkuj JJ^JIj R(a) = 0 (iii) 
-5i 2 + 75£"=0 
-5a(a - 150) = 0 
-5a = 0 a - 150 = 0 

a = 0 1 = 150 

(150,0) . (0,0) : a- JJ.UJI jjJlJI 

. (4-21) JSLill jtil 



(4-21) JSC* 

Elimination and Substitution Methods Jaijid\j t3i?Jt (3 ^fc 

. JjaJI Ji> JJIjH S-i^l ol>U*JI ^ J=- .4.8 

4.8. Solve the following systems of simultaneous equations, using the elimination method. 

(°) 3*+4y = 37 (4.18) 

8x + 5y = 76 (4./9) 
a Jjb, 3 ^ (4.19) ibWIj 8 ^ (4.18) SbUJI 

24a + 32y = 296 (4.20) 
24a + 15v = 228 (4.21) 
x (4.20) j. (4.21) c >j 

17y = 68 
y=4 

x (4.19) ji (4.18) Jbl«JI ^j = 4 H ji.^Uj 

3a +4(4) = 37 



- 134 - 



(b) 5jc+2>=46 (4.22) 

- 9x-7y = -2 (4.23) 
. 2 Ji (4.23) SbUJIj 7 ^ (4.22) SJiUJI JiJij )> ^i-U JWi 

35* + I4y = 322 (4.24) 
18* - Uy = -4 (4.25) 
. y LjjbJ (4.25) j (4.24) ^ 

53* = 318 
*=6 

. (4.23) ibUJI ji (4.22) SbUJI y x = 6 i^i, ^.^Lj 
5(6) + 2y = 46 
y = 8 

. .yuytdl Si> SJLdl Sj'lll c/fcUJI ^ .4.9 

4.9. Solve the following systems of simultaneous equations, using the substitution method. 

(a) 12x - 7y = 106 (4.26) 

ar + y = 82 (4.27) 

y J (4.27) SIal«*JI J»^j 
y = 82 - 8* (4.28) 
. (4.26) tSjS-HS SJjUJI ,y (4.28) 3jU*JI y> y ^i^ly 
12* - 7(82 - 8.x) = 106 
12* -574 + 56* = 106 
* = 10 

. (4.27) ji (4.26) ihUJI J. x = 10 ^.^Uj 

12(10) -7y= 106 
y = 2 

(b) 5jE + 24y = 100 (4.29) 

7.t-15y = -103 (4.30) 

x J (4.29) SbUJ! J^y 

5* = 100 - 24y 
* = 20-4.8y (431) 

. (4.30) jji-Sl'l SbU*JI ^5 (4.31) SbUJL ji.j^JUj 

7(20 -4.8y)-15y = -103 
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( OUiUjI flai ) g\J\ J-aaJl 

140 - 33.6y-15y = -103 
-48.6y = -243 
y = 5 

. (4.30) ji (4.29) SbUJI ^ )' = 5 'l^JL ^.ydl l^-lj 
5* + 24(5) = 100 
j: = -4 

OjljJI jLjfjf , p gLfjHj ft f-fcUl . j^Jt 1 > bJLJ V ui «a^' olliUJl (Jii cuiti lil .4.10 

4.10. Given the following system of simultaneous equations for two substitute goods, beef * and pork p, 
find the equilibrium price and quantity for each market, using the substitution method. 

Qi=15P„-5 Q' p =32P p -6 

f3* = -3n + P P +82 Q d p =2P„-*P p + 92 

= oi <y P = <4 

15/> i ,-5 = -3fl, + / , p +82 32P,-6 = 2P t - 4P P + 92 

18P,, - P, = 87 - 2P t + 36P P = 98 

18P»-P P =87 (4.32) 
-2P(, + 36P P = 98 (4J3) 

P„ iJl; (4.32) SbUJI J^jj 
P p = 18i»* - 87 (434) 

. P b iUulj , 6jS-H\ iliUJI , (4.33) J (4.34) JhUJl; 
-2Pf, + 36(18P,,-87)=98 
-2P<, + 648P;, - 3132 = 98 
Pi, =5 

. P,, (4.33) ji (4.32) J P h = 5 -. u^llj 

18(5)-P P =87 
P p =3 

. Q,, , Q b iUo.-l) 3y» J53 jiyJI ji ^JU\ olbU. ^ />,, = 3 , P/, = 5 ^L, ^>^6 f^-ij 
0^ = -3(5) + (3) + 82 6^=2(5) -4(3) + 92 
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( oMiUjI phi ) g\J\ i yad\ 



OjljJI y^. , j oUi'UJIj t ol^lkJI . j^lSiu j~*LJ iJUl oVibiJI (Jii IS) .4.11 

4.11. Given the following system of equations for two complementary goods, trousers / and jackets j, find 
the equilibrium price and quantity, using the elimination method. 

Qf = 3P, -60 ffj=2Pj-120 

Of = -5P, - 2Pj + 410 Qj =-P,~ 3Pj + 295 

e; = g? ej = aj 

3P, - 60 = -5/>, - 2Pj + 410 2Pj - 120 = -P, - 3P; + 295 

8P, +2P 7 =470 P, +5P, =415 

8P, + 2Pj = 470 (4.55) 
P<+5P;=415 (4.36) 

. 8 ^ (4.36) ibbtJI Vj-^iJ 
8P, +40Py = 3320 (4.37) 
S-bUJI ^ j^. J_T oljLil jjjJu ^Ika I-Uj . (4.35) SbUJI ,y (4.37) SbUJI 

. (4.35) SbUJI p^,- JJ (4.37) 

-38Py = -2850 

Py = 75 

. (4.36) ji (4.35) SbU^JI J Pj = 75 ^ ^.j-cJUj 
8P, +2(75) = 470 
P, =40 

. (4.36) ji (4.35) ibUJI ^ P, = 40 , /> ; = 75 ^j^Jly 
Qf = -5(40) - 2(75) + 410 Qj = -(40) - 3(75) + 295 

g? = 60 = e; e/ = 30 = 

o^bl^l j.Uki J=- . :;.«., a! olbUJI ^ J ^.y^b ^si»JI J> f Ji^-o ji C^l jS^. .4.12 

. t yuytsi\ UOi^^a UJ I ^JLiJIj ^y>M '-Lj^Jj^I 

4.12. The elimination and substitution methods can also be used to solve systems of quadratic equations. 
Solve the following system of quadratic supply, and demand equations, using the substitution method. 

jijJI: P-3G 2 + 10g- 5 = 0 (438) 

_JUJ|:^ + G 2 + 32 - 20 = 0 (439) 

. Q ilUju P J (4.38) JbUJI y 
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P = 3g 2 - 102 + 5 (4.40) 

. (4.39) *bu*ji ^ (4.40) a^uji ^ p ^.^ij 

(3Q 2 - 10Q + 5) + fi 2 + 3Q - 20 = 0 
42 2 - 70— 15 =0 

(2 = 3 e = -1.25 

, (4.38) S_bU*JI ^ Q = 3 'i^if J>y^ Q = 3 , ^L^iDI J i*=r pJb\ Q < P ji Uoj 

. (4.40) ji (4.39) 

P - 3(3) 2 + 10(3) -5 = 0 
P =2 

: lijfi, j P e JJbJI ii.> fji^t-l .4.13 

4.13. Use the elimination method to find P e and Q e , given 

P-2Q 2 + 3Q + 71=0 (4.47) 
^JU\:3P+ Q 2 + SQ- 102 = 0 (4.42) 
. 3 ^ (4.41) w-ay 
3P-6fi 2 + 92 + 213 = 0 (4.43) 
. j^>JI (4.43) ibUJI ^ JS3 SjL^I jx* f ( 4 - 42 ) o» < 4 - 43 > C-^ J 
72 2 - 46 -315=0 

<Utw^]l J_*-^— J I j»l-L>E^(jj 

(2=7 (2«<-6.43 

. (4.42) jt (4.41) iliUJI J> Q = l ^i^ly 
P -2(7) 2 +3(7) + 71 =0 
P =6 

ji_=JI Ji.jt ^Ji^l . jJj- jSS'SS SJiLio olS^U- i_JUJIj jiyJI J~^' j» oi C^j .4.14 
: oHiUJi f Ui; oJ^i lil B^lill Jlj-Ml ,y J£) Q, 3 P, sUiJ 

4.14. Supply-and-demand analysis can also involve more than two interrelated markets. Use the elimination 
method to find P e and Q P for each of the three markets, given the system of equations: 

Q !t = 6P, - 8 g<f, = -5 Pi + P 2 + P3 + 23 

Q„ = 3P 2 - 1 1 Qd, = Pi — 3P 2 + 2P 3 + 15 

6„ = 3P 3 - 5 Q d , = P, + 2P 2 - 4P 3 + 19 
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a, = a/, 

6P, - 8 = -5P, + ft + ft + 23 

HPl-P,-P3=31 (4.44) 

&, = &*■ 

3P 2 -11 = Pi - 3ft + 2P 3 + 15 

-P,+6/> 2 -2/> 3 =26 (4.45) 
ft, = ft/, 
3P 3 -5 = ft+2P,-4P 3 + 19 

-ft -2/> 2 +7P 3 =24 (4.46) 

1 1 Pi — ft — ft = 31 (4.44) 

-ft +6P 2 -2P 3 =26 (4.45) 

-Pi - 2P 2 + 7Pj = 24 (4.46) 

: fU JSLi. SJuio o~iI SJbdl oljLiJIi (3x3) j-Uii J=J 

. jJiS liisJ oj-ti^cl .yJI oliUJI y ailll abUJ! ^ .2 

olji! y> LJ^ 8 3_^ajlj ta^JU- U^JJIj tj^.H^ £° O*^*^** 

. 2 ^ (4.44) ibUJI Vr*J ^ J 1 ^ (0 

22P, - 2P2 - 2P 3 = 62 (4.47) 

. (4.46) y, (4.47) c >ij 

-23P, + 9 ft = -38 (4.4«) 

. 3 J> (3.46) ibl»»JI v ^ (2) 

-3P, - 6P 2 + 21 P 3 = 72 (4.49) 

. IjijL* pJ^i-J ^1 SbU^! ^yhj ( (4.45) \ iiiU-JI el* p-i' 

-4P, + 19P 3 = 98 (4.50) 

. ^j^toj ^iijUw "-^^H (3) 

-23ft + 9P 3 = -38 (4.4S) 

-4Pi + 19P 3 = 98 (4.50) 

P, =4 P 3 =6 



(4.46) jt (4.45) . (4.44) J P, = 6 , ft = 4 pj, ^.^cJUj, 
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11(4) -P 2 - (6) = 31 
^2 = 7 

Income Determination Models J^JJl AjJjxj ^iUi 

J)»U. J5U- (2) j SyiL» (1) yjjljsll JJ-JJI tSji-o J^jn-fA) - Jjat-JI J£aJI SiU. Jt^-j! (a) .4.15 

4.15. (a) Find the reduced-form equation and (b) solve for the equilibrium level of income (1) directly and 
(2) with the reduced-form equation, given 

Y = C + I + G C = C 0 + bY l = I 0 G = C 0 

. G 0 =30 , / 0 = 75 ■ b = 0.S , C„= 135 : 

. 4.6 ^ (a) 

y=c+/+G 

. (C 0 , h. Go) S^jUJI oljj^lj ((>) o^jLUJI HHm y iU«*Jl ^.^U 

r- = C 0 + fcl + /o + G 0 
r - bY = Co + / 0 + G 0 
(I - b)Y = Co + h + G 0 

IV = r^-r(Co + /o + Go) 



1-6 

1 

1 - 

Y = 135+0.81' + 75+ 30 1 

1-0.8' 



(b) (i) r = c + ; + c (2) k = — (c n + 1 0 + Co) 

Y = — — (135 + 75 + 30) 



Y - 0.81" = 240 

0.21- =240 r = a2 (240> 

1 C = I200 1= 5(240) 

I', = 1200 

4.16. Find the equilibrium level of income (Y<), given '■ o>Jp lit (KJ Ji--l)l jjlji' lSj=-*° .4.16 

y = c + / + c 

. G = 90 , / = 45 . C= 125 + 0.8j : 
: ^ Jjii^JI J5^i)l SbU» 01 jvUj 4.15 i)L~J! 

i, = Y^(Co+;o + g 0 ) 

jUuj Jj^L^JI »jj> j.lji^,Uj 1/(1 -b) = 5 ^jUo ^JtUixJl jla < f> = MBC = 0.8 Uj^c *ifj 

. O^iL^O Y e 

Y e = 5(125 + 45 + 90) = 1300 
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li| . lJpUxJI (c) . f, Ji-JJI jjljJ lSj^-o 4aj (A) . Jjii^JI JSLil! SbUu (a) j^-ji .4.17 

4.17. Find (a) the reduced form, (b) the value of the equilibrium level of income Y e , and (c) the effect on 
the multiplier, given the following model in which investment is not autonomous but a function of 



Y = C + l C = C e + bY l = I 0 +aY 

. n = 0.2 , b = 0.6 , /„ = 70 , C 0 =65 : jij 

(a) Y = C + 1 

Y = C 0 + bY+I 0 +aY 
Y-bY-aY = C 0 + l(, 
(1 -b-a)Y = Co + lo 

Ye= ,_^_ a (Co + /o) 

Y = C+I 

l"=65+0.6y+70 + 0.2F 

y-o.6r-o.2y = i35 

0.2y = 135 
Y, = 675 

^Jl (1/1-*) j_» jjis, »j»UiJI j)» &Ub l^te. j-Jj Ji-jJI ^ 3b jUJs-'il djS^ Uju* (c) 

i i»_Jiil jr_>Li- J_«»_5 ^U»JI ^iiiy. .oSf i»_5 Jjjj lju«j . (1/1 - b - a) 

r^s = i -0.6 = a? = 25 



l-b-a 1-0.6-0.2 0.2 

U.J^ ^el_^JI Jit jfMl (c) . Y, J ipjJI (6) . Jj^JI JS^ill ibLu> (a) j^-ji .4.18 

(disposable income) y,, Ji-jJI ^ 3b il^lji-lM j-i^JJ (lump-sum tax) ^ Js\ 

: c~k<4 lij 

4.18. Find (a) the reduced form, (fc) the numerical value of Y e , and (c) the effect on the multiplier when a 
lump-sum tax is added to the model and consumption becomes a function of disposable income <Yj), 
given 

Y = C + I C = C„ + bYj 1 = I 0 Yj^Y-T 

. r=50 , / 0 = 4o .fc = o.6, c 0 = ioo : 
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(a) Y = C + l = Ca+bY d + h 

Y = C 0 +- b{Y - 7--)-+ lo = C 0 + bY -bT + Io 
Y-bY = C 0 + Ia-bT 

r e = — !— (C0+/0 -»r) 

y = ioo + o.6y,, + 40=-i40 + o.6(y-r) 

K = 140 + 0.6(K - 50) = 140 + 0.6y - 30 
V 0.6V 110 

o.4y = 110 

Y, = 275 

■ (4.51) J ^j^il jl 

y = -j-^[100 + 40-0.6(50)] 

r = WA (m 
Y, = 275 

JJi;. ,^aII S*-j jJu V jij^JI ^ ^.ijJI J-jj-i JU-ij 0|i (a) >>»Ji WL) W 

JLj-jIj . -bT jjl— o, jlJ_i«j"i-jrjUJI olj-JciJJ S_»<^UI -U-2S j-i^i' (1/1-b) tSjUi 

cJii-ii li) cjpUiJ! ^JU (c) . Y, _J iijjti^l (b) . J_p^JI JSLiJl SbU (a) J^-ji .4.19 

4.19. Find (a) the reduced form, (A) the numerical value of Y,, and (c) the effect on the multiplier if an 
tax T with a proportional component r is incorporated into the model, given 

Y = C + I C = C 0 + bY d T = T 0 + lY Y d = Y-T I = / 0 

. ( = 0.2 . fr = 0.75 , r 0 = 20 , /„ = 30 , C„ = 85 
y = C + / = Co + bY d + lo 

Y = C 0 + b(Y-T) + h = C 0 + ft(y -T 0 - tY) + [ 0 
y = C 0 +'i>y - 67b - blY + lo 

Y-bY+btY = Co + h-bTo 
(.1-b + bOY = C 0 + lo-bTo 

y« = l fc ' + fc> (Co + /o - Mb) (4.52) 

y = c + ; = 85 + o.75y d + 30 = 115 + o.75(y - T) 

Y = 1 1 5 + 0.75(7 - 20 - 0.2Y) 

y = ii5+o.75y-i5-o.i5y 
y-o.75y + o.i5y = 100 
o.4y = 100 

Y e = 250 
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1 - 0.75 + (0.75)(0.2) 
Y, = ^r(lOO) = 250 



(4.52) i)il~JI ji^L ji 
[85 + 30 - 0.75(20)] 



J^»u ^itUiJI IJL»j . 1/(1 -b + bt) J\ (1/1-6) ^U*JI jjiJ JjU (c) 



1-6 1 - 0.75 0.25 



l-b + bl 1 - 0.75 + 0.75(0.2) I - 0.75 + 0. 1 5 0.4 

SbLu. (a) j^-ji . z ^~-.5U ^j^JI J_JI jls-j g-ij^JI ^jUJI pJUl £_ILS ^ii lil .4.20 

oJ^i li) . ^itUiuJI Jp /Ml (c) . J^jJI Cijlji (6) . J^JI JSLiJI 

4.20. If the foreign sector is added to the mode! and there is a positive marginal propensity to import z, find 
(a) the reduced form, (A) the equilibrium level of income, and (c) the effect on the multiplier, given 

K = C + / + G + (X-Z) C = C„ + ft)' Z = Z 0 + ;r 

/ = /o G = Go A' = X 0 

2 = 0.15 . i> = 0.9 , Zo = 40 . X 0 = 80 . G 0 = 65 , 7 0 = 90 , C 0 = 70 £~>- 

(") y = c + i + g + (x-z) 

Y = C 0 + bY + h + Co + Xo - Z 0 - zK 

f - Ay + z r = c 0 + 1 0 + Go + x„ - z 0 

(1 - b + z)Y = C 0 + / 0 + Co + X 0 - Z 0 ■ 

' Y ' = I -ft + z <C " + + Co + *° ~ Z,)) ( ''- 5 - i) 
. (4.53) J_^JI JSLill SliUu pJi~-l (6) 
(70 + 90 + 65 + 80 - 40) 



1 -0.9 + 0.15 

: Ij^S" ^pUaJI j-Uu J*^ ^itUi^JI |) ^ jii^;. j-ij^JI J il_^iU ^J^JI JyJI JUol (c) 

1 _ 1 _ 1 

1 -b ~ 1 -0.9 ~ OT 



= 10 



l-b + z 1-0.9 + 0.15- 0.25 

. 13.26 j 13.25 JjL^JI LUJ Jz\ 
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IS-LM Analysis IS-LMJ-Uj 

^f-* jJ5 (b) . sUaHI J jjlj^l uliJi~. jiJJJI Jj*»j J^-UI ^^x^. (a) J*-j! .4.21 

, M, = 0.25y , / = 150 - 100/ . C= 102 + 0.7}' , M, = 300 jij* j^. La-U*. M„ i,U«JI 

. M„= 124-200/ 



4.21. Find (a) the level of income and the rate of interest that concurrently bring equilibrium to the economy 
and (b) estimate the level of consumption C, investment /, the transaction-precautionary demand for 
money M„ and the speculative demand for money M w . when the money supply M, = 300, and 

C = 102 + OJY I = 150 - 100/ M, = 0.2SY M„ = 124 - 200/ 

U-UP ( «JLJI 3^ ^ OjljJI («) 
y = C + / = 102+0.71' + 150- 100/ 

r-o.ir- 102- 150+ loo/ = o 

0.3K + 100/ - 252 = 0 (4.54) 

300 = 0.25K + 124-200/ 
0.25^- 200/ - 176 = 0 (4.55) 

IS: 0.3K+ 100/ -252 = 0 (4.54) 
LM: 0.25X- 200/ - 176 = 0 (4.JJ) 

. 4.5 ^1 J> U^yi UJi» 2 J (4.54) SbUJI 

0.6r + 200/ - 504 = 0 (4.56) 

. i jJbJ (4.55) J\ (4.56) SiU-bj 
0.85r- 680 = 0 

r, = 800 

. (4.55) j! (4.54) J y = 800 Jv.ydX,. f 
0.3(800) + 100/ - 252 = 0 
100/ = 12 
Z„=0.12 

. /,, = 0.12 j v, = 800 ^s- (b) 
C = 102 + 0.7(800) = 662 M, = 0.25(800) = 200 
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/ = 150 - 100(0.12) = 138 M m = 124 - 200(0.12) = 100 

C + / = Y M, + M W =M S 

662+138 = 800 200+100 = 300 

1 sjjUII Jj^oj Js-JJ! jjlji ^jr.-.l iJ» lilo (a) , Xl JjJ^ 4.21 JlL-JI iytJ! J>f> jlj lij .4.22 
9 Jj-lJI jjljJI jup M, v « M, < / , C jv-j ,y> U (ft) 

4.22. If the money supply in Problem 4.21 increases by 17, (a) what happens to the equilibrium level of 
income and rate of interest? (ft) What are C, I, M,, and M m at the new equilibrium? 

I £j ,,ni LM iiiLw O^S 17 jl.la.ft.; i^iJI jS- ilj li! (tf) 

Jf, = M, + M„ 
317 = 0.251' + 124 - 200/ 
0.25 Y - 200( - 193 = 0 (4.57) 

: (4.54) j< j^Jii' dji Ji? IS SbUaj 
0.3r + 100/ - 252 = 0 (4.58) 

. 2 J (4.58) ibUJI 
0.6J-+ 200/ -504 =0 (4.59) 
. (4.57) J | (4.59) 

0.85^ - 697 = 0 

y, = 820 

(4.58) ji (4.57) ^ r=820 ^ ^j*^ 
0.25(820) - 200/ - 193 = 0 
200/ = 12 
/, = 0.06 

iV = 0.06 j y,= 820 j^p (ft) 
C = 102 + 0.7(820) = 676 M, = 0.25(820) = 205 

/ = 150 - 100(0.06) = 144 M w = 124 - 200(0.06) = 112 

C + I = rd\j M S = M, + M W jtj 
676+144 = 820 317 = 205 + 112 

j M, = 275 Ujj* M„ , M, , I , C olj^~» (ft) j SJSlill Jjouj (jJjljJI — 01 (a) .4.23 

4.23. Find (a) the equilibrium income level and interest rate, and (ft) the levels of C, I, M,, and M u , when 
M s = 275, and 

C = $9 + 0.6Y / = 120-150i M,=0.ir M„ = 240 - 250i 
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Y = 89 + 0.6Y + 120 - 150/ IS SbUo (a) 

0.4Y + 150/ - 209 = 0 (4.60) 

M,=M, + M W LM ?bU« 

275 = 0.1 r I 240 - 250/ 
Mr -250/ -35 = 0 (4.6/) 

0.4K + 150/ - 209 = 0 (4.150) 

0. IP- 250/ -35 =0 (4.61) 

4 (4.61) kj^i. 

0.4r- 1000/ - 140 = 0 (4.62) 

y j^J (4.60) y, (4.62) Cj Lj 

1150/ -69 = 0 

f, = 0.06 

. (4.61) ji (4.60) J 4 = 0.06 Jv.yd^j 
OAY + 150(0.06) - 209 = 0 
0.4r = 200 
Y, = 500 

i« = 0.06 j y« = 500 (b) 
C = 89 + 0.6(500) = 389 M t =0.1 (500) =50 

/ = 120 - 150(0.06) = 111 M» = 240 - 250(0.06) = 225 

litj 

C + / = Y M,+M„ = M, 

389+ 111 =500 50 + 225 = 275 

• 97 J\ u»UUI jUte.VI jiiiJl lil (4.23) 3UJI J Ojljsll oVUJ oj~. lit. j^j 4.24 

4.24. Show what happens to the equilibrium conditions in Problem 4.23 if autonomous investment drops to 
97. 

: j^i' IS Jbl>u> oli /o = 97 L.Jl^ 
1- =89+0.6r + 97- 150/ 
0.4r + 150/ - 186 = 0 (4.63) 

. (4.61) J US" JJks LM ibU* Ui 
0.lr-250i-35 = 0 (4.W) 

0.4r + 150/ - 186 = 0 (4.63) 
0.1Y- 250/ -35 = 0 (4.64) 
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4 (4.64) ibUJI 
OAY - 1000/ - 140 = 0 (4.(55) 
(4.64) ^ (4.65) c >j 

1150i-46 = O 

i, = 0.04 

(4.64) jt (4.63) J 4 = 0.04 jij-dly 
0.4r + 150(0.04) - 186 = 0 
0.4K - 180 = 0 

Y, = 450 

J-*-JJl lijlj-s lSj^-o jiUiol ^ij, SiU »LiVl »U ,yUUt jUi^HI J ^UWill 

. SJJliJI Jjuu jiLiijIj 

Modeling and Inverse Functions JljjJlj S^XnJl 

: i»UJI SijvJI SJUI SjUJl UUJIj jiyJ! o^U. oJ^i lil .4.25 
4.25. Given the following linear supply and demand equations in standard form 

^yJI: -7P + 14Q = -42 (4.66) 
3P+12g=90 (4.67) 
(2) j ^jUssSKI c ij_»JJ (1) i-itf i^ji J) ^fcUll jJI-J^l Si^ J\ c/^UJI .Jj, Jj». (a) 
(t-jl (c)j . ll^r JS0 g, jjljzll JUTj P e OjljJI j*- J^ji (fc) j . u^UJI £ i^JI 

(a) convert them to the slope-intercept form in a manner conformable to (1) economic modeling and 
(2) mathematical modeling; (b) find the equilibrium price and quantity P, and Q, for each model 
algebraically; and (c) graph both sets of equations to find P t and Q,. 

SbU> js" J^, j^y jtUll JbJI-J^I jjs />=/(Q) o! OjJi~. jajUalll ji UU> (1) (a) 

jijJI : /> =2g + 6 (4.68) 

. Q JJ^J, P J (4.67) J^y 
i-JUJI : P = -4g + 30 (4.69) 
J-bU. J-^ js-ji jtlill j=JI-J^I jU Q=f(Q) ui OjJii^. j-j.Ljll of UU. (2) 

,^^1:2=1^-3 (4.70) 



. P SJVjj Q J (4.67) J^j 
V* 1 " 51 : fi = -!'' + 7 I (^) 
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. J»Jlj (4.69) yi P J ijU (4.86) J P . P, = P d = P, jljjJ! ju» (1) (6) 

2Q+6=-4e + 30 

66 = 24 g = 4 = Q e 

(4.68M (4.68) Q = 4 _, ^.^Lj 
/>=2(4)+6=14 = F, 

. i^r JJIj (4.69) JQJ JjjL- (4.70) J Q . P, = /- rf = P, Cljljdl (2) 

l/._3 = -J/> + 7j 

|P = 10J /> = 14 = P e 

(4.71) ji (4.70) J Q= 14 jij.dly 
fi = ^(14)-3=4=e. 

L-aS' y jj»*JI ^Ic j-Ui- /' j x j^^l ^ ^lii' g jli ^pUaalll jri_yuJJ J~^JI -l» (c) 

. (4-22)(a) JSC-aJI y> jwa 

US' y jjs**JI ^-Uj' j i jjj^aJI ^IS' P L)^i ^iL^ti'ii ^i^A-di ^UJI J. / co. xU -Upj 

. (4-22)(6) J£a)l y, jwc. 
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(4-22) j£i 

: A.U1I Si^JI ^ JJUI iJaiJI ..JiJIj jiyJI o^U* o-koi li| .4.26 
4.26. Given the following linear supply and demand equations in standard form, 

ji^Jt : 10P-8G = 50 (4.72) 
^JD|:20P + 8e = 700 (4.73) 
(2) j ^iU^aVI jOj-^JJ (1) S»-jj ^tliJI jlJI-J^I SA~*> JJ oViUJI .Ji» Jjp- (a) 
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. a ■ p e oHiU^ji ill, 

: ^OJI j-ij^JI (1) (a) 
.......... (4.72) ibb^JI ,y 

jiyJI : P = ^Q + 5 (4.74) 
(4.73) sbuji ^ 

,_JJJI : P = -|g + 35 (4.75) 

: ^LJI j-ij^JI (2) 

(4.72) SbU^JI 

jijJI: <2=U/"-6{ (4.76) 

(4.73) ibUJI ^ 
^JUI : fi = -2£/>+87$ (4.77) 

. (4.75) JP J lujU. (4.74) J P ^y. (1) (f>) 
|e + 5 = -|G + 35 

fe=3o e=25 = e, 

(4.75) ji (4.74) ^2 = 25 ^.^Jlj 
/> = f(25) + 5 = 25 = P,. 

. (4.77) J 8 J ijl— (4.76) J Q ^y (2) 
l>p_6j = -2jp + 87i| 

3|P=935 /• = 2S = /> < , 

. (4.77) jt (4.76) ^ P = 25 j4y«IWj 

G = lj(25)-6| =25 = Q t 
J* lyASs P j x jy~A\ ^^fiG^ (4-23)(a) JS^sJf ik^iy, ^UaHI jUI Jjlull (c) 
x JJH >~JI ^Ue /• (4-23)(fe) JSall 0 i c ^,,. I jUI J^lj . y jj=~J1 

[ioliSI S»*ivJI ,y JlSLi Vl] . y jy**S\ ^1* ^IJS 6 j 

4.27. Given the implicit function : S = Wail yljJI !i ! A - 27 

f(x, y) = 5x + 12y - 180 = 0 (4.78) 
: oj^j lil x = h(g) (b) . y = g(x) (a) ^vJI JIjjJI J^jt 
find the explicit functions (a) y = g(x) and (fc) * = h(y), if they exist. 
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(4-23) j£* 

. * 4_!l!ja y J Cj^ffjt.y) flljjt J^i Uiji OJurj li) y = g(x) 3IjJI sU^ (a) 

(4.78) JbUJI yi ^' 

12y = -5x + 180 

y = = -Lx + 15 (4.79) 

. y SJVjj * _J li^p/Ci.y) 3IjJI Uijs OJ^-j ol jc = /!(y) *il_»JI jUy.)! (6) 

^yji . x = h(y) aJ! jJl J^-ji' <;l9 x J SJ^Ij i»J Lis Jt=-ji' y S»^i JSJJ ojlS" liU 

(4.78) !bl~JI 

5.t = -I2y + 180 
* = -yy + 36 

*=/,(y) = -yy + 36 (4 .SO) 

. (4.28) 3L*!l 

JljjJI juj-jt . "y J 3b at" 6TyS o^- x=f'(y) is-SJI 3IjHj y=/W cj»t lij .4.28 

. (4.27) 3i~JI y JljJJ V^* 11 
4.28. Given y — f(x), the inverse function is written x = /~'(y), which reads "x is an inverse function 
of y." Find the inverse functions for the functions in Problem 4.27: 
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(a) v = «U) = -A l + 15 (4.79) 

<M " x =*(>) = -f y + 36 (4.S0) 

IjS^j • W:t JS~b ^' jJtJI 31U C UI jJclU! y , V^-JI 

. y aHjl. j: jji^J) (4.79>-;rbl~JI ^ y = £(*) = — + (a) 
+ 15 
x = -fy + 36 

iJI-JI ul-i 00 J St ...ill j^-i^Ji j-J J-S3 (*) ^Ul j^i^JU h2i iJ^lj Jjfjl UJLtj 

AT =«-'()!) = -~£y + 36 (4.81) 

. x JllU 3. jJsaU (4.80) ibUJI ,y x = gb>) = -fy + 36 (fc) 
= -x + 36 

SJIjJI ojj (.s) J 8v ,..«.)! j^^tiJI j-« S-»-s J-SJ 0') =JI i«i SJj-Ij iu-s UJU.J 

y = h-'(x) = -fex + \5 WJH) 

A"'W i_^JI UljJI OIj (4.80) A(y) JjUi- (4.81) g _1 0') 5- SUJI SJIjJI jt Ji^ 

J i^i SJb ji^jj- U-u~ *;i ^ji ^1 iiUI St^^UJI jS>- (4.79) gW JjUt (4.82) 
S^u^l JljjJIj . (4,80) j (4.79) Ji» jlxibiw. ob^.^ OUU l^tc gxii (4.78) Ji» 

(4.82) j (4.79) jiuJI. l^^uJ J'ji ^ 

jW=A-'(jt) = -^j:+15 

(4.81) j (4.80) 

: sjuoSii ji jjjSii awl jj. VJ u j» s~s^Ji souii js. of Cii j^-v 

. y = x 2 : J -i~£s> cJlS" lil U. ^ IjLo (fc) , Cj^ (a) .4.29 

4.29. Test (a) algebraically and (*) graphically to see if the inverse Function exists for 

y = x 2 (4.83) 
. y SJVjj x J (4.83) J=- (a) 

x = ±Vy 

S)b C~J x=±JJ ols - SJI- iJ-a-ljj i^ry i±A 3 _y y> uj JS3 jr J 0L»Ji J^f UlUj 

. 3b c~J x = ±j~y~ jV j' = x 2 J i—iU 
(4-24)(fc) JS^JI J x = ±JJ j (4-24)(a) JS^Jl J y = x 2 l^L, Ji» ^ i^UJI JjIj^J! ^jl (fc) 



jij**)! iiJI jb» x = ±Jy~ J ^it-JI iii tSji Ui^i 
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(4-24) JSJS. 

. y = x ! J i_SU Sib x>-y 4iL CiL. (2>) . (a) ^ . x>0 itxJu ISIU; c~Uf lit .4.30 

4.30. Given the domain restriction x > 0, show (a) algebraically and (6) graphically that the inverse function 
exists for y = x 2 . 

: ^ S~_SU)I aijJl Ola *>0 JuiJI jUiJIj y = x 2 lii (a) 

^LJI j, — -jJS ji j^ljil , (4-25) JS^JI ^ ij-Ull ijLJI JlSLiVl (v-jlj JjljtJI (fc) 
. *>0 JS3 ^i^jJI _,L*i.| jUsu. i-XJI SJIjJU 

(b)x = Jy (a)y = x 2 
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Give the dimensions of the following systems of equations: 
(a) z = 4u) + 3jc + 6y (ft) y = 6x,+5x 2 

z = 7ui - 2* - 8y y=4xi+ 9x 2 

z = 9w - 4x + 5y y = lx,+&xi 



of Equations oUalnJI ^Sai 

SJUII o^U*J! fjz jUjt .4.31 
(c) y = 8x + 5 
y = 2* + 9 
y = 3* + 7 



: sjui jjrfji o-^uji ,jb sjui jisliVi r j^i .4.32 

4.32. Use graphs on your own to solve each of the following systems of linear equations: 

(a) 7jr + 2y = 33 (A) 6x-8? = 10 ( c ) 3*+4y = 26 

4*-9y = -42 5jt + 3y=47 -x + 9y=74 

W) 6* - 2y = 26 
15*-5y = 85 

Supply and Demand s-JJaJlj Jp 

Q e OjijJi i^r iUji j _ iU^vi ur ^IjJi jip /> j-ls . ijui r>>J )i r j*aj .4.33 

4.33. Using graphs on your own, with P on the vertical axis as in economics, find the equilibrium quantity and 
price (Q e , P e ) in each of the following markets: 

(a) jiyJI: />= |g + 2 (ft) JiyJI: /> = 2(2 + 3 

i_JDI: /* = -|G + 22 lJIJI: P = -|f2 + 33 

(c) jijJI: f = |e + l WjiyJI: P= l6'-4 

vJUl: P = -^6+22 ^JlU|:f = -|e + n 
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: u^WjJI J-S^JI ^ Lj^ j-^JIj JJxiJI vJUIj ^yJI olbL^J JJUI pJidl ,y JT L^r .4.34 

• 2 =/(P) 

4.34. Solve algebraically each of the following systems of linear supply and demand equations expressed in the 
mathematical format Q — f{P): 

(«> Q= 25P-185 (W-jiyJ,: 2= 18i> + 60 

^JLUI: g = -32P + 1240 ^JlJJI : Q = -22P + 1260 

(c) ^i^l: 0 = 42/> + 58 (■*) jiyJI: G= 19/> + 8 

^JJJi: g = -37P+2112 e = -13/> + 2184 

Break-even Analysis JiUsJt <ik& J-Ai*2 

^jJSai Jlj-t^l Jljj c-Ut IS! UulSJl i-iliJI j^. ^ J**i ^1 SJbil oLiuAJ JiluJI Skii J^ji .4.35 

: ^ JS3 C(je) SJS3I ulSoJIj « (x) 

4.35. Find the break-even point for each of the following firms operating in a purely competitive market, given total 
revenue R(x) and total cost C(*) functions for each: 

(a) R(x) = I25x (6) R(*) = 37.5* 

C(x) = 85* + 5200 C(*) = 22.25* + 1 586 

(c) R(x) = 495* (</) «(*) = 85.5* 

C(*) = 350*+40,60O C(*) =79.75* +5888 

: oJ^t IS) ijlSi^Vl oluJI y> JS3 JjLcdl Ski; jb-jt .4.36 

4.36. Find the break-even point for each of the following monopolistic firms, given 
(a) «(*) = -x 1 + 22* (ft) R(*) = -5* 2 + 163* 

C(*) = 7*+36 CM - 23* + 800 

(c) «(*) = -2* 2 + 85* (<i) «(*) = -3* 2 +201* 
C(*) = ll* + 420 C(*)=6*+2250' 

Elimination and Substitution Methods Jayx&\j t»i.UJl J Je 

: o^UU) iJUl ,Jidl jij^cJI Ji> r Ji™l .4.37 

4.37. Use the substitution method to solve each of the following systems of simultaneous equations: 
(a) 3*-y = l (f>) 7*+2y=62 (c) 5* + y = 26 

4* + 6y = 38 * + 6y = 26 8* - 3y = 60 

(d) 18* - 2y = 32 
12* + 5y = -23 

I OlkUJJ iJUl ^kJI jiJI «.> pJLhxJ .4.38 

4.38. Use the elimination method to solve each of the following systems of simultaneous equations: 
(a) 4* - 3y = 22 (fc) - 5* + 8y = 42 (c) 24* - 7y = 37 

7*-6y = 34 15* + 9y = 6 -6*+9y = 27 
(d) ll* + 3y = 53 
4*-18y = 172 



Income determination Models J^-JlJl -bOs>tJ ^iUi 

: c-Ul li) r e ^jl^JI J^-JJI lSjw J^-ji .4.39 

4.39. Find the equilibrium level of income Y et given 
(a) y = C + /,C = 150 + 0.75y,/=35 
(A) y = C + /,C = 275 + 0.75r,/=40 + 0.15r 

(c) r = C + / + G, C = 320 + 0.65^, / = 65 + 0.257, G = 150 

(d) 7 = C + / + G, C = 240 + 0.8Vj, Yj = Y -T,l = 70, G = 120, 7/ = 50 

(e) 7 = C + / + G, C = 160 + 0.87,,, Yj = Y ~T, 1 =80, G = 120, T = 40 + 0.25K 

(/) r = C + / + G + (X - Z), C = 420 + 0.85r, / = 130, G = 310, X = 90, Z = 30 + 0.257 

IS-LM Curves IS-LM OLwlw 

■ C A ^ji^ jjsj jUaiHI ojly J! Olojj jfilll i SJiiUJI Jjou, y Ji-jJI ^jpcw. Jb.-ji .4.40 

. M w =264- 175i , M, = 0.150y ■ /= 310 - 125/ , C=950 + 0.75y , M,= 1000 ^hy> (a) 

. M, = 0.2y . W„=277- 180/ . / = 227- 180/ , C= 1200 + 0.6y , M, = 800 (A) 



4.31. 


(a) 


3x4; ijLjJI c^i (6) 3x3; J^Jl, sjju (c) 3x2; 




4.32. 


(a) 


(3,6) (ft) (7,4) (c) (-2.8) (d) V 




4.33. 


(a) 


(20, 7) (ft) (30, 15) (c) (24, 10) (d) (18, 8) 




4.34. 


(a) 
(c) 


f, =25, C*=440 (ft) P t = 30, fi,=600 
ft = 26, &. .= 1 150 (d) = 68, & = 1300 




4.35. 


(a) 


x = 130 (ft) x = 104 (c) Jt = 280 (d) x = 1024 




4.36. 


(a) 


* = 3,.r = 12 (6) jr = 8,jf = 20 (c) x = 7, ,i = 30 (d) ;c 


= 15, x = 50 


4.37. 


(a) 


* = 2, y = 5 (A) j: = 8, y = 3 (c) jr = 6, y = -4 (d) x = 


l,y = -7 


4.38. 


(a) 


x = 10,v = 6 (ft) x = -2,y=4 (c) x = 3, y = 5 (d) * 


= 7, y = -8 


4.39. 


(a) 
(/) 


7, = 740 (6) y £ = 3150 (c) y, = 5350 (d) y„ = 1950 
y e = 2300 


w y« = 


4.40. 


(a) 
(6) 


y = 5000, i = 0.08, C = 4700, / = 300, M w = 250, M, = 750 
y = 3500, i = 0.15, C = 3300, / = 200, M w = 100, M, = 700 
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Linear (or Matrix) Algebra 

Introduction i» Ji* 5.1 

Ljjjjj ila*-^ itjx^to "Uj_,Ia> SJaiJt O^iU^JI pUaj ^ j^^cdj is^yiJI £^~J (aa^i-^Jl) LJ iaiJI 

. S_bU/JI ^Uij J-j- JjUjj UjUj US' . SJjUxoJI *\j>-\ Jf» J*- Ji»-j; d\£ lij L» JjJ»«J s_ r ^i«x> 'iZ>.J=> 
OSJ Sjlayij iUsaHI yj ■ij~SS\ Lr iiJI _^>J) lit 'j'l iJaiJI o1bU«J) iut <a»i5U ^ ^)\ J^j 

. 7.11 ^jJI JiA . JjU. olsiU yl| J^i- ji SJaiJI JljjJI ^» Vj a» %iU*VI ^lfct 

. ^yJuJ 1 jjji*AJ I J i J iJ 0 j i/TT^kJ *i*V,j«2> ^iijjj' 43^i^ftJ I 

EXAMPLE 1. For a company with several different retail stores selling the same line of products, a matrix provides 
a concise way of keeping track of stock. 



Modems 


Monitor 




PCs 




85 


130 


145 


120 


1 


90 


155 


105 


165 


2 


80 


95 


115 


110 


3 


105 


165 


170 


185 


4 



Definitions and Terms ObJtwwj <^l*Jj*i 5.2 

j»Uaj ^ [x y z] ol_^Jcu ji [a & c] o^UUo ji [7 2 6] ilj^V JwUxo <y> 43^A*2aJI 

|v3j ji Ji^>b ji !»^JI ,y 4Jij . c ^3 r ijii- (rxc) 3jA*kJI Siyv^JI ^ (c) SJ^t'lllj 

. (r = c ^i) 5j_^*l!l 

iLjjjivswJ I j i^AjJt 4^lo ^jA-wJ (rx 1) UoUjI ^ill Jio -Us^j j^a-c-j uiji*^ iJJj=- ^ ijj5l*JI isji-^xJIj 

(XJ jiuJl) ojjJ^cJl A-SjivaAJIj . < d — ^aJI 4^bZo LJ A-«j" (1 X c) UoUjI ^1 JLo-J i-J-^j} oJU^-l oJLp j^S^j' 
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EXAMPLE 2. Assume ^i^il : 2 Jli* 

ran <M2 013-] 



] •-[; 11] — *-[«] 



A — 021 «22 "23 

j-^jLuJI Jl^-I jt^ftj' £-0 a J-oLmJI ,_^ilJ ^Ji*-* y&S- JS" iolp yL^a (3 X 3) ^ A 43jjwa«JI 

JjSlI >»j3Lfl . ii^L^JI -jjJ j-sa^Jl ^jjt Ji=>=J ^Jisx-j S*LLJI v i-Ji-J! jj^jJt 

t i^>J! ^jj^-o. ' i i ./ iU pj'j j! UiU . ijAjJI >*^b j^JaJ. JJ 1 t_i*ail £W>Ji 

^ SJ—s-jJI .(3x1) L_wU;ij olj-iijl <y iy^s- i^zt ^ X Sj^L^Jlj . (1x3) iUjL jlApVl 



[an <n\ ajil 
112 022 "32 
013 023 O33 J 



LOI3 «23 "33 -I 



. Addition and Subtraction of Matrices Ol$ jjLaJI 5.3 

• 5.7 J\ 4.5 JiL-Jlj 4 ■ 3 SJH.VI >l . liSUj o 12 ^1 t. ]2 j A J o„ (j^ c >. ji) 

: lJ i'^lS' A + B U^t^^o jja B . A SSji^JI C-kpt lil : 3 Jli» 

EXAMPLE 3. The sum A + B is calculated below, given the matrices 



A = 



A+B-. 



[Is] 

[7 + 3 
6 + 8 



C-D 



+ 9] I" 10 13] 

+ 2j~[l4 7j 

: J*i\£ C-D ols D , C cJati lilj 

-[::] 

[8-5 3-7] _[ 3 -4] 
= [2-8 9-4J-L-6 5j 
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EXAMPLE 4. Given 



»t li) : 4 Jts* 



20 15 35 10 
25 5 30 15 
10 40 25 20 
L15 20 35 10 

j-^^j . 5 + Z5 J-^rjij . S i_Sj»JLj 1 JLiJI ^ SJUaSlI aiy^.H jjy , JbJ^JI jjj^JI ^j^o 



: Jul > jr ^ ;>LuJI ^LJI 



120 + 20 
165+25 
110+ 10 
185+15 



115 + 40 
170 + 20 



130 + 35 
155 + 30 
95 + 25 
165 + 35 



85 + 10 
90+15 
80 + 20 
105 + 10 J 



140 160 165 95 

190 110 185 105 

120 155 120 100 

.200 190 200 115. 



Scalar Multiplication <£}Jjii\ o jj? 5.4 

d\-i\s>£j <i>i*»JI • ifaji 0.08 jt 5- . 7 Jii LS iU»JI ^1 t ^ , ^\ J 

. 5.11 J\ 5.9 JjL_J!j 5 Jilt jbil . ^jjjl lu-Ji! lit isy^l 
EXAMPLE 5. The result of scalar multiplication Ak, given * = 5 and j k = 5 C-Jjp! IS) : 5 Jit* 

rA 9i 



r 4 9 i 

,4= 2 6 

L3 7 J,,, 

[4(5) 9(5) -I r20 45-1 

2(5) 6(5) = 10 30 
3(5) 7(5)J 3x2 Ll5 35 J., 



: jy» Ak ^cjJliJI tj_ r i)l 



Vector Multiplication <fcjaJl 5.5 

j-. iJ_JI ^ J^ilL J 4^i« JT jj ( J f _, iyiS" yiki. B iy^}\ toS. A wJ^JI 4*^0 

jj^JI t^x. ^ 4J ;J^i\ _^LoJI ^ ^ a^x. JSJ ii^l ^»liJ| ^Ul j^j . _^LuJI 

/IB = («„. *„) + (a, 2 . ftj,) + (a ]3 . 6 3 |) + . . . 

4_iV S^U- ij«J»i J Jj^JI _ ,_i*JI 4^ k-J^i, . I'j^j I^P- jjSi. lij*. ij^jJI _ tO^JI ji'Uj 

. 5.16 J\ 5.12 JJU-Jlj 6 JLull jtil . oliy^JI ^L-Sll 
. B A 4^ c-l»i IS) AB giLJI jb-ji : 6 Jli« 
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EXAMPLE 6. The product AB of the row vector A and the column 
4 = [I 6 5 1| B = 



AS = [2(7) + 6(3) + 5(9) + 8(4)] = [14 +18 + 45 + 32] = [109] 

c=(6 i 9} ixi D= [ 5 ] 

: CD jji j^UJI ,y> jjoJI j-i; Lj) oLj^Jl jl 

CD = [6(8) + 1 (5) + 9(3)] = [48 + 5 + 271 = [80.1 

jf HA) . i .,-11 Jj~.il i-V> Jl* J^^JIj "J 1 " 11 oVUJI ^ J Vj-^ 1 f 1 ^ ^"-^ 41 1 -k-^-J 

. 5.27 a!_JI >it . SJS" iila« J^U Jp J^pJ tij-i (DC 

Multiplication of Matrices oUjIaJI t-»j-> 5.6 

ci = r 2 if : - , ^^JiiLsia LijSi ji (r 2 xc 2 ) j (r, xc,) iU»Sll °^ AB j-b^-A^I Vj^ 

4^£a JS" J CJj^- *WJ^*JI *ij<Ui*JI J '-is** **Zt> JSj • Ojs^" *l Siyi*a*JI Lf *— i' 43^i*a*JI 
. 5.5 n ' i u e\ I C*^-j-i U"^ 5 >-**i'j ^vaJI Ol^w Js-\ji U^vU< ii_^>-U«J1 45ji^aAJl J ^S*yt* 

. o_L_jJl^JI 43jA*a*JI J J 5 ^?. ^ U3 Ji-ljjl V^^' J-^^ 3 J** - W*' J-^^J 

7 ijAjJlj iaJixJI i9^wa*JI J i *_i*ail i>* ^* C a-^.-^' 4ijji*a*JI ,y Cy j*&S> JS" 

. 5.31 Jl 5.17 JiL-Jlj 8 , 7 ili.SH >l . S^i-SH Sy^JI J 
EXAMPLE 7. Given : c~Ja*i lil : 7 Jli» 

dUU 4_2j.j1» J-fr— 1 J t>-«s jiyxJ I JjUj (Jji^ 4flj£*o* tf\ aAas- Ayr\ 

4j J> a„/i<JI oJl^V) .jl . ^jL*x« ObJuJI OLS' 12*1 a . iJliJI ip^A^JI ^ JjVi sjuJIj Jj^I 

AB J 43^3 dJJJJj . £J«.J^I 49ji^Jl iUj! UJmu syljJ) ^jU- 01 U5* 

2 x(?^3V 2 
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oLijAviaJlj < 3 = 3 , (B) Sj^'^l iJjivnJI yi <-»j a„-ill SM- lSjL-j (A) Jjji^iJI iJU^SH J-l* 

o>Sj' La-Utj .2x2 jj-Si >Jj_u. SJUJa-JI S—iji^JI iU-lj . J***A\ v^j 2 " i_s* vO-^' SUUm 
. (defined) ijjj^o ajji^ia y*— j SJjJsJI ij^ivaAjt 0^9 u^all ii^*J ( j T jdj'Uxa /IB Jia oUs^i*a*J1 

BC u! 

3 x(2=2V 3 

. L) UaJI i_~s>JI uJ l ^JiL»i« C.Sj, 2x2,0^ oij-i^JI j-Lc LfjL-j. B J i-Ut^l jap 

.3x3 UiUa! ii^jL^a j^jSj' tJj^J eiJ^a BC oJj.A>JI aJ^L^wJlj 

AC L.1 

2 x(3#2>< 3 

. j** AC (J^ j*J t-Jj.^r,U ^J-^^-^ Ji? C ' A jL^aJW^aJl 

. AB SJ_iJi«JI ,al»u) ftJc-J bija . 7 JU»JI y, B } A j^JJUxJI ^a^Wll c-ktt IjJ : 8 JlA» 

45^i^Ajl ^ C JaJii e-U^-Vlj iaJJj^eJI di ja . ^ ajl ^a /? t-ija.^U j*A*«X«o Llii UUb ^5 jj'j 
JjMl j-tfliJI il^o) J=ri jJ Sjsi-Ml Siy^JI ,y C, JjSil J^ajJI yi ia-kiuJI Xs_ajLv»«JI y> /?, JjMl i_««eJI 
yil—ill y! ia-liiaJI iiijiyiJI y« R, JjSfl Vj^" •* JJl »ii • " »- i ).- l >JI SijivsjJI <^?lCi) d\\ 

Lu^i ij-J-Vl iiij^.n J y jsfi J^j, <ij (J?,c 2 ) d| 2 jLk} s^Ml aiy^l ^ C 2 

yj aLaJJiiaJl ^J j fl.^ioH ^ /? 2 yiL£jl > a ..f il l -iijmjj . WJjiXAj! 43^i*i*JI yjUJI i- fl ,.^U yi | JjfcUj 

jli liSUj . (R2C2) (fa yl» J-^-J Sj-i-Vl ai_ji^<JI C 2 yiliil Jj*jJI yS iaJjiiJI 
L«2C, R2C2J 

[4(8)+ 9(6) + 11(7) 4(2)+ 9(20)+ 11(12)1 _ |" 163 320"! 
~ I 7(8)+ 12(6)+ 3(7) 7(2) +12(20)+ 3(12) J [ 149 290 J 



tjJu j-lji^-U AC SJoA>JI ii^iaJI bit US' 



' [«2Cl fi 2 C2 R2C3] 



T8(5)+ 2(4) 8(16)+ 2(3) 8(2)+ 2(9) "1 r 48 134 34"] 
= 6(5) + 20(4) 6(16) + 20(3) 6(2) + 20(9) = 1 10 156 192 
1.7(5) + 12(4) 7(16) + 12(3) 7(2) +12(9) J L 83 148 122 J 

. 5.31 J\ 5.17 JJl_JI L%J jtil 

. $200 Modems j $350 Monitors j $500 Printers j $900 PC's Oi 1 pSj JU^JI ^yal : 9 Jlfco 
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EXAMPLE 9. Referring to Example 1, assume (hat the price of PCs is $900, printers $500, monitors $350, and 
modems $200. To find the value V of the stock in the different stores, express the prices as a column vector P, and 
multiply Sby P: 

120 145 130 85 
165 105 155 90 
110 115 95 80 
L185 170 165 105 



L200 J 4xl 



4 x(4 =4ix 1 



«lCi 
R 2 Ci 



[- 120(900) + 145(500) + 130(350) + 85(200) -\ 

165(900) + 105(500) + 155(350) + 90(200) 

110(900)+ 115(500)+ 95(350)+ 80(200) 

L 185(900) + 170(500) + 165(350) + 105(200) 

r243,000 
273,250 
205,750 
330,250 



4 x(l 4)x 4 

U**Jl O^JWil ? Lfeuj 5s ji-^Jl 5.7 

Matrix Expression of a system of Linear Equations 

o^L^JI r Ui; o-J»ti liLi . i^LiJI o^L^JI f UiJ ,*ei^ JS^i, „.,0- i^iJI JaiJI ^1 ^ ' 

5jt, + 12x 2 = 32 (5.7a) 
7jt, - 3jt 2 = 25 (5./i>) 

. (^iUJI ^ JUJI y> US' ^j^ji i j° i^Li^Jl ijjbJI j] Ll^s- 

. J^i US' j-lkJI o^UUJI j^aj dUij A oiUUJI Jiji^. j^p (a) 



(5.2) 



. B ojl^iU jj^JI a^> ^ (c) 
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(5.4) 



Oj£J *LL~j 0*^UaJ! j»Uaj j^t*^' (j^V. tJ^J 

/iX = fl (5.5) 
. 5.33 , 5.32 JsL-Ji. 11 , 10 Sli.Vl ,_jS jj» US' 

AX grLdl (5.1)(ft) , (5.1)(a) ,y CibUJI fl&i Ji«J L;U AX = fi ji c^3 ^SJ : 10 Jli» 

• (5.5) J 

EXAMPLE 10. To show that AX — B accurately represents the system of equations in (5.1a) and (5Jb), find the 
product AX and substitute in (5.5). 

. (5.3) j (5.2) &i 

Ax 'i" "LfeLrK-'SL 

SJL*. 5.7 f-Jll y iju«JI ■ 11 J 1 * 4 

EXAMPLE 11. By following the procedure outlined in Section 5.7 and mentally reversing the process of matrix 
multiplication, the system of equations 

9w + 4x- 5> + 2z= 10 
3io-7j: + lly-6z = -^ 

[9 4 -5 2] 

Augmented Matrix 45»UaJ1 34 ji ^ ajt 5.8 

(5.1)(a) ^ oVjUJI j.U=u! 0JS dUjJj . .Liu 

• (5.1X6) J 
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A\B=\ 



[5 12 132] 
[T -3 1 25 j 

EXAMPLE 12. The augmented matrix A\B for J 4/B Sij^l Sjji^iJI : 12 Jli» 

3jci + 8*2+4*3 =58 
6*1 +5x2-2ijj=22 
*t- 7X2+9*3 = 18 



[3 8 4 158 -1 

6 5 -2 22 
1 -7 9 1 18 J 



Row Operations J Lgl i OLUp 5.9 

OJ_»*J V Ol_l*Jl oj — ftj . A3_yiva*JI (_S^i-^ ^jip ikj-J! i^^^JI oLUjJI l $~iaj" > oLU^ i_JiaS' 

_j» US' ji-T i_i^> ^1 ^ jl .Uaj- ^SUj. CjU jljuaj i^jjl (3) CoU jljiiu <Jjiv> 

. 13 JlAjU 

: c_kti li^s . e;iU)i a-^ju jij j^iy oLUp : 13 Jti» 

EXAMPLE 13. Row operations are demonstrated below in terms of ordinary algebra for simplicity. Given 

6x+5y = 43 (5.6) 
8x+12y = 84 (5.7) 

: ''jfl ssWi ^ ls! OjAi 

. j.ffi.nll Jlxj^.l .1 

8* + 12y = 84 
6*+5y=43 

Ji± J~*>J { ^ 8jt + 12v = 84 ^j^i L»j . ojtf jIjUUj ^ .2 
2* + 3y = 21 
6x + 5y = 43 

^ Jv=^J &+ 15y = 43 ^ 3(2x+3y = 21) c >; U»j . ji^l ^JJI U^JI C J» .3 

6x + 5y = 43 

-6* -9y = -63 
-4y = -20 

y = 5 

: J* (5.7) ,i (4.6) Jy = 5 JvydXtj 

6* +5(5) -43 



ijlwJl O^iUjI J i »J t/ jLr ^> 5.10 
Gaussian Method of Solving Linear Equations 

JS" ^jLj ^yi La jla5 OjS^J. **a.r* is^L^a ^a. aJLa^jal ai^i-^aj _ oJa^jjl 43ji^aa ia^J! jl-J 

jjaJI J) ij^jaJI 4=*ia ^ Ja-ja alUaa'a't Olblai/JI a-Uia Ja-j . yL^aJU SjjL_*i ^Ldl Laij Ja»lj l$ia 

. 14 JLia jJial JaaJI ja 

^S-i j — £-T jLCa (^| ^3 yL/s ^^if- J^a^dl t_i^Jl CaUlftJ^ pJa*£-J *j , O^lavaJ! 'HyL^tA fl], t_i3j*J! ^ 1 
Jj ., n-> U3 i a i ^-?U oL_J^£- j» l -WV i ni j CJ^LalavaJI 43 jg.s,* \ a-^i i— ai^aJI ^ 1 ^S- ( J-*2a*J LftAauj . Jj lH ^^aJi 
^-J _^L_jj jJaiill Jljja olj_ a-jll ^ Jj«a»JI ^ _ r aO„lj . ^ItJI iy^i\ ^ jA jlia ^\ ^ ^ 
. 5.39 J\ 5.34 Ja*l — aJlj 14 JLta >il . SJa-jJ! Sj^ia J«Sj ^ S-Uj/^I Jaj_o' 

. S-kJJI O'ibUJI fUii oJ*4 lii X 2 J> X, JaJ JaU iaJi^a ^.jUJ jiajl ii> : 14 Jl&» 
EXAMPLE 14. The Gaussian elimination method is used below to solve for X\ and Jt2. given the system of linear 
equations: 

ix, + \2x 2 = 102 
4*i+ 5*2=48 

'. i>3_U^JI 43 jiv2*J I 4i~^» ^ O^UaJI ^ lljl 
.,„ T3 12 1 102 "1 

. a n jiyjl ^ 1 Jl* J^a=»J | ^ JjSlI i_i<JI - la 
H 4|34l 

L 4 5 I 48 J 

. JjVl JjsjJI ijj^J ^yLill t-^ttvail ^a aa-jlai j 4 ^ Jj'l/I »_a.,^U Vj-^" 

Tl 4| 34] 

[o -11 I —88 J 

. fl 22 [6y>S\ 1 ^s. J^t>^i -jj Ji .jillll .2a 

Tl 4 |34"| 
[o l| 8 J 

^yliJI ijAJiII Ajj^xJ Jj*ltl t_iWa3i Jji 4s~ ^JaJ j 4 ^ ^L^l i—iL^ll i-Jj-^ij .2fe 

[::|:] " 

JC 2 =8 ,I,=!j» JaJlj 
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jri+0-2 
0 + x 2 = 8 



Matrix Formal XSjjLaJI j£i 



(a) Give the dimensions of each of the following matrices. (f>) Find their transposes and indicate the 
new dimensions. 





- 4 8" 




■3 4 4" 




' 6" 


A = 


7 2 


B = 


1 7 9 
9 2 6 


C = 


13 
. 9. 




.3 5. 




.8 5 4. 





2 3 4] 
8 1 9j 



£ = [-9 5 2 -3 7] 



. F= 3x4 , £=1x5 <D=2x4,C=3xl ,fi=4x3,A=3x2: ^ oliyWll sUji (a) 



"Gil. '-[iiiil 



2 8 

3 1 
-4 9- 



C' = [6 13 9]„<3 



-6 4 7" 

8 5 1 

3 9 2 

-4 3 9. 



< « 3 ] = 2 < a 13 = -5 . a 2 i =-4 < ci n = 9 c-Japf lil Siji*«Ji iU&J jj^^U tiJcayto ^Jc^x-I .5.2 

. a 32 = 3 . <j 23 = 7 

5.2. Use your knowledge of subscripts and addresses to complete the following matrix, given a 12 = 9, 
i2i = -4, Ob = -5, a 3 , = 2, <z 2 j = 7, and a 32 = 3. 



jjaJIj JjVl ^ a ji ^j^u fli2 = 9 jjs ij»Jl _ plkj liili J^' jjj_JI ji ULt 

tiUjJj . liSUj < JjVl ij^Jlj ^Idl ^ ^ -4 Ot ^ a 21 = -4 ^tdl 
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L 2 3 6J 



S)T 45 j (i>) ji jj 55 j (s) 60 j (0 jjijiJj 35 Igj-J JJj^cll; ^JJ jibj iu,! oli Sfyi .5.3 

32c , 24u , 36s , 29/ j jLill j^JI ^ 38c , 50v . 65s , 80/ j JjMl J^JI J (c) 
. 'iiyw JUJI jjji^l ,y> . jjljll J^JI 33c , 54u , 49s . 62/ j cJliJI J^Jl 

5.3. A company with four retail stores has 35 TVs /, 60 stereos s, 55 VCRs (videocassette recorders) v, 
and 45 camcorders c in store 1; 80r, 65s, 50t>, and 38c in store 2; 29(, 36s, 24u, and 32c in store 3; 
and 62/, 49s, 54y, and 33c in store 4. Express present inventory in matrix form. 



35 60 55 45 

80 65 50 38 

29 36 24 32 

62 49 54 33 



Matrix Addition and Subtraction XSjjLaJI 

5.4. Find the sum A + B for the following matrices: : SJUI A + B oliji^JI £_^>^> J^-jt .5.4 

C J] 



. , d [6 + 3 5 + 7] f 9 12] 

A + B = [ 8 + 9 2 + 4j = [l7 6 J 

,, B = r-4+ 5 7+(-2)] = |" 1 5] 

[ l+<-6) -8 + (-9)J [-5 -17 J 



(c) A = [15 4 3 11] B = [8 -6 -9 5] 

A + B = [23 -2 -6 16] 



-21 -3" 

3 14 

13 26 

-19 -6. 
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. oUxlJi is-yM I4) iubrll SjPyfll O^U^JI >Vl SS^I cJuyf li) 3.5 Xjt~JI ^ .5.5 
The parent company in Problem 5.3 sends out deliveries to its stores: 



What is the new level of inventory? 



? Oj^aJJ Jut. JL^Jl ^jX«aJ! to 



35 60 55 45 

80 65 50 38 

29 36 24 32 

L62 49 54 33 



43 66 64 50 

84 72 55 40 

35 39 24 40 

.67 58 61 37 



: iJUll oUjft^ftll j-j A -B J y&\ Jb*-j1 .5.6 



5.6. Find the difference A — B for each of the following: 



6 3 
|2 9 



, „ [6-5 3-8 7-9] f 1 -5 -2] 
A " B = [2-4 9-1 1 - 2 J = [-2 8 -ij 



B = -8 16 



5.7. A monthly report R 1 



1-5 4-8-] 

14 3 4 

L 7 -3 6j 



1 5.5 SlL^JI ^ iTj^JJ R oU~JJ iSj^\ ji.yiJI olf lij .5.7 
1 sales for the company in Problem 5.5 



16 36 
26 21 

17 13 
28 34 



What is the inventory level / 3 at the end of the month? 1 lily ^ I, jjji^JI lJjs-j U 



43 66 64 50n 

84 72. .55 40 

35 39 24 40 

67 58 61 37 J 



21 16 36 18 

44 26 21 19 

11 17 13 20 

33 28 34 12. 



22 50 28 32 

40 46 34 21 

24 22 11 20 

L34 30 27 25. 



C = [7 4 8] 



4 7 2 
9 5 8 
3 1 6 



. FC (i) , FD (A) , DF fe) , CF (/) , CD (e) , BE (d) , EB (c) . AE (b) . AB (a) 
.1x1 LtoUjj Sjj^. AE SjiviJI . 1 x'.2 = 2!x 1 ^ AB iL*J (a) 

4_»AiL»JI a_ji^JI ^ SJ^tVl JAP Cli i-l^i' SJai^JI SjiljJI Ji-b jlAtVl jSl SJ-1~> Sjji^Jl 
tiji*i»JI jL*>i ji JJl^u SjjtjJI £jU- il-le-Sflj . B !js»-Sll SjayaJI y j^i^JI JJkP ^Lo A 

.1x2 UiUjij hj^a AE 'is^LoAiS . 1 x',2 = 2/'X 2 AE jUj (2>) 
.2x1 UjUIj 5jJj». EB . 2 x.'.'2=_?ix 1 ^ £S jUjt (c) 

VsV- 1 ' ,y iJj^all i-UoJ SUUm jJ- ji Sjj« BF Sy**«JI . 2 xM ?!_2)x 2 ,y» BF jUj! (d) 

. ^tj' j^- OU^ivaJI 01 £*=>JJ l-XAj . oiO^o (c) ^ EB j! Jia-'j . lj 1waJI 

.1x3 UjUij ijj^ CD Ssy^JI . 1 x<3 = 3:x 3 ^ CD jUj (e) 
.1x1 UoUlj i^a^o CF is ) i^i\ . 1 x.\3 = 3,'x 1 ^ CF iL«ji (J) 
.3x1 U>W.!j iij^. DF Ssji-^JI . 3 x.'3 = 3;x 1 ^ DF ilui (g) 
1 _ r ic . u ij-i'js!! ^jj^JI S-UJ iliUi. ^ olsyvaJI . 3 x.'J * 3^x 3 ^Ffi iUt (ft) 

. Soj^ ^ FD jSOj , iij>^> (g) DF o\ y 
1 gi'Uil £. JJI !Ju jjls . 3x3 IaoUJj ijj^ FC ay^l . 3 vi\ = j; x 3 ^ FC sl<uf (i) 

. (/) .j>JI y CF x 1 



Scalar and Vector Multiplication 4?cuJl o tSi-Ull 



5.9 Determine given 
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r6(5) 1(5)-] r30 5-| 
1.7(5) 4(5) J L35 20 J 



5.10. Find kA, given 



c~Jp lil Ak iJb- .5.10 



7-4 2 
-■»—- 5 -6 
1 -8 1 



r-3(7) -3(-4) -3(2) -| r-21 12 -6"| 
1 = -3(-9) -3(5) -3(-6) = 27 -15 18 
L —3(1) -3(-8) -3(1) J L -3 24 -3 J 



J_^s ^ b . p . S jLJI ^s. 25% ojJs llvii- l J*~. JJJI ^ l^t" ^ll 3 ' J»*» A -S-ll 

5.11. A ski shop discounts all its skis, poles, and bindings by 25 percent at the end of the season. Assuming 
thai V| is the value of stock in its three branches prior to the discount, find the value V 2 after the 
discount when 

'8400 7200 6800' 
V, = 4600 5400 5600 
.6200 7800 7400 



= 0.75 VV0l» liUjJj SJU>Vl ja 75% fL; Sjj»Vl ol Jf* IJj» . 25% jl-iiiUj Jiii^i A 

[8400 7200 6800-] r6300 5400 5100"] 
4600 5400 5600 = 3450 4050 4200 
6200 7800 7400 J 1.4650 5850 5550 J 

: C-kei lij AB j^jl .5.12 

PI 

A = |g 3 6) B = 



5.12. . Find AB, given 



• JS" .-Jj^i ^ 'i&L&a lxl ASjivia U5S0 gjLJIj 1 XS.3 =_3/X 1 _j AB ju'LJI 



/IS = [8(2) + 3(5) + 6(7)] = [16 + 15 + 42] = [73] 



5.13. Find AB, given 



5.14. Find AB, given 



A = [5 12] B = 



C-Lst lij AB jLfjI .5.13 



lx:_2 = 2;xl li^u. AB gu'Ull 



AB = [5(21) + 12(10)] = [225] 



si lij AB .5.14 



A = [6 3 5 8] B = 
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1 x.',4=3'x I giLJI <Jj«jj 
AB = [6(1 1) + 3(15) + 5(18) + 8(9)] = [273] 

fJiia_-l $500 y^j $250 j;.JLjJI y^.j$300 jij^-sll $400 Oj;jiiJI yu. Oils' lij .5.15 

. 5.3 i)L» *JI ^ ^jiliU JuL*J! ^ jjjitAJI iUj^ toe^Ji Vj^* 

5.15. If the price of a TV is $400, the price of a stereo is $300, the price of a VCR is $250, and the price of 
a camcorder is $500, use vector multiplication to find the value of stock for outlet 2 in Problem 5.3. 

■ G=[80 65 50 38] ^ to*. Ji^ J iiiJ! J Cii^H V= QP Jjji^JI iUJ 

: ^'^IS* 'UjLS' j£aj /? yujl to*.j 



liUJJj 1 x:.4=_4' x l . iijuj gsUI lij 

V = Q/" = 80(400) + 65(300) + 50(250) + 38(500) = 83,000 

. 5.3 SJL_<J1 dJlill iiuJI jj_^«JI iUJ J»ji .5.16 

5.16. Redo Problem 5.15 for outlet 3 in Problem 5.3. 

. . . . ^ US' P Ut S = [29 36 24 32] lay 

V = QP = 29(400) + 36(300) + 24(250) + 32(500) = 44,400 

Matrix Multiplication Sjji U aJl »_> jj? 

5.17. Determine whether the product AB is defined, indicate what the dimensions of the product matrix 
will be, and find the product matrix, given 

T8 51 ' f2 71 



A = 



6 3l 4 1 



.2x2 SJiJ^JI is^JI , 2 x.'.2 = 2/x2 AB gj'U! 

4— ftl^t^J! — XaJI Jj J^bJ $y*^ \ „ t flyfiit to*. t_J oUWf- aU . , ... .-LJi^o j**J 49 jii.^i^U 
43^i^a*JI J^i JjlII t..a^il Vj^i ^-^^i o^?.- 11 ^ Ss^ivMJI ^y> a,, ^xojli . oJbJL^JI iSjiva*JI ,y 

j. a, y^JI o^i ^U- JSCijj . Sjji-'^ll 4»j « ,/ tJ I ^ c 2 ^Ull iy^Jlj iUjJiiJl SiyL^iJI ^ S| Jj'lll 

: liUjJj-Sjji-Vl ay^Jl ^ q j^JIj SyUaJl uL*)l ^j**; s-vj^JI ay^l 



-[ 



«2C, R 2 C 2 J 

[8(2) + 5(4) 8(7) 
I 6(2) + 3(4) 6(7) 



+ 5(1)T = [36 
+ 3(1) J [24 
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5.18. Redo Problem 5.17, given 



: o-LpI lij .5.18 



3 I 6 
8 2 9 



. 2 X 3 a < 2 x.\2 = 2x3 ii^j, AB i-b.Jt>JI iSji*a*JI 

9 = |"«lCi R,C 2 fi,C 3 ] 
L*2 C 1 *2 C 2 R2C3J 



Redo Problem 5.17, given 



7(8) 4(1) + 7(2) 4(6) 
5(8) 2(1) + 5(2) 2(6) 



+ 7(9)1 [68 18 87] 
+ 5(9) J [46 12 57 J 



: c-kpf lil .5.19 



5.20. Redo Problem 5.17 for BA in Problem 5.19. 



5.19 JlL*JI AB Ji^jt .5.20 



: 2 AB i 3 xf2 = 2'x2 



/IB «LJI 



r8(3)+l(9) 8(5) + l(2)-j T33 42-1 
= 6(3) + 7(9) 6(51 i 7(2) = 81 42 
L 4(3) +2(9) 4(5) + 2(2) J 1.30 24 J 

. B 'iiy^Ai\ jtjM ^ B' <i_»- 5.19 iuL-JI y> AB' .5.21 
Redo Problem 5.17 for AB' in Problem 5.19, where B' is the transpose of B: 

'-[;;;] 

. 2 x 3 , j» AB' jUi , 2 x:'2 = £' X 3 SiJ^. AB' -v LJI 



AB'=r 3 3 if s 6 4 i=r j?,ci * iC2 * ,C3 i 

[9 2 J L 1 7 2j [r 2 C, « 2 C 2 « 2 C 3 J 

= ["3(8)+5(l) ■ 3(6) + 5(7) 3(4) + 5(2) ] _ I" 29 53 22] 
|_9(8)+2(1) 9(6) + 2(7) 9(4) + 2(2)J [74 68 40J 

^ olsji^JI ot iiJi- >iUi .^SOv. . AB^BA&AB' o\ 5.21 J J 5.19 ^ JsUJt j« li>-% 



5.22. Find the product CD, given 



p! lij CD jjLJI j^-ji .5.22 



6 9 

7 2 
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5.23. Find £F, given 



.3x3^ Uilui . 3 x\2 = 2.5x3 CD giUI 

r/fiCi «iC 2 «iC 3 -| 
CD = R 2 C, R 2 C 2 R 2 C 3 
L« 3 Ci « 3 C 2 R3C3J 

r4(5) + l(4) 4(8)+l(3).. 4(6) + l(l)-l r24 35 25T 

6(5) + 9(4) 6(8) +9(3) 6(6) + 9(1) = 66 75 45 
L 7(5) + 2(4) 7(8) + 2(3) 7(6) +2(1) J L43 62 44 J 

: lil EF s>-/\ .5.23 



B5i 



5.24. Find AS, given 



.2x2 UiUjij 2 ><.3=_3;.x2 SiO^j £F 

r = rRic, r,c 2 ] 

[*2Ci * 2 C 2 J 

= [9(8) + 2(2) +4(5) 9(3) + 2(7) + 4(9) ]_ [96 77] 
[6(8) + 5(2) + 1(5) 6(3) +5(7) + 1(9) J [63 62j 

: c-ktt lij AB JL-jl .5.24 

7 1 9' 

A = [2. 6 5] 8= 4 3 6 
.5 8 2. 

.1x3 UiUjij 1 /3 = 3;x3 SJJ»«4 



AB = [R,d R t C 2 R1C3] 

= (2(7) + 6(4) + 5(5) 2(1) + 6(3) + 5(8) 2(9) +6(6) +5(2)] 
= [63 60 64) 



5.25. Find CD, given 



: oJati lil CD .5.: 



2 7 4 
5 9 1 

3 6 2 



5.26. Find DC from Problem 5.25. . 5.25 s)L»il ,y DC j^-jt .5.26 

.3x1 Uil^ij 3 xy = 3;x 1 : ijj^ DC 



T2 7 4Tf3 

DC = 5 9 1 
L3 6 2 



1 

r/f,C,-| r2(3) + 7(7) + 4(5)-j r75-| 
= R 2 C, = 5(3) + 9(7)+ 1(5) = 83 
LR3C1J L 3(3) + 6(7) +2(5) J 1.61 J 



5.27. Find EF, given 



5.28. Find AB, given 



: oJ=ti lil EF J^-ji .5.27 



3 x 3_UjU;lj . 3 ti\ = l;x 3 5.>J^» EF 



EF = R 2 C, R2C2 R2C3 
L R 3 C, « 3 C 2 R 3 C 3 



[8(3) 8(6) 8(4) "I 1-24 48 32"] 
2(3) 2(6) 2(4) = 6 12 8 
5(3) 5(6) 5(4) J Ll5 30 20 J 



A = [6 1 9] B = 



cJx4 li! AS J^-ji .5.28 



5.29, Find BA from Problem 5.28. 



. 1 >n # 2,'. X 1 5iA^> jj- AB 

. 5.28 SILaJI fy, BA .5.29 
.3x2 UiUuij 2 x.'j = J;x 3 : 5iJ»=j M 



-El' 



= rfi,C, Rid R,C 3 ] [5(6) 5(1) 5(9)] = [30 5 45] 
|_R 2 C, R 2 C 2 R 2 C 3 J [2(6) 2(1) 2(9)J L 12 2 18 J 

Ojj^Jl ia-i juj^J 5.15 4)L-dl jU—Sli 4>«i«j 5.3 SIL-aJI SS'j-iiJ oj^*JI iiji^w ^J^u-I .5.30 

. as->il) JiLJl J 

5.30. Use the inventory matrix for the company in Problem 5.3 and the price vector from Problem 5.15 to 
determine the value of the inventory in all four of the company's outlets. 

.4x1 UjUjIj 4 x:4 = 4;x 1 SiJ^o QP Siji^JI < V = QP 

f35 60 55 45-] T400T 
80 65 50 38 
29 36 24 32 
L.62 49 54 33 J 
R1C1 "I r35(400) + 60(300) + 55(250) + 45(500) "| 
R 2 C\ _ 80(400) +65(300) + 50(250) +38(500) 
R } Ci ~ 29(400) + 36(300) +24(250) + 32(500) 



LR4C1 J L 62(400) +49(300) + 54(250) + 33(500) 



68,250 -| 
83,000 
44,400 
69,500 



oliji^aaj *L)UI 1 "ilftjfl. U ^ -^-J^ .5.31 

5.31. Find the product of the following matrices and their corresponding identity matrices, given 
"2 9 4" . 
(b) B = 5 8 1 
3 7 6 



(a) A = 
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-[:.J][:.a 

= l"«,Ci «,C 2 ] = r4(l)+9(0) 4(0) + 9(1)1 [4 9] 
[« 2 C, K 2 C 2 J L 3 O) + 7 < 0 ) 3(0) +7(1) J L 3 7 J 

[2 9 4-1 rl 0 On rfl,C, tf,C 2 K,C 3 -| 

5 8 10 1 0 = tf 2 C, R 2 C 2 R 2 C 3 

3 7 6 J LO 0 lj L« 3 Ci R 3 C 2 R 3 C 3 J 

[2(1) + 9(0) +4(0) 2(0) +9(1) +4(0) 2(0) + 9(0) + 4(1) -| 

5(1) + 8(0) +1(0) 5(0) + 8(1) + 1(0) 5(0) + 8(0) + 1(1) 

3(1) + 7(0) +6(0) 3(0) + 7(1) +6(0) 3(0) + 7(0) + 6(1) J 

L3 7 6J 

. ^jUI ^1 ^ Js-lj J ^^i!) .J>&,_ |ju.j . BI = B = 1B . 4/ = /l =A4 (y, US' JlS lj!) JJL.VI 



Gaussian Method of Solving Linear Equations iJasJl C/iiWll JsJ ^jlsr 4* je 

A 01 jiysb • »Js*-< ii_ji*io ,y (*) ii-^j (a) SJUI SJiiJI o^jUuJI flik; ^ jjP .5.32 

5.32. Express the following system of linear equations (a) in matrix form and (b) as an augmented matrix, 
letting A = the coefficient matrix, X = the column vector of variables, and B = the column vector 
of constants. 

8*1 + 3* 2 = 28 
5x, + 9x 2 = 46 
(a) A ■ X = B 

[s :][:]-[:] 

5.33. Redo Problem 5.32, given : c-U>t iij 5.32 J». Ju4 .5.33 

5*1 + 9x 2 + 2x 3 = 35 
4ti+7i 2 + 6jr 3 = 32 
xi + 3jr 2 + 8;c 3 = 17 
(a) A • X = B 

[5 9 2135 -1 
4 7 6 32 
1 3 8 1 17 J 
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^a- . '{ .-. Lji^ ol^-Ji^JI jjSi O^UJI L_~sy 5.33 .5.32 JjL^JI ^ .fes-iL 

.IjSU, .. ^hJI ij^JI Uli»* yllall jjisll oiLiUy JjMl JjaJI 1*14* Jj's' 1 .k^ 1 o^UU. OjSi' 

JJUS' l_o LllUj , 5Jljo»j oLJa* LJli Ji»j oli y^ ioll v^i 6jSj. ' J ti* dj&' 

. 5.39 jtil . <-»j- *JUl*» Ols *~« 

: SJUI ljUJ! o'ibU.JI ^jUJ Jj»JI ii> f.JAa-1 .5.34 

5.34. Use the Gaussian elimination method to solve the following system of linear equations: 
3xi + 8*2 = 53 
6^+2*2 = 50 

. oi-Uj> 'liyL&A 4i~^> ^ O^iU^il tf- "sljl 

™-[\ 

S_ijL!lj . iJ^-jll SyUxo J J j-jSII i_JUJI ^jle O^UU^JI is_ji»i« i-i*JI oLUt- jJai 

^1 022 j— al*)l Jj^~ p-S JjMl ij-*«JI ->»lj ^! On j-^l ,_,» Si's J**) %Jt 

: ^ US' \'fr fi*J (ji^l Sj**)l LJ irfij -i=-b 
. j JjSlI umII Vj-^ 5 i-fl« 



r> fifi 

[6 2 I 50 J 



i^j , lb 

r> s I ¥i 

[o -14 I -56 J 

. --jj ^ ^1^1 *»A^aJI t-Jj-iu .2a 



[Ml!] 



[0 l|4j 

c ;]H=[i] 



J 2 = 4 . I, = 7 lij 



5.35. Redo Problem 5.34, given : c~k<4 ISI 5.34 J^i .5.35 

4xi +9xt = 62 
5*1 + 8x2 = 58 
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[5 8 1 58 J 

Lo -¥i-?J 

. — j ,_jiLlill .2a 

[i !|!] 

*2 = 6 4 x\=2 li[ 

5.36. Redo Problem 5.34, given : cJa*i li) 5.34 J»- J* I .5.36 

6x1 +4jt 2 = 47 
2ti+9x 2 = 77 



' 6 LS* ^aJI .1*3 

[' 11*1 
[2 9 1 77 J 

. ^UJI i.i./rU ^ .to- jkj 2 ^ . \b 

[0 # 1 4* ] 

• a <J V-r-^ - 2a 

[0 \ |l] 

fl 0 I 2.5 "1 
[0 l|8 J 

n = 8 . jci =2.5 lij 
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5.37. Redo Problem 5.34, given 



4x, + 2jt 2 + 5x 3 = 21 
3x,+6x 2 + jt 3 = 31 
x, + 8x 2 + 3a- 3 = 37 

("4 2 5 121 "I 
9]= 3 6 1 31 
L 1 8 3 1 37 J 



: c-tci lij 5.34 J*! .5.37 



j ^ JjVl i—ivJI Vj-iJ .la 



3 6 i hi 

1 8 3 I 37 



. iiJlslI oivJI ^ JjVl *-A*JI c >j ^U)l ui^JI ^ 3 JjMl ^Jl 



j ^ i- a - /it l v'j^" 



■y C^- 5 *2 J a^ 1 • Jj*il ^«-JI j-o^jj^ ^lill ^i-JI v _^is .26 



^ i_,s viJUJI i-Jj-" -3a 



0 1 

.0 0 



1 1 1 



J\ |i J .iJkll ^11 . JjMl ^ivJI ^^jf cJUJI >j*JI .36 

"I 0 0|2- 



[1 0 0 12-1 
0 1 0 4 
0 0 1 11 J 



5.38. Redo Problem 5.34, given 



2x, +4x 2 + 7i 3 = 82 
6xi -3x 2 + x 3 = 11 
X, +2x 2 -5x 3 = -27 



xi =4 , X] =2 lij 

: cJ»ei lij 5.34 J» j*t .5.38 



- 178 - 



r2 4 7 1 82-1 
[A|B]= 6 -3 1 U 
Ll 2 -5 I -27 J 



j ^ JjVl V-r*^ - la 



rl 2 I i 41-1 

6-3 .11 

L 1 2 -5 I -27 J 

. LtJliil <_i*all Jj^JI >-A*aJl (.s 5 ^' «-i-^JI 4*- jJai j 6 ^ Jj^l <-A+a. W t_J_ r sii -16 

rl 2 J I 41-1 

0 -15 -20 -235 

Lo 0 -U I -68 J 



. --jL ^ ^Ul 



[12 | , 4,-1 

o i } ¥ 

Lo 0 



: y> UT liJbJI ^wJI J^ij . JjMt ^Jl ^> i^ti. 2 ,y ^Ul ^>s*j .2b 

Lo o 
-i o i 

o 1 | 
.0 0 1 

4^ jiajj -| ^3 k^JUJl t_AvaJI V^^J - «-b^l «_i*JI ^ 4^ jki^ |- ^3 LlJUJI > fl.^ll *~J .3£> 
0 0|3" 



5.39. Redo Problem 5.34, given 



rl 0 0,3-, 

0 1 0 5 
LO 0 1 18 J 



5*i -2X2= -3 
4xi + 9x 2 = 51 
- 6x 2 - *3 = -36 



[-5 0 -2 1 -3-1 
[A|B]= 4 9 0 51 
Lo -6 — 1 1 —36 J 



X2 — 5 . xi =3 lil 

: oJ^i lil 5.34 .5.39 



r> ° -ii-ii 

I 4 9 0 51 
LO -6 -1 I -36 J 



F 

Lo 



^ j^lill t-jj^ -2" 



.0 -6 -1 



15 ,y viJUll . 



.3a 



~45 u* '-^l Vj-^J • Jj^ 1 '-i^ 1 J! f ^ ljL^JI Ljj-Ai 



[1 0 Ol-3-l 
0 1 0 7 
0 0 1 I -6 J 



13 =-6 r 12=7 i xi =-3 lij 



Refer to the following matrices in answering the questions below: 




Matrix Format ja-aJI 4pL*s 

5.40. Give the dimensions of (a) A, (A) C, (c) E, and (</) G. . G (d) . E (c) , B (b) . A (a) iUjt .5.40 
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: j-^LuJ! o^U! oU^i-^J! y .5.41 

5.41. In the matrices above, identify the following elements: 

(a) oat (6) f>i 2 (c) c 23 («") d, 2 (e) «i (/) / 12 («) g 13 (*) s 32 (i) h-a (J) ka- 

. H' (d) • F' (c) . D' (b) . B' (a) : iJUl ijjjuil oUywll Jt=-j! .5.42 

5.42. Find the following transpose matrices: (a) B', (o) «'. (r) f, and W) H'. 



. H' (d) . F' (c) < D' (6) , B' (a) : JJkll SjjJuJI oli^JI ^U,l j^-jl .5.43 

5.43. Give the dimensions of the following transpose matrices: (a) B', (b) D', (c) F\ and (d) H' . 

Addition and Subtraction of Matrices OlS j a«a«Jl £^Jej 

. G + H (d) . E + F (c) . C+D (b) ■ A +B (a) : J± U j^^^. J^j! .5.44 

5.44. Find the following sums: {a) A + B (b) C + D (c) E + F (d)G + H. 

. G-H (d) . E-F (c) . C-D (b) , A -B (a) : U JjJ .5.45 

5.45. Find the following differences: (a) A — B (b) C - D (c) E - F id) G — H. 

Matrix Multiplication OlijiL^Jl c-j j& 

'. iJUJI eJb.JL>JI oliy^JI ^Uu.)l i-L^Vl olijff.^ftU pjj>«^l .5.46 

5.46. Using the original matrices above, find the following product matrices: 
(a) AB, (6) CE, (c) FD, (d) GH, (e) EA, (/) GF, (g) CH, and («) BD, 

Gaussian Elimination Method ^jls^J i-i.i?xJl i&jk 

: iJUJI SJaiJl o"iiU»JI ^ ^jUJ oiJUl .5.47 

5.47. Use the Gaussian elimination method to solve each of the following systems of linear equations: 
(a) 4x+7y=131 (o) 6x+5y = 51 

8x-3y = 41 -x + 8y = 124 

(c) llx-4y = 256 (d) -13x + 9y=15 

3x + 6y = 6 7x - 2y = -28 

: ^jUJ jj^JI *i> fl.iii~.ij SJUI J=- .5.48 

5.48. Solve the following equations using the Gaussian elimination method: 

(a) 3*1 + 6x 2 - 5j: 3 = -S 5xi + 8x 2 + 2x 3 = 26 

4x, - 7x 2 + 2x 3 = -6 7X2 - 4x 3 = 6 

-xi + 8x 2 + 9x 3 = 93 -xi + 9x 3 = 89 

(c) 12X2+9X3 = 84 (d) llX! -8x2-6x3 = 133 

-5x, + 6x2 - 2x 3 = -122 4x, + 7x 3 = -41 

8xi -3X3 =48 2xi+5X2-3x3 = 71 
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5.40. (a) A ~2 x 2 (6) C = 2 x 3 

5.41. (a)o 2 l=3 (6)i>, 2 =6 (c) CJ3 = - 
(/)/„ = -9 <«)g, 3 =-15 (*)%, = - 



GO E = 3 x 2 (d) G = 

5 <<0«12 = 15 (e)«3i=4 

6 (i) A23 -*--■ W) *3l = 13 



5.42. (a) B' 



GO f' = 



-C 1] 



8 



5.43. (a) D' = 2 x2 (i>) D' = 3 
Pis 1 1 

5.44. (a) ,4 + B = 



GO £ + f 

5.45. (a) A — 5 

GO E — F 

5.46. (a) /I i = 

GO FD 



-[',' !] 
r 9 - ,6 i 

= 17 20 
L 7 llj 

=[;-"] 
■[■ i 



[66 43] 
13 22 



[18 132 . -47-1 

68 136 18 

59 -83 124 J 

I" 19 -53-1 

138 43 

L 17 -40 J 

(i) ch = \ 203 - 205 - 4 1 

<*' LW -[-5l 247 34 J 



W EA 



5.47. (a) j = 10, y = 13 
(c) 'x = 20,y = -9 



r 6 -2 13-1 
//' = 8 14 -9 
L-l 5 3j 



12 7 17] 
8 3 2 



r 2 17 14-1 
(d) G + H = 3 26 -4 
L31 -15 23 J 

... „ „ f-6 -23 91 
<« C -°=[ 4 ,9 -I2J 

r-10 1 16-1 
(<0 G-tf = 7 -2 -14 

L 5 3 17 J 

[109 225j 

[ 153 -41 94-1 

-111 289 28 

380 -120 I2J 



258-1 
-213 
170 J 



bdJ 75 57 70 1 

[-16 -38 -lj 



(*) x = -4,y = 15 
GO x = -6, y = -7 



5.48. (a) j:, = 2, jc 2 = 4, x 3 = 7 

GO -tl = 12, x 2 = -5, i' 3 = 16 



(b) x\ = -8, xz = 6, jr 3 = 
(<f) = 9, X2 = 4, a: 3 = 
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Solving Linear Equations with Matrix Algebra 

Determinants and Linear Independence Ja*i\ J^-5a-j*lf1 j Obo^tjl 6.1 

Lo5" o^Lmj i.U\— ol_^-i^» j_5.i1- ijjH^t f 1 ^ Ols ■%>-.} J»- ^ry. ^ 

S_Jlill i->-j-dl JJ->n ^ a 2x2 4i_5i^iJ |a| iJ^j . 4 o5UU«JI Si^ji^ jj»^o ills 

^^^iuJI ^-jj^i ^ 43- ^-^'^1 (je-j-^^' ^*r*> gf'^ ■^■^ cj^J a second order determinant 




011 012! 

021 fl22 J 



IAI = k.X,^ (+) = a n«2l - «12«21 

li^jivajls | A I* 0 OLS li! Lai . Singular Si jut i9^A*i*JI L5 *— i'j v^V- ls*"^* ^^>»aJI o^i ! A | = 0 

j_^5'"ill iJjJU p is^c^vJI iJ^j'j . Lias- J_li.l_.-a l^jJUJ- \j l^ija.^ _J5" 01 • b'ijJW 0j&' 

. 1.6 ijL-vsJtj 1 JUo Jiu\ . is^A^JI .y Uki- iUxwJl S_Uj;S.! j. OjA^aJi \y 
EXAMPLE 1. Determinants arc calculated as follows, given : ji c~Jip lil .jL US' ob-l»*«JI : 1 J^* 

:] ~G ''] 

: J* j**>j (4.6) ^jJI 

|A| = 7(5)-4(6) = 11 

. o-L-g-p^H ji 1 _ 5 -ia^- J -I ^=r^i l?*^ ijj»j ■ oi yi* ifl^i^JU I A I ^ 0 01 

.^jU^ JS^JJ . p(A)-2 u^Sj' 2 .y> A 4._aAva*JI ijjj 0^3 UUi- iii^o b'-UJ^Ij 0J 

: jt 

|B| = 8(3)- 12(2) = 0 
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. Jj^l ij__wJI t-J_pi 1.5 ^jLo ijAjJIj L5*^' *-i*aJI V-r-^ 4 t_Sj'— »i Jj*^ uUaM 01 Ja^-^Li L*as-li 

. p(B)= 1 Jjil ^ o Jl>-Ij i ja-E-J) J^-lj JaSs J^-j}iJ 

Third-Order Determinants Siltill Ssr yJl ObJbi* 6.2 

AWsi^o ijjJaJi J^—lj • iii^j) Jjjk 3J«J o-iW^.! j^iJ is-jjJI iJusta l _ y *—J. 3x3 A9^4«axJI iJ>^ 

ail "12 013" 

#21 #22 fl 23 
031 032 033 

.6-1 J5LiJI ^ ^sij-a y> US' jjiy^ JjI iiliS* js- \ ^j^o-ll c-J*M US' 4j^i..^Jt i r *^S'l .1 

*11 "12 <, 13~| a ll °12 

\ x :< / 

°2l a Xi "23 a t\ a tz 

/XXX 

d3 t «32 «33 o 3 j a 32 

(6-1) JS^ 

|<4| = a\\a-nfi>yh + 012023031 + "13021032 — [031022013 + "32023011 + 033O21O12] 

|j4| = OH022033 + 012023031 + 013021032 — 031022013 — 032fl230n — 0330 2 lfll2 



EXAMPLE 2. Given 



r 9 1 "1 

1= 4 6 5 
L3 7 2J 



: oJ*I IS} : 2 Jlt» 

. (6-2) JS^Jl 



(6-2)j£i 

\A\ =9 6 2+ 1 -5. 3 + 8-4-7- [3 -6-8 + 7-5-9 + 2-4-1] 
\A\ = 108 + 15 + 224 - [144 + 315 + 8] = 347 - 467 = -120 

. 2.6 i)L*JI >il . p(A) = 3 aJjIIj 5j jjlo A Ssji^l llj . Ul *0 jl , 



aJasiJl O^aUjl J*J ^IjTSJlPlS 6,3 
Cramer's Rule for Solving Linear Equations 

Uil ■ o^UL«aJI SJji^u ij^j, |/\| , o^L^I pUi: SJj4^JI olj-JuiJI ,_,_» x, : 

. 4.6 j 3.6 JiL~Jlj 4 , 3 JliiMl jJiil . /t f 

: 2 x 2 UaiJI c/ibUJI (.Ik .Uii y.1 jf SJ*li o*JL>^-l : 3 Jl£» 
EXAMPLE 3. Cramer's rule is used below to solve the 2 x 2 system of linear equations 

8*1 +9X2 = 61 
Ml » 3(9) - 7(8) = -29 

• -^J J*- V 1 ^- 0 i ■ A rj*J • or^^-^ 1 OVj jSj <jkbU*J lj Siyi* A is y-^J li j A I ^ 0 0 j i^U**-J 

'■■[« ;] 

=41(9) -7(61) = -58 

Mjl -58 
' -29 2 

vi_=~ x 2 0^>l_« ^ji^, ^jJI ^lill B c^ijiil toa, J j- j£ *2 ^W^j .4 

«] 
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|A 2 | =3(61) -41(8) = -145 

"- ' . . ^IjS oJLpLs d -*4-« £ ' ^Jj*^— 

^| = -145 

|A| -29 

. yl/sjpU oliiT JjU» 3x3 SJaiJI o^U*JI f Ua : 4 JUk 
EXAMPLE 4. The 3x3 system of linear equations below is solved with Cramer's rule. 

4*1+2*2+7*3 = 35 
3*i + *2 + 8* 3 =25 
5*i + 3*2 + * 3 = 40 



[iiilM 



|M|=4-l-l+2-8.5 + 7-3-3-[5-l-7 + 3-8-4+l-3-2] 
= 4 + 80 + 63 -[35 + 96 + 6] = 147-137= 10^0 
*, o^ULjw i^j-^j ijJlJI JjVl j^j«JI c^l^iil J>U-j J>U- j« A] dJuJl9- 4s^is<M .3 

. *i Jj~jj LJ S3 



[35 2 7-1 
25 I 8 
40 3 lJ 



=35- 1 -l+2 - 8-40 + 7 - 25 - 3-[40-l - 7 + 3 -8-35 + 1 -25-2] 
= 35 + 640 + 525 - [280 + 840 + 50] = 1200-1170 = 30 

. j-oljS" SJlP-U ^J^e^-j jVJ 

■5-3 



|Ai] 



r4 35 7-1 



r 35 7 l 

1 = 3 25 8 I 
L5 40 lJ 



\Ai\ =4-25- l + 35-8-5 + 7-3-4O-[5-25-7 + 40-8-4 + 1 3-35] 
= 100+ 1400 + 840 - [875 + 1280 + 105] = 2340 - 2260 = 80 



— _ \M\ 80 

r4 2 351 



r i 

A 3 = 3 1 25 
L5 3 40J 



I A 3 1 = 4 ■ 1 ■ 40 + 2 • 25 ■ 5 + 35 • 3 • 3 - [5 ■ 1 • 35 + 3 • 25 • 4 + 40 • 3 ■ 2] 

= 160 + 250 + 315 -(175 + 300 + 240] = 725 -715 = 10 

3f3 = id3l = ]0 = 1 
\A\ 10 

. 6.14 J\ 6.8 JsL-JI J»\ . JSS - j.lkJI oji ol^JI A^i J^; l^i SAsls iosU 

Inverse Matrices j£*Jt Oli ji*&Jt 6.4 

: SiUJI Ji^'j S-L^j iiji^u, j^Sj iiyiJI ^ji-j Sju^I 3jji^»i) iis Ji>-jj /T 1 4«jSU»JI Siji^JI 
/t/T 1 = / = A~'A 

u"J^ S- 2 ;.^ «-ij « <« nJ I ^-Zt-s . tpL-JI _^JI ^ reciprocal ^-i; Ji»J JaiJI j*>JI ^ 

. 6.5 n hjill ^9 

3_<i jSokJI is ji.sfl.Jl t/j^ ^ 6.5 
Gaussian Method of Finding An Inverse Matrix. 

(A-'MI/GT 1 ) 

^1 ^vaiio. IJ^i 5.31 aJL^JIj 6.4 

■ 6 - 7 J! 6 - 5 JjL-JIj 5 Jh. jfci ^1 s-jSUJi ay^Jij jUJl j\ tiH\ sj^JI ay^ 

J j-jSUJI sUuJ ^.jUJ JJttJI Si> jU^ : 5 Jli» 
EXAMPLE 5. To use the Gaussian elimination method to find the inverse for 
r4 2 71 



l-f S 1 si 
L5 3 lJ 
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[4 2 711 0 0-1 
3 18 0 10 
5 3 1 lo 0 1 J 

\ US' 5.10 j 5.9 p~d\ 

. a u 1 ls^* J- 1 ""^ 4 ij Jj*^' • la 

[1 5 ill 0 0-1 

3 1 8 0 1 0 
Ls 3 1 lo 0 1 J 

"hj ,„vl liJUIl t^J^j 5 ^ JjMl i_ J i v a)l tJr-^J (.s^' <-«vJI 3 ^ JjSfl Vj-^ ■ 

. JjSlI ij~JI 

M : I i 0 o-| 

Lo J -2f -I 0 1 J 

. a 2 2 ,y 1 J**»^ -2 ^ ^UJI t-jiyaJI U^,* . 2a 



rl 1 ' 


j 0 0- 


0 1 


§ -2 0 


Lo k -f 


-I 0 J 



: ^»fli jyLa cJidij jjSii olji j, v-j^j { j UmJI ■ 2fc 

p 0 J -J 1 on 

oi-^|-20 
Lo 0 -5 -2 1 1J 

. a 33 jJj»JI 1 Js- ^ cJliJI Vj-*" • 3a 

rl 0 I -{ 1 0-1 
0 1 -4f § -2 0 

Lo 0 1 } -i -j J 

^JI LS JI*^j -U- ^ eJUJI oivJI . JjVl^Jljj.to-jtij f ^ ^Jbil ^wJI • 3* 

: oJUIl ij^J ^Wl 

_ 23 19 9 -. 

10 0 ~W TO IB 

n 1 n 37 31 11 

0 10 15 —TO ~ TO 

LO 0 1 2 _, _1 J 
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[-2.3 1.9 0.9 "I 
-3.7 -3.1 -1.1 
0.4 -0.2 -0.2 J 

EXAMPLE 6. Since by definition AA~ l = I, the accuracy of an inverse can always be checked by multiplying the 
original matrix by the inverse to be sure the product is an identity matrix. Using A and A -1 from Example 5, 

[4 2 7-tr-2.3 1.9 0.9-1 

3 1 8 3.7 -3.1 -1.1 
5 3 1 J L 0.4 -0.2 -0.2 J 
T4(-2.3) + 2(3.7) + 7(0.4) 4(1.9) + 2(-3.1) + 7(-0.2) 4(0.9) + 2(-l.l) + 7(-0.2) "| 
AA-' = \ 3(-2.3) + 1(3.7) + 8(0.4) 3(1.9) + K-3.1) + 8(-0.2) 3(0.9) + l(-l.l) + 8(-0.2) 
L5(-2.3) + 3(3.7) + 1(0.4) 5(1.9) + 3(-3.1) + K-0.2) 5(0.9) + 3(-l.l) + K-0.2) J 

poo-, 

AA" 1 = 0 1 0 
Lo 0 ij 

j-* ir^J 1 > il1 J* j^- ¥ A-'A gi-LJI jUM J5U- ,y i„jSU*JI iiy^l y, jftll JiU. j^V 
• • J! l^ 1 V-W jSV^I J I'-Mj j' L5jl-i- V ^1 ^L*JJ !>LkJI j^UI dUi' 

jSUjl 3i ja^uJIj aJaAJl oVibtJl J*- 6.6 

Solving Linear Equations With An Inverse Matrix. 

oils' liu . ay^Ji o^jUu y ;l.^su<JI ujjL^JI f-iAa-j oi 

A»x»X„ X i = B„ xl 

ls^ J*»~ Ul^i JJ UJI ^J\J> ^Ljlj A" 1 ^ SbUJI ^J. ^jj> op A"' S-,jSUaJI iiy^A\ J^jJj 

>ilJi] A~'A = / 6.4 (v-iJI . ^ .kS fl„ x] j A„ X „X„ X1 £. SifU^. A~ ! ji Ji=-~i! 

/,x„X„ x , = A„- X „5„ x , 

K = X .5.31 SJLaJI ^.j 

X„ x , =(A-'B)„ X| 

. 6.15 j 6.7 J\ 6.5 JjL^JIj 7 Jli« jkl . syj> <^ 

. ay^. j x 3 . x 2 , x, J 4 JUJI ju, ol>UJi ^iki oij^t aji^ji ^.jSU* j-j^i : 7 Jl*» 

EXAMPLE 7. Matrix inversion is used below to solve the system of equations from Example 4 for x\, x 2 , and X3, 

where in matrix form 
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[5 3 JL 3 ] Lo] 

; . 6.6 j*~Ji)l JJ> 

[-2.3 1.9 0.9-1 1-35-1 

3.7 -3.1 -1.1 25 
0.4 -0.2 -0.2 J 1.40 J 

[-2.3(35) +1.9(25) +0.9(40)-! r3"| 
3.7(35) -3.1(25) -1.1(40) = 8 
0.4(35) -0.2(25) -0.2(40) J LlJ 



. / sj*U; aL-Ji ^ja cuU ^ 4 jtuJi j ^ JjJI ii» o_>is 
Business and Economic Applications SjiiUaaSt oULJa? 6.7 

J.JU io^l o'ibUJI j-Uii JiLj J^J Sjb)llj )UiHI J 5iU J-jSUJI ay^Jlj ^.Ijf 5.1*13 ^Ji^-J- 
j__k- Jjfji Cii IS-LM JJUi y,\£ SJitlS ,£_ko Ijloj . v^ 1 J^'J IS-LM J~l~ 

. LM j IS olMu o-Lt! li^s . Sa>UI JiL_JI ^^Jlj v^ 1 J*^' J* S-j 5 ^ 1 «>U*-JI 
0.3K + lOO; =252 
0.257 - 200i = 176 



a 



A = 0.3(-200) - 100(0.25) = -60 - 25 = -85 

. y J^1/i ijAjJI ^ y o^-oUoi ijA^ 6 ojl^iil i J ^^^j 

_ [252 1001 
1 ~ 176 -200 



\A t \ = 252(-200) - 100(176) = -50,400 - 17,600 = -68,000 

0U dUJJj 
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|A 2 |=| 



[0.3 252] 
0:25 176 



\A 2 \ = 0.3(176) - 252(0.25) = 52.8 - 63 = -10.2 



My = -10 J 2 = 
' Ml -85 

. 6.15 Jl 6.8 Jsl~JI tUii >il . cjiJl Sijt flji^L cJl- SJt_JI ^ d—- 4.21 SiLjl Jz\ 



Special Determinants i^b^ obJbu 6.8 

Jacobian Ji. S*U iwi iiljlj . Sjb)h < iUsS'ill ^9 «U oUjieU I4I ^Ij i^UJI oIjji»-JU luJl, 
.Dowling, Innoduction to Mathematical Economics. Chapterl2 : Jii\ discreiminant j bordered Hessian .Hessian 

Determinants ObJbwJl 

. SsjiviJI 4jj <b_^« j| ojyU SjyUiJI CJ1S" li) U SJLdl oliy^JI jjl>*» Os«-jT .6.1 
6.1. For each of following 2x2 matrices, find the determinant to determine whether the matrix is singular 
or nonsingular, and indicate the rank of the matrix. 

*-[;.;] 

Ml =5(4) -2(9) = 2' 



• P (A) = 2 ^ y4 49^i^i*J I iLj'j 0^3 Llai- ^Jji^o jji^AJ^j ^ir^v 

(A) 



[12 201 
15 11 



|B| = 12(11) -20(15) = -168 

. p(B)~2 j t 6j jio ^ A3jff,,^o ZJ !ij 

|C| = 24(20) - 30(16) = 0 

1.5 Jj'il ^i_vall 01 J->=j ^Wa^li OjiiUj . p(C) = I jli Jji^~° Jy^J Jjh~a Ji^lj 

. JjlH ijAjdl i_J^i» 1.25 y> ^jjUll JjajJIj ^UJl ' ■ rt .,al 1 i_Jj^s 
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( Oli jLaJ\ J*-}- SJasfJl oViUjl ),yjUl J«fli)l 



W) 



D = 



[ 2 8 'l 
k 5 4 



; ii^i^iaji i^'j t j-Pj oUjg^iaJl 3lM .6.2 

6.2. For each of the following 3x3 matrices, find the determinant and indicate the rank of the matrix. 



r 7 1 4 r 1 

5 2 9 5 2 
L8 6 3J 8 6 

. 6-3 JOJIj 2 JU<JI ^ US" j^>jj t-uj 



\ x :< x 
WxV 

i 6 3 8 6 
(6-3) JSti 



|A|=7-2-3+l-9-8+4-5-6- [8 -2-4 + 6- 9-7 + 3-5-1] 
\A\ = 42 + 72 + 120 - [64 + 378 + 15] = 234 - 457 = -223 



2 7 3 



1 (6-4) JSLiJI ^ iJcoo-JI Sjji^JI . 



\ X X X 

WxV 

5 8 6 5 8 

(6-4) j£i 



|g| = 4-7-6 + 1-3- 5 + 9-2-8- [5 -7-9 + 8-3-4 + 6-2-1] 
\B\ = 168 + 15 + 144 - [315 + 96 + 12] = 327 - 423 = -96 

. p(B) = 3 '. Sijju jJ> B as^A^iaJI 
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2 5 9 
16 4 20 
28 7 35 



. iJL^JS (6-5) JSLiJl ^ US' oJc^-JI iij^^Jl 



« 7 35j 2 

(6-5) JSC4 



|C| = 2- 4-35 + 5- 20 -28 + 9- 16-7- [28 -4- 9 + 7- 20 -2 + 35- 16-5] 
|C| = 280 + 2800 + 1008 - [1008 + 280 + 2800] = 4088 - 4088 = 0 

. Lij. i'lav ,.,» ^^-i S-ftWI S-U^-S/lj cJyuJI jli JUlljj . iijit C I d = 0 o) ii~»-J 

i^J= i^Jj J^iL— f-L-t iJ^.. _,U>-I 0^9 liUjJj p(Q?i3 jij 

^Jy^p jl ^„ .i i .^ 0^ ISJ U «-ivaJI 1 .75 3 i,. a ,, r* , U Lfcj . J ^Uu-.'l/l 

. jl_JI J\ l_jUJ! ^ 2 x 2 

|Cll = |l6 4|= 2 ( 4 )- 5 ('«) = - 72 ^ 0 
. p(Q = 2 : C iijivnJI j j^Ux— o ob^*) oU»» j^-y_ lij I Ci I * 0 61 

Cramer's Rule o.lPli 

: SJUll S^i o^jUJI aJj^^JI ol^xJI yl/ ijtli .6.3 

6.3. Use Cramer's rule to solve for the unknown variables in each of the following 2x2 systems of 
simultaneous equations. 

(a) 8*, + 3x 2 = 14 
9*i + 2x 2 = 24 



Ml = 8(2) -3(9) = -11 ^ 

. X, JjSlI 
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Mil = 14(2) - 3(24) = 28 — 72 = -44 

^S* oJLtli ^J^JC-oJ 

= Jd!i = zfl = 4 
1 |/t| II 

*-CS] 

|/t 2 | =8(24) -14(9) = 192 - 126 = 66 ^ 
— M2I 66 

(ft) 10* + 12y = -27 
18*- 4? = -55 



A ■ X = B U5 

[: "][;]= ra 

Ml =I0(-4)- 12(18) = -256 

. (a) US" JjVl jjiuJI pI^I ^ J: 

"] 

Mil = -27(-4) - 12(-55) = 108 + 660 = 768 



Mil _ 768 
' Ml ~~ -256 



= -3 

(a) <.^»JI ,y US* ^jliil ^ccaJI . y i»J JLrji O'Jlj 



A I" 10 - 27 1 

" i- Li» -55J 



M2I = 10(-55) - (-27K18) = -550 + 486 = -64 

M 2 | = -64 1 
y Ml -256 4 

(c) 15p, - 4f> 2 = 39 
-7pi+22p 2 = 163 



A [ -1 22] 
Ml = 15(22) - (-4K-7) = 330 - 28 = 302 
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Mil = 39(22) - (-4)(163) = 858 + 652 = 1510 
_ _ Mil 1510 . 



* 2= [-7 Iffl] 



|A 2 | = 15(163) - 39(-7) = 2445 + 273 = 2718 
M 2 | 2718 „ 



(d) 20Q, +45Q 2 = 950 
36<2j + 50Q 2 = 1400 



P 20 45] 



I A\ = 20(50) - 45(36) = 1000 - 1620 = -620 

r o5n d^i 

A, = 



r950 
141X1 



451 
50 J 



Mil = 950(50) - 45(1400) = 47,500 - 63,'000 



Ml -620 



f20 950] 
42 -[36 I400j 



M2I = 20(1400) - 950(36) = 28,000 - 34,200 = -6200 

M 2 | =Z 6200 = 10 
^ 2 \A\ -620 

: JJbil Jj'SI o1liU»JI flkJ Uj«~»JI oljJtwJI iUu.)l ^1 / iiJplj .6.4 
6.4. Use Cramer's rule to solve for the unknown variables in each of the following 3x3 systems of 
simultaneous equations. 

(ft) 3*, + 8x 2 + 2* 3 = 67 
4*1 + 6*2 + 9*3 = 36 
7*, + * 2 + 5*3 = 49 



■G i i] 



- 195 - 



. 6.2 ilL-Jlj 6.2 jv— JiJI y> v_JL.SH j-J-i 
I -4| = 3- 6- 5 + 8- 9-7 + 2- 41 -[7-6-2+1-9-3 + 5- 4- 8] 
|A| =90 + 504 + 8 - [84 + 27+ 160] = 602 - 271 =331 



67 8 2 
-4, = I 36 6 9 
1.49 1 5 

= 67- 6-5 + 8 -9 -49 + 2 -36- l-[49-6-2 + 1-9 - 67 + 5 -36- 8] 
Mil = 2010 + 3528 + 72 - [588 + 603 + 1440] = 5610 - 2631 = 2979 
2979 „ 



*1 



331 



1-3 67 2". 
A 2 = 4 36 9 
1.7 49 5J 



. x 2 -Uu.l 



|/t 2 1 = 3 • 36 - 5 + 67 • 9 • 7 + 2 • 4 - 49 - [7 ■ 36 ■ 2 + 49 ■ 9 ■ 3 + 5 • 4 - 67] 
I A 2 \ = 540 + 4221 + 392 - [504 + 1323 + 1340] = 5153 - 3167 = 1986 
1986 



*2 = 



331 



= 6 



[3 8 67-1 
4 6 36 
7 1 49J 



*3 



|-4 3 |=3 6-49 + 8 -36 7 + 67-4-1 -[7-6-67 + 1 - 36- 3 + 49-4 - 8] 
|-4 3 | = 882 + 2016 + 268 - [2814 + 108 + 1568] = 3166 - 4490 = -1324 
_ |/t 3 | -1324 

J:3 = w = ^3r =_4 

-5pi + P2 + 2p 3 = -6 
2pi-9p 2 + w = -14 
3pi+ P2-8?3 = -58 



/I = 



2 -9 



1 -8 



|-4| = (-5X-9X-8) + (I)(l)(3) + (2)(2)(1) 

- [(3)(-9)(2) + (l)(0(-5) + (-8)(2)(1)] 
|-4| = -360 + 3 + 4 - [-54 - 5 - 16] = -353 + 75 = -278 
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( OlS jijsjl 3Js»Jl oViUjI ) ^ilJS J~aii\ 



-6 
-14 
-58 



1 -8 



Mil = (-6)(-9)(-8) + (l)(l)(-58) Tt2)(-14)(l) 

- [(-58)(-9)(2) + (l)(l)(-6) + (-8)(-14)(l)] 
\Ai\ = -432 - 58 - 28 -[1044 - 6+ 112] = -518 -1150 = 



Pi = ' 



|/4,| _ -1668 
-278 



= 6 



• P2 



3 -58 -8 



Mil = <-5)(-14)(-8) + (-6)<1)(3) + (2)(2)(-58) 

- [(3)(-14)(2) + (-58)(l)(-5) + (-8)(2)(-6)] 
\A 2 \ = -560- 18 - 232 -(-84 + 290 + 96] = -810-302 = -1112 



Pi- 



rn 



-1112 
-278 



= 4 



1 -58 



Msl = (-5)(-9)(-58) + (l)(-14)(3) + (-6)(2)(1) 

- [(3)(-9)(-6) + (l)(-14)(-5) + (-58)(2)(1)] 
\A 3 l = -2610 - 42 - 12 - [162 + 70 - 1 16] = -2664 - 116 = -2780 



_ m 
p ' = w : 



-2780 



= 10 



(c) 16* - 3^+10z= 8 
-4* + 18y + 14z = 12 
28x + 42y- 6z = 18 



[16 -3 10-1 
-4 18 14 
28 42 -6 J 



|A| = (16)(18)(-6) + (-3)(14)(28) + (10)(-4)(42) 

- [(28)(18)(10) + (42)(14)(16) + (-6)(-4)(-3)] 
\A\ = -1728 - 1176 - 1680 - [5040 + 9408 - 72] = -18,960 
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-4, 



[8 -3 10-1 
12 18 14 
18 42 -6 J 



1*1 1 = (8)(18)(-6) + (-3)(14)(18)Ttl0)(12)(42) 

- [(18)(18)(10) + (42)(14)(8) + (-6)(12)(-3)] 
|*l| = -864 - 756 + 5040- [3240 + 4704 + 216] = -4740 



[16 8 10-1 
-4 12 14 
28 18 -6J 



|i4 2 | = (16)(12)(-6) + (8)(14)(28) + (10)(-4)(18) 

- [(28)(12)(10) + (I8)(14)<16) + (-6)(-4)(8)] 
l*2l = - 1 152 + 3136 - 720 - [3360 + 4032 + 192] = -6320 

- _ l*2l -6320 1 
y ~ |*| -18,960 ~ 3 



28 42 



18 J 



|*3l = (16)(18)(18) + (-3)(12)(28) + (8)(-4)(42) 
- [(28)(18)(8) + (42)(12)(16) + (18)(-4)(-3)] 
l*3l = 5184 - 1008 - 1344 - [4032 + 8064 + 216] = -9480 

__|* 3 [ -9480 _ 1 
Z ~ |/t| -18,960 ~ 2 

Inverse Matrices Oli j L gJi\ 

c~ksl lij asy^jJI j.ljii«x-.L. a j^j^J! cj\jJa>i\ <UJ (6) j * ' ay^JI j^-ji (a) 6.5 

6.5. (a) Find the inverse matrix A~* and (6) solve for the unknown variables using the inverse matrix, 
given 

3*i+7i2=41 
8jt, + 9x 2 = 61 

. Sj-u^)l Si^JI jj> ^ 5 pjj JUJIj 6.5 ^-il! j-jU jjbJI 4i> f OAo-l (a) 

[3 71. 01 
8 9 0 1 
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. a u gyJI |ji 1 ^jU- J~**J j ^ Jj'^l Vj-^ - la 

r> sit °i 

L 8 9 1° 1 J 

P -*l 1 °1 
Lo -f |-f ij 

. 0 2 2 ^ 1 ^Js- J^>=«J -"^ ^ ^Ul ^Jj-^ - 2o 

. ^LiJI J^^jJi ^.^—J Jj'lH *-<WaJi ,jJ> 4i- Jajj -j ^ <-i*aJI i^J ^^ij .2b 

fi o|-# i] 

lo 1 A _ij 



^' = [1 j] 



. 7 JUJIj 6.6 ^y. <-^V l j-* 5 Cr 1 (W 

x =[1 i][«] 

29 29 

r-|(4i)+i(«i)-| rgi j2] 

L A(41)-A(61)J Lf J H 

6.6. Redo Problem 6.5, given : ^! 6.5 J*- jipI .6.6 

8xi+3*i = 14 
9*i + 2jt 2 = 24 

[8 3 1 1 Ol 
[9 2 10 IJ 

. a„ jSjaJI ^ 1 ^ Jv^J ^ ^ Jj'HI uyii .la 
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f 1 3J* °1 

[9 2^0 lj 



. JjSlt ijAjJl ^LiJi <-ji*all j^i 4^- _ ; isuj 9 ^ Jj Vl i—iyaJi i_J j^ij . 16 

C 1 1 tJLl 



Lo -ft J 



^yliJl ijAjJl J J "il yal I ^ d^>- jlaij ^ ^^J' ' jy-jU i_J j^iiJ .lb 

r i o i —-ft ft] 

Lo 'I ft -ftJ 



it 



ft(i4) + ft(24)-| = r "-I r «t 

04)-ft(24)J L-ffJ L- 6 J 



. 6.3(a) SJL-JI J»JI lj* jjls 

6.7. Redo Problem 6.5, given : o-Lti lil 6.5 J>- ju>i .6.7 

3j:i + 8x 2 + 2x } = 67 
4*, +6*2 + 9*3 = 36 

7*, + JT2 + 5JT3 =49 

[3 8 211 0 0 
4 6 9 0 1 0 
7 15 10 0 1 

. a u £3^11 ^ 1 ^jlp J-***^ 3 (jj Jj^i V-AvaJI V-r-^ 



[l I § \\ oo-i 
4 6 9 0 1 0 
7 1 5 lo 0 1 J 
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. Jjlll ijAjJI 4j.j«wJ liJUIl i_i*aJI 



0 -T 
o -a 



■ "22 >-%*il ^ 1 ^ J^«J --jj ,y ^bll ^L/J\ ^>yH -2a 



Jl f- <j*JI v-^iJj . JjSfl ^Jl 4^>i_5 | J ^lill .26 

. ijAjJl i>^-aj i^JliJI i a., fill 



a 33 tJSyJI ^ I ^Js- J~a=ijJ ^ liJUJI t^ivJI Vj-^ 1 -3° 



J! {f oJlsJI «_i*JI u>i JjVl ^-i*JI ^ 4j->jj * ^ cJlill .36 

. cJkiil aj^-i^J ' fc^all 



r 21 -38 60-i 

33T 43 1 - 19 

L-38 53 -14j 



L-38 



60-1 r67"| 
-19 36 
-14 J L49J 



2 1(67) -38(36) + 60(49) T 
43(67)+ 1(36) -19(49) 
38(67) + 53(36) -14(49) J 



-€=Hi] 

. 6.4(a) JJL-JI ^ JJI £. J^JI li* jjU 
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Economic and Business Applications ioUasSl j hj\i\ oU-JaJ 

: c~Ui li| . 2 i^Sllj P ^jljJI lSjf-^ 1 ->^.V y\f j-^-l -6-8 
6.8. Use Cramer's rule to solve for the equilibrium level of price 7 and quantity Q, given 
a i J J|:-7P+J4fi = -42 
^JJJI : 3/> + 12Q = 90 



[ 3 u][e] [ 90] 



|A| = -7(12) - 14(3) = -126 



-42 14 
90 12 



= -42(12) - 14(90) = -1764 



|-4i| _ -1764 
|A| " -126 



Mil = I ~' I = -7(90) - (-42)0) = -504 



-7 -42 
90 



-_j j 4 i |_-504 _ 
W_ |/t| -126 

: 4.25 at— Jl Cljti 

: c~Ui li] . i SJliaiJjMj YJi-jM l Jj\ji\ i s^~J\ sU-J SJipU .6.9 
6.9. Use Cramer's rule to solve for the equilibrium level of income Y and the interest rate /, given 
IS: 0.3F + 100/ - 252 = 0 
LM: 0.25 r- 200/ - 193 = 0 



[0.3 100] Tr] _[252] 

0.25 -20oJ[i J ~|_ I93 J 



\A\ = O.3(-20O) - 100(0.25) = -85 



193 -200 = 252( - 200) " 100(193 > = -* 9 ' 700 



Ml -85 



: )' :uj jUJj 
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= 0.3(193) - 252(0.25) = -5.1 



\Ai\ _ -5.1 
" \A\ - 85 



= 0.06 

. 4.21 at_JI jj. Ojli 

6.10. Redo Problem 6.9, given : £~±*\ li] 6.9 J*! .6.10 

IS: 0.4K + 150i - 209 = 0 
LM: O iy - 250/ - 35 = 0 



[0.4 150] [y] _ [209] 
(.0.1 -250j[, J L 35j 



\A\ = 0.4(-250) - 150(0.1) = -115 



209 150 
35 -250 



= 209(-250) - 150(35) = -57.500 



/ll _ -57,500 
: \A\ ~ -115 



0.4 209 
0.1 35 



= 0.4(35) -209(0.1) = -6.9 



\All = -6.9 
IA\ -1.15 ' 



4.23 i)L«JI £« OjlS 



: Uj£; ^UkJI _,USi.-i!l jiiijl jl 6.10 i)L_JI J»- a*i .6.11 
6.11. Redo Problem 6.10 for a drop in autonomous investment, when 
IS: 0.4r + 150i-186 = 0 
LM:0.ir-250i - 35 = 0 



[0.4 150] [y] [186] 
[0.1 -250 J L •' J ~ [ 35 J 



\A\ =0.4(-250) - 150(0.1) = -115 



186 150 
35 -250 



= 186(-250) - 150(35) = -51,750 
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lA^ -51,750 = 
|AU -115 

I A 2 | = I °"* '« I = 0--K35) - 186(0.1) = -4.6 



= 0.04 



' |A| ' 

.4.24 3U1I >l . MlUM JJ*. ^li«tj J*-JJI J! if»js u»Wdt j***-* i> 

: yui ^.tfcJi jij-Mi J • G < p y 1 / sj*« f j**.l .«.i2 

6.12. Use Cramer's rule to solve for P and g in each of the following three interconnected markets: 
Q s , = 6P, - 8 Q d , = -5P, + P 2 + P 3 + 23 
<2, 2 = 3P 2 -11 Q d2 = P,-3P 1 + 2P, + 15 
Q s , = 3P,-5 Q d3 = P, + 2P 2 -4P 3 + 19 

Uu» &T Sjljt* lijSi ^Jt 4.14 S)L*JI ^» 
IIP, -P 2 -P 3 = 31 
-P,+6P 2 - 2P 3 = 26 
-Pi -2P 2 + 7P 3 =24 



■f" « - 2 l 

L-i -2 7J 



|A| = (U)(6)(7) + (-l)(-2)(-l) + (-l)(-l)(-2) 

- K-D(6)(-l) + (-2)(-2)(ll) + (7)(-I)(-l)l 
I A I = 462 - 2 - 2 - [6 + 44-+ 7] = 458 - 57 = 40 1 



1-31 -1 -IT 
A, = 26 6 -2 
1.24 -2 7J 



|A, I = (31)(6)(7) + (-l)(-2)(24) + (-l)(26)(-2) 

- [(24)(6)(-l) + (-2)(-2)(31) + f7)(26)(-l)l 
|A, I = 1302 + 48 + 52 - [-144 + 124 - 182] = 1402 + 202 = 1604 



I Ail 1604 
\A\ ~ 401 



^ — TTT = ~*nT ~ 4 



rll 31 -1-. 
A 2 = -1 26 -2 
L-l 24 7J 
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|A 2 | = (11)(26)(7) + (31)(-2)(-l) + (_1)(-1)(24) 

- [(-1)(26)(-1) + (24)(-2)(ll) + (7)(-l)(31)] 
|/4 2 | = 2002 + 62 + 24 - [26 - 528 - 217] = 2088 + 719 = 2807 



|A 2 | _ 2807 



[11 -1 31-1 
-1 6 26 
-1 -2 24J 



1 ^.ij 



\M\ = (H)(6)(24) + (-1)(26)(-1) + (31)(-l)(-2) 

- [(-1)(6)(31) + (-2)(26)(11) + (24)(-l)(-l)] 
\A-i\ = 1584 + 26 + 62 - [-186 - 572 + 24] = 1672 + 734 = 2406 

p M 3 | 2406 
?Z ~ W = 4oT 

. 4. 14 aJL-aJ! OjIS 

p-sWl S-JUJI ^Jj'JI **-jJJI Jy^i c-tti lil A < j" < jc iJjljsJI ^1 iUv.y yl/ SJ>*13 pjiiJ .6.13 

. 13.21 S)t_JI J JJUJI 

6.13. Use Cramer's rule to find the equilibrium values for x, y, and A, given the following first-order 
conditions for constrained optimization in Problem 13.21: 

\0x - 2y - A = 0 

-2jt + 16y-A. = 0 

6O-x-y = 0 



[-1 -1 o][x] [-6o] 



= (10)(16)(0) + (-2)(-l)(-l) + (-l)(-2)(-l) e^- 

- K-l)(16)(-l) + <-l)(-l)(10) + (0)(_2)(_2)] 
= 0 + (-2) + (-2) - [16 +10 + 0] - -4 - 26 = -30 



r 0 - 2 -H 

A\ = I 0 16-1 
L-60 -1 OJ 



= (0)(16)(0) + (-2)(-l)(-60) + (-1)(0)(-1) 

- [(-60)(16)(-1) + (-1)(-1)(0) + (0)(0)(-2)] 
= 0- 120 + 0- [960 + 0-0] = -120 - 960= -1080 
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( Oli jL**S\ j*}- SjIaAf CjVaUaJI ) t/iLjl J-ai!l 



Mlit -1080 
|A|- - -30 



r 10 0 -n 

A 2 = -2 0 4 

L-l -60 oJ 

\Ai\ = (10)(0)(0) + (0)(-l)(-D + (-l)(-2)(-60) 

- t(- D(0)(-1) + <-60)(-l)(10) + <0)(-2)(0)] 
\Ai\ = 0 + 0 - 120 - [0 + 600 - 0] = -120 - 600 = -720 



Md _ -720 



5 = 77r = -r*r=* 



r 10 -2 o-i 

A 3 = I -2 16 0 
L-l -1 -6oJ 



\At\ = (10)(16)(-60) + (-2X0X-1) + (0)(-2)(-l) 

- [(-1)(16)(0) + (-1)(0)(10) + (-60)(-2)(-2)] 
|A 3 | = -9600 + 0 + 0 - [0 - 0 - 240] = -9600 + 240 = -9360 



\A,\ _ -9360 
: W - -30 



= 312 



J^-JUJI |^-Ji«iU JjSlI S>-jjJI ij^L c~kti li| A . y , x ijjljdl ^iJI •■"•^ fJ~^l .6.14 

. 13.33 S)L~JI ^ 

6.14. Use Cramer's rule to find the equilibrium values for x, y, and X, given the following first-order 
conditions for constrained optimization in Problem 13.33: 

Ux-2y-X = 0 

-2* + lOy - X = 0 

ll-x-y = 0 



[:i 3 = ;1-[J] 

|A| = (14)(10)(0) + (-2)(-l)(-l) + (-l)(-2)(-l) 

- [(-1)(10)(-1) + (-1)(-1)(14) + (0)(-2)(-2)] 
\A\ = 0+ (-2) + (-2) - [10+ 14 + 0] = -4 - 24 = -28 



r o -2 -i-i 

Al = 0 10 -1 
L-77 -1 Oj 

M,| = (0)(10)(0) + (-2)(-l)(-77) + (-1)(0)(-1) 

- [(-77)(10)(-1) + (_1)(_1)(0) + (0)(0)(-2)] 

Mil =0- 154+0- [770 + 0 - 0] = -154 - 770 = -924 



[/111 _ -924 
' Ml ~ -28 = 



33 



rl4 o 

A i= -2 0 -1 

L-l -77 oj 



M2I = (14)(0)(0) + (0)(-l)(-l) + (-l)(-2)(-77) 

- [(-D(0)(-1) + (-77)(-l)(14) + (0)(-2)(0)] 
|A 2 | = 0 + 0 - 154 - [0 + 1078 - 0] = -154 - 1078 = -1232 



M2I _ -1232 
: Ml ~ -28 



44 



[14 -2 0-1 
-2 10 0 
-1 -1 -77J 



M 3 | = (14)(10)(-77) + (-2)(0)(-l) + (0)(-2)(-l) 

- [(-1)0O)(O) + (-I)(0)(14) + (-77)(-2)(-2)] 
M 3 I =-10, 780 + 0 + 0 -[0 - 0 - 308] = -10, 780 + 308 = 



- M 3 | _ -10,472 
Ml -28 



374 



: oJ^i lil I , Y iU;.)f 43ji^JI j-jSU* j.Ji™l .6.15 

6.15. Use matrix inversion to solve for F and J, given 

IS: 0.4T + 150i = 209 
LM: 0.ir-250i= 35 



TO.4 150 1 1 0] 
[o.l -250 1 0 ij 

■ '- i5 JH JI J 1 ^ 2 -5 ^ JjSlI >-ivJI -la 



. JjMl yilill ^L*JI .y^^j 0.1 ^ JjMl uijl u> .16 

1 375 | 2.5 0|"| 

0 -287.5 I -0.25 1 |J 

. a 2 2 jiyJI y» 1 yl* J*=»J -0.00348 ^5 yiUJI ^ivJI - 2a 

1 375 I 2.5 0 1 

0 1 1 0.00087 -0.00348 J 

pbll ij~JI Si^-J Jj^l ^Jl y ^>ij 375 ^ ^bll Vj-^ - 2i > 

[1 0 1 2.17375 1.30500] 
0 1 1 0.00087 -0.00348 J 




'2.17375 1.30500] 
0.00087 -0.00348 J 



X= A~' ■ B 




'2.17375 1.30500] l"209] 
0.00087 -0.00348 J |_ 35 J 




2.17375(209) + 1.30500(35)] F 500 IT*'] 
0.00087(209) -0.00348(35) J [0.06 J |_ 7 J 



4-jjLJI ,jj S-^jj. olILuc— .1 *J liji^JI ^-j-^" ^ 'j-kj • 6-10 . 4.23 SJL^JL. I.L» OjU 

Jil Jl jp . S-JaiJI *-~>jfU J-^-Jj^yjl SiJJJ <u+. yjUJ jJ^JI -<A>j * j .iUas»'ill 

oLyJdl j» Jo« c-ij liU . Siji^JI ^jSU. y y>\/ SijL J»JI yi J(-l jjSj pi* JS^ 
. 6.11 J J 6.8 JiL^Jl Jit Si>)l «i» jSUj Siji^JI yjS^J *Ji*«JI 

Determinants 0(iAs^»Jt 

: SJUJI olsji»a<JI oli-i^ Jt>-ji .6.16 

6.16. Find the determinants of each of the following 2x2 matrices: 

"-[I -5] <»* = [n -2] 

« 1] « -4] 

'. iJUll oUjivaxJI oliJ*** -^-ji .6.17 

6.17. Find the deteiminants of each of the following 3x3 matrices: 

(a) A = I 6 3 5 (A) B = 

Ll 4 9j 

[ 10 2 3-1 T8 0 1-1 

-4 5 8 (<0 O = 6 -4 7 

0 9 6J L3 9 2J 



r, : 

L 3 2 7J 
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Cramer's Rule j*\ £ llsSk 

\ SJUJI oHiUJI >J yoljf 5J*U f JAaJ .6.18 

6.18. Use Cramer's rule to solve each of the following equations: 

(a) 4* + 5y = 92 (ft) 13*-4y = 29 

7* + 6y = 128 """"" -8* + 9y=41 

(c) 2*-7y = -26 (d) -6* + 7y = -244 

3* + 5y = -8 15*+8y = 202 

: SJlsJI ollaUJI J*J y>l/ SJ*ls r Ji^-l .6.19 

6.19. Solve each of the following equations using Cramer's rule: 

(a) 3*! +7«-4*3 = 11 (ft) 5*i - 8x 2 + 2*3 = -59 

2*1-8*2+5*3 = 18 6*1+4*2+7*3=52 
9*1+6*2-2*3 = 53 -*| +9*2+4*3 =90 

(c) 4*i - 9*2-2*3 = 28 (d) - 4*2+ 3*3 = - 57 
2*i - 7*3 = 53 8*i - 5*3 = 7 

5*2- 8*3 = 50 6*i + 7*2 = 78 

Inverse Matrices 3-4>j£*Jl olijiviJt 

6.20. Find the inverse matrix for each of the following 2x2 matrices: 



(a, fi j (ft) B 

(o c=p ~i\ id) d 



[3 1] 

-[2 :] 



: sjyi oiiy^Ji ^ js3 s^jSUJi is^wiJi -l^-j! .6.21 

Find the inverse matrix for each of the following 3x3 matrices: 



(a) A = 2 



6.22. 



[-3 7 -4-1 r 5 -8 2-1 

2-8 5 (f>) S = 6 4 7 

L9 6 -2J L-l 9 4j 

1-4 -9 -2-1 r0 -4 3-1 

2,0-7 (,,) D = 8 0-5 

L0 5 -8J L6 7 OJ 

Business and Economic Applications &>jb )(1 j iJUasS*!/! Oli-kJl 

jlj-lll JS" ^ iJjljJI S^lj ^jljJI jo-ll Ssy^JI ^.jSUa ji jjljS" 5-ipIS .6.22 

Use Cramer's rule or matrix inversion to find the equilibrium price P e and quantity Q e in each of the 
following markets: 



following markets: 

(a) ^iyJI :-8/> + 16(2 = 400 (ft) ji^J! : -7P+2ie=546 

V^ 1 : 5/>+20e = 710 yJU! : 22P + lie=440 
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(c) jiyJI :- 30/" +6fi = -492 W) jijjl : -6/> +24(3 = 2130 
^JUJI : 16/> + 22 = 304 ^iiJl : 15/>+ 5{2= 525 

: cJap! lil 4 sjb'UJI Jjjuj Y„ Ji-jJJ Jjljsll lSj^JI Sy^JI j-jiu ji jjljS" sjpIS .6.23 
6.23. Use Cramer's rule or matrix inversion to find the equilibrium level of income Y e and interest rate j f , given 

(a) IS: 0.35J- + 150i- 1409 = 0 (*) IS: 0.25K + 175/ - 1757 =0 
LM: 0.2K-100I - 794 = 0 LM: 0.12y — 75i - 837 =0 

(c) IS: 0.121' + 120/ -789=0 (d) IS: 0.18r + 125/ - 955 =0 
LM:0.08r- 80i - 514=0 LM: 0.14F — 50/- 731=0 



6.16. (a) |M| = -82 (b) |B| = -158 (c) |C| = 221 (rf) |D|=0 

6.17. (a) |/t| = -161 (b) |fl| = -534 (c) |C| = -576 (d) \D\ = -502 

6.18. (a) x = 8, y = 12 (6) j: = 5, y = 9 (c) * = -6, y = 2 
W) .r = 22, >> = -16 

6.19. (a) *, =5,J 2 = 4, *3=8 (*) *i = -3, x 2 = 7, Jt 3 = 6 
(C) = 9, JtJ = 2, JT 3 = -5 W) JTl = -1, X 2 = 12, JC3 = -3 



<"> *[JJ "4] « 



-15 
--47 



-10 3-1 T-47 

30 -23 (*) B- 1 = -^5 -31 

45 -38 J L 58 

[35 -82 63-1 r 35 21 20"| 

16 -32 24 (</) 0-' = jfe -30 -18 24 

10 -20 18 J L 56 -24 32J 

(a) />, = 14. Q, = 32 (*) P, = 6. g« = 28 

(c) />« = 18, Q, = 8 (d) P„ = 5, g, = 90 

(a) r t = 4000, \, = 0.06 (*) r € = 7000, i, = 0.04 

(c) Y, = 6500, i, = 0.075 (</) Y, = 5250, f, = 0.08 
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Linear Programming : Using Graphs 

Use of Graphs aJwiJl a*« ^JU ^LJl J*Jl 7. 1 

Ol_>^JI ji i_kijS!l j^j (JjX^Jl ijlj-J] Ji.SH O ^oi^i\ t^j* ^Ijj L_yL,i ^ SJiiJI 4*JjA\ 

UJLSai jt C L,S/I *!IjJ ^1 S^jiJI jjaj j,H\ <-M*>. Sjliflj •sUa'iJI J 8-L-i. Ljiij . ^LucaJI 
. Jlyll Jie 7.4 j 7.2 fUiSlI J i>w>jj SjjbJI j! | ,..A..-dl IjLJI *Jj^Ulj . SjiUJI 

Maximization Using Graphs IjUt fj-Qjit ^laj^b ^.JaarJl 7.2 

J ;,t " ' Vl JLiJlj oi» jiyuj . Oljti- jyi ^ oliii |>J»«*11 

5 j A £ hi'll **L-, 2 ^jj S— ~£- JSj . * 2 fU-j *> *_Jli>- U sLii» o! jA^il . ^1 

oltL. 5 j £_UHJ SJL^Ij «L ^.JOii S^J- J^j . C *UJI 1 _ y JLUU SJ^Ij S*L.j B StUJJ oUL, 
40 j fkii} ULu 14 ,y JSyslI ijlj, ji C-J* lijj . ,Ullu JJJJ oUL. 3 3 SJ.UJJ 
iwJjl J Ij'ifjJ 30 j SJc-ljJI 5_S»JI \yi 3 i 50 juJI juU oij . pJI ,L)I ju, JUi SeL, 18 j 
: SJUI *i>)l J c U,Ml ijl^JJ JjuVI j^i^il jji oU^UJI .j* . 

: ^ybj jJ^I ill-b (UiJJI jt 
jr=50*i+30* 2 (7./) 



2*1 + * 2 < 14 

5*i +5jt 2 < 40 
*i + 3*2 < 18 



A JLcill 
S Juill 
C JUJI 



*i,*2>0 SJL-iUl Jjj2)!j 

iJUn >±^s 3 *j-3 L5 ^— ; J 3 H\ ij^sllj . jl^sll oSjJcj, x 2 , *, ol^LuJI jiL,j 
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x 2 = 14 - 2ii 
x 2 = 8 - x, 
xi = 6 - \x\ 



A y 
By 



iUk^JI S^L^JIj ^Ijdl ^ SJi^. *,,;t 2 >0 jjjill . (7-l)(a) >l 

. SJU^JI JjjSlI Jl aUjllj ijjill ^1 J>UJI J* ^J^ij • iikxJL 

5 n 

LLu. ^^.j: CJ js^. ^JJij ^isiJi Cj ii l*. oi (7-i)(i) y ur c yi 

• Xi = 2 j x, = 6 D iiU-JI iihull 





1 2 3 4 5 (• 7 i ') :n 1 1 C 1.1 H 15 l<> 17 IS : 



(7-1) 

. [ _^S\ J* (7J) ibUJI ^ * 2 = 2 j X] = 6 jv^i jijojlj .4 

7t = 50(6) + 30(2) = 360 

The Extreme-Point Theorem &>sJl ak&Jl 7.3 

4_j^li3 ^ffl-O'j . 4_k£jL ^ , „i JUiJI ^kUi' ikii J^p jjaju jiJI U^i (7-l)(b) J£-iJl ^ 

iLiJI Ju_=-I ^ llsb j^-y ijj^ LjiU OJtjJI SJIjJ ,_jli«JI kU£»-JI S^Jill o_^t lil ti\ ^s- SkiJI 
, (0, 6) , (0, 8) , (0, 14) : Ji. iU yit iUol jjk^J (7-l)(a) JSLiJI ^ . ijJ^»JJ a>iJI 

. SJL-iUl aj-jill jLLiy S_ki; ^ Sj-i-'JIj (0,0) j (4.8,4.4) ■ (6,2) , (3,5) , (18,0) , (8,0) . (7,0) 
(7, 0) , (6, 2) ( (3. 5) < (0, 6) ^ybj iL«L«! i^SU^ J ji^ ^ i?Ui ^a^- jSJj J ^lj- ^ i»Uj 
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*= 50(3) + 30(5) = 300 V*. (3, 5) ju^ . SJi.SH i^L.^ iiS^Jl J^Uil is SJb-l, lilbj (0, 0) j 

. )C= 360 ^ Jit 

Minimization Using Graphs SJLhJ) f>*jJl |»lJb«&«>U iJjJl 7.4 

v 6^ e^ ! -> • 7 - 2 H* 11 ^ jpVi oi>ijj jtjbj £> oUal s^j, ijjcdj sjui iijUi 

45 ^jU-f iU-, JJi- ^ oU ^le iijijal . us*' 1 -' 

gcb. y, iL_JI ^ JjS/l ^Jlj . C ol>sJI ^ sjb-j 84 j B ^.UjJI ^ 48 j A oli-jill j, sjb-j 
9 gJii y 2 iU-JI ^Ull f^Jlj . oljiJI ^ sjb-j 14 j j-li^l ^ oIj»-.j 4 j oLi-yll ^ oljb-j 3 
y 2 S-il&j Ij^ljj 12 3»| iilSi-j . oljsJI j, oIj^j 7 j ^U'jJI j, 6 j oU-y)l ,y olj^j 

: yi-^llf j^y jj'HI oUkiJI js^j- ^Ij y 2 , ^ uKsii iiJjillj IjUji 20 

: ^ i^ijji jj LS *~i ji\ jjljJi sib .i 

c=12y,+20>> 2 (7.2) 

3yi''+9»>« : A j_iJ! 

4yi+6y2>48 : B JLill 

14y, + ly 2 > 84 : C j-iJl 

• jflj jiUs ol v 1 !". -"a"^ oUL. 0i UJU> > S-iiJI jjjfll iyS 

. 0W «**• yi 3^ yi |^» Jn-jtj c.ViUuS' oUtlfjJI jjj Jj>W .2 

y2 = 5 - }y, : A y, 

yi = 8 - |y, :«j> 

y 2 = 12-2?i : C^y 




(7-2) j£i 
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jj-all (JJW ^1 J.LSJI j--^ Jp tfj&uj i£**JI SikoJI ,y illUJI S^L-JW, . (7.2)(a) JSjllI >il 

. fcjisijl iiKdl SJUuf Jj^Jl <)b OW -'p-jUsSijI "1^1 ijU>s J Ji»*JI J~H -3 

. (7.2) SbUJI 

3 , c 

J*—,* + 35 

. y 2 = 2 , y, = 9 C-s- O Juc JjSU*JI iikij) ^U* jj» ^jVl liKJI jt (7-2)(i>) JSLil! J 

. iilSj Jit J* J^i (7.2) SliUJI J ). 2 = 2 ,y, = 9 Ji.SH ^1 jP- jijJ-Hj -4 
c = 12(9) + 20(2) = 148 

Jit fAij SiSU* ^j^t iiJji' J»jl 'ij iuSUJI iikJI ^» c J (0,0) oi iJJJI O^SLiJ *™Jl Ji»-1l 

. 7.19 J\ 7.14 j 7.8 J) 6.7 JiL~JI Cii >l . C= 12(3) + 20(6) = 156 5Hi. (3,6) Ju^ . iilSi 

Slack and Surplus Variables &*biJt Ol ^JtoJl 7.5 

. »Ub)l j Si La. J? j iUiiUllj iUUJI ol^^iiJI JUo) £A i> J_j^u> Ijjbj . iLLiJI oViUJI 
sSO J.UJI jjis*JI SsUil; SbU. J) Jj»ii- ji 9jr, + 2jr 2 £86 Ji. "jjLf, jt Jit" A iij.Li»J! 
6Li 9x, +2xj < 86 oils' lilj . j = 0 J.UJI ^JcJI 0\s 9x, + 2* 2 = 86 oils' liji , 9*, + 2i 2 + s = 86 o-~ 

. + 2* 2 j 86 J/iJI lCjIw i^j^ <U?S s 
sSO jiiLiil jjJiiJI SJiUj ,_,!) Jj«J oi l ^SU.. 3y, + 8)> 2 a55 Ji. "^jUi' ji y 
OU 3y, + 8y 2 < 55 oilf lijj . s = 0 ^ijUJI _„otuJI ojj 3y, + &yt = 55 oils' lils . 3y, + 8y 2 - j = 55 Ji. 

. 55 j 3yj + 8y 2 ^> ^jiJI lJjLj" i;*- ^» j 

j-ii. aUil o^u. iiU "^jl-i- ji Jsi" oUUiJI (7.2) p_Ji!l J 4~i)l jjJiJI oi U!U> : 1 Jte» 

: Jb. US' -Li JSJ J*»Au> J.U- 

EXAMPLE 1. Since the technical constraints in Section 7.2 all involve "less than or equal to" inequalities, a separate 
slack variable is added to each of the constraints as follows: 

2*i +X2 + S, = 14 5*i +5*2+J2 =40 Xi + 3x 2 + s 3 = 18 

. 'H^L^a JSLi J u^- ^3 



[2 1 1 0 0-1 X2 rl4-i 
5 5 0 1 0 s, = 40 
1 3 0 0 lJ J2 Ll8 J 
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J-f j_« J_^« j^ii. j-jk Uaj "^jLj ji jjS"!" ^ (7.4) p~Ji\ ^ S~i)l ijJill uls Lt S^i\ ,jks 
3yi+ 9y2-si=45 4>, +6w-S2 =48 14yi + 7)7 - « = 84 

9 -1 



[ 3 9 -1 0 0-1 y 2 1-45-1 

4 6 0 -1 0 i t = 48 
14 7 0 0 -lj « L84J 



The Basis Theorem ^L-ty kjaj 7.6 

O^iC^i u > « .^s- u oljJtiJIj n ii_x«JI oViL«Jl y j-lfc oJ^i lils 4.1 ill ^ L^-jJs L5j 

^L/Sfl iji; j^uj . JjJ^ Jjviill Alill ±3* jli i>JI ,y^J j£)j . JjliJI ^'U^ JJ* JL» 

oj-So. j^f. — #i ikii jjS^ J»J| jjj u> n ^i-^j u ol _«<cuJlj n oViUJI ^ j-Ui: JJi ^ Ajl 
ol_^iiJJ *™Hj n o^LjuJI jUoJj o - n = 0 giyj . £i*> tfJ 1 -* CsW*JI iJtf- ol_„ii«JI 

: s^i 



n\(v — n)\ 

. 3 JUJI 

ji V^- ^Ij^" ^ "i>J Ol, >>2, <l. J2, i 3 ) J (*1,*2, i., i2, * 3 ) *~»i-j O^Uo 

. .b^i -i^y, ^L-Ml J=JI ^ J^j Ji 
j' JI o-L-Vl i>; j\s olbUJI Uy^j. Jf ^ oIjJcm o^U* -i^y U1U> 

o^l^JI i.c^^, JS" ^ l^u, ^jL^. ji JO'Jl ji 5 - 3 ji ^L-Vl Ji-JJ 1^ ^jUa. u- n 

«ji^JI j, S^L. ^IJ jSU, ^A^l ^L.Vl JJIj . ^j^ill ILiJI ji ^L,Vl J-ll JU. J^i Ji 
^ J-^JI ji . 1 JUJI ^ o^UJI y ^j^» Jji ^ * 2 = 0 , x, = 0 j^ij; W . -LL^H\ 
J-^ o'JiUJI y iJlill itj^JI Jj. 2 = 0, =0 j^j; Js*JUj s 3 = 18 . i 2 = 40 , j, = 14 : ^jl^JI 
J^JI jLs S_oJ^I JiL_. ^ «_ii Ji^^j . j 3 = -84 , s 2 = -48 ■ s, = -45 : ^juJI ^L-'lll J=JI J* 

EXAMPLE 3. The calculations necessary to determine the total number of basic solutions N that exist are illustrated 
below. 

*ij 1 JtiJI y slL**JI oiL.UJU ^.j^Jly t>!/[«!(v-n)!] s^L.S!l JjUJI jjit ii^ r lji^,U 

. n = 3 , u = 5 oV^UJI y ,^^^^^1 US' ^ 
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^JJ, . 5! = 5(4)(3)(2)(1) , 

5(4)(3)(2)(1) 
" 3(2)(1)(2)(1) 



^j^l iLiJI V L~~J SJjMl ii>JI J^Li- 7.3 ^1 U> Uv»- J*** ^Ji lj*J 

iU; 10 Cij Jurj;. *i! ^JLu Uj^s l^-Ji ^ (7.4) ^Jfll o^UUJI jji* ji UUy (7-l)(a) J^iJI u» 
, (0, 8) , (0, 12) : (7-2)(a) JSill ^ ^ j» JftJI ^L) S)^ 1 ts 5 

SJk^ (0, 0) Ult Ail Ji^j . (0, 0) j (4.2, 3.6) (9, 2) , (3, 6) , (15, 0) , (12, 0) , (6, 0) , (0, 5) 
. (15, 0) j (9, 2) , (3, 6) < (0, 12) : ,y« u£** JjU i^J J*rj>. ij\s i&w 



Mathematical Interpretation of Economic Problems 

oUL.4 j ,_~S>)J olcL 3 j SbUJJ oUL 5 ^JJ^. JjSll j-b;] . x 2 . *, ja*. .7.1 

j_LviJI J ^jajj . i_.,I.tII oUL 8 j S>U a * t - 12 J SaUJIl j-**- v 1 ^' V^ls v* 1 *^ 
xi Jj oljVji 7 j»n J gjJI ji-Uj . yJ*JJ JpU 48 j v__r>aj S*L- 60 j iJUJJ SpL. 40 
, ky, cij- ifJJI gj'LJI iJc^i' ^53 obLaj o1bU» JS-i oULJ! ei* j* j?p . Ij^jj 21 

7.1. A manufacturer makes two products X| and x 2 . The first requires 5 hours for processing, 3 hours 
for assembling, and 4 hours for packaging. The second requires 2 hours for processing, 12 hours 
for assembling, and 8 hours for packaging. The plant has 40 hours available for processing, 60 for 
assembling, and 48 for packaging. The profit margin for xi is $7; for x 2 it is $21. Express the data in 
equations and inequalities necessary to determine the output mix that will maximize profits. 

I jjJul sUly £. jt=7xi+2Uj : flljll |tJ»J 

5*i+ 2x 2 < 40 : i=JU*JI JJ 

3*, + i2x 2 < 60 : ±* 

4xi+ 8x 2 < 48 : JJ 

XI. 12 > 0 

. 7.9SJUJI Jx\ yiLJI J=JI 

. ^ UsH oUL 4 j j^ScdJ oUL 5 j ^-^U l j^L« i3^~«i <_yj^H • ^'—j JJ^V 

X] _J olj^ji 10 gj\ juU . ^LiJJ £pL- 20 j jj&U ipL- 30 36 ^ 

j*_Ja*j tjjJI g^'L-JI <p— i>* jJ i^Lu objLay olljbwi JSLi ^ obLJI Jjsi-I . x 2 -J olj^ji 8j 

■ c?^ 1 
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( Jljjjl J»Jl . iJa»Jl i** jJl ) gLJI Jwailt 



7.2. An aluminum plant turns out two types of aluminum jri and * 2 . Type 1 takes 6 hours for melting, 3 
hours for rolling, and 1 hour for cutting. Type 2 takes 2 hours for melting, 5 hours for rolling, and 4 
hours for cutting. The plant has 36 hours of melting time available, 30 hours of rolling time, and 20 
hours of cutting time. The profit margin is $10 for x t and $8 for x 2 . Reduce the data to equations and 
inequalities suitable for finding the profit-maximizing output mix. 

: ijjai si*ij» £• it = \0x\ + 8*2 : sii-Ji f^>*> 

6*i +2x 2 < 36 : j*^' 

3*i +5*2 < 30 : JLJ 

x\ +4*2 £ 20 : jkiSI JJs 

*i,*2 > 0 

£waj oLajs^o ^ilva .7.3 
5 <■-. MaSS jjl— Sllj . £_~fcldj oipl - 6 J O^^lt CjLc-Lu 7 J jU^^I ^iaji) ^ipLu JJ ^>Lai 1 u.lJavV 

£_k«) SpL_ 40 i :c jjjij . ,^1^ cApL. 3 j o—SxU oUU 7 j _>U«=-Sll jJ»il oUL 
g^j^JI )L«jj oLfUj o^U. J j >jULJI Jy . ^yJdU SpL. 48 j i -id! i*L. 70j jW^-SlI 

7.3. A costume jeweler makes necklaces *i and bracelets x 2 . Necklaces have a profit margin of $32; 
bracelets $24. Necklaces take 2 hours for stonecutting, 7 hours for setting, and 6 hours for polishing. 
Bracelets take 5 hours for stonecutting, 7 hours for setting, and 3 hours for polishing. The jeweler 
has 40 hours for stonecutting, 70 hours for setting, and 48 hours for polishing. Convert the data to 
equations and inequalities needed to find the profit-maximizing output mix. 

: ijjjjjl !UL» £. jr = 32jri+24x2 : *!!■»> I 

2xi + 5*2 < 40 : ^1 -yi 

7*i +7*2 < 70 : 
6*i+3*2<48 '• •>*> 

*1.*2>0 

J* IjUjj 12 j oljiljj 10j IjUjj 18 CJ . x, jLUVlj , * 2 oL.UJIj ■ *, $JJi\ Jlj*. .7.4 

SpL-j g^-JJ ^L. oL-UJIj . >}Lku oltL. 3 j g^-dJ oUL. 5 yjis JjjljSlI . J\$&\ 
JpL. 36 j g^-JJ SpL. 55 JljiJI jup jijaj . * }UJJ j~pL.j gj-sl) oUL. 3 JLUMlj ► ^JJJ 

7.4. A potter makes pitchers *i, bowls * 2 , and planers * 3 , with profit margins of $18, $10, and $12, 
respectively. Pitchers require 5 hours of spinning and 3 hours of glazing; bowls, 2 hours of spinning 
and 1 of glazing; platters, 3 hours of spinning and 2 of glazing. The potter has 55 hours of spinning 
time and 36 hours of glazing time. Reduce the information to equations and inequalities needed to 
find the optimal output mix. 

: ijJul sUL. „ = Igjtl + l0x2 + l2x3 : JJUJI ^Jri 

5*, + 2*2 + 3*3 < 55 : SH 1 

3*,+ *2 + 2* 3 <36 : f^UJI JJ 
*1.*2>0 



8 u.. Itivt ^x-JUJI Jjij^Jl . x 3 iij.J^j < * 2 *i : O 3 '-^' tJ-^ jW^ -7.5 

t-^j^-U oUl— 6 yiia^j. ^.jJi J^^ls ■ fc-a M oUL* 6 j JivaiJ oUL 5 j t^^-T^U oUL 
4j J i' . /iU oUpL—j y^j^JJ oUL« 5 <_~Jla* d^jbjl Jj^jaJIj . gjviW jlsf-L-j JJU^li oULg 4j 
^^31 j£j>ly>j . ipU* 58 j JjudJ apL. 44 j u^jiUJU-L- 96 jU*xi! jSjsjj . ^jv- iU oU-U 

^U, JS^i ^ oUU! ^p . JljJI J* x, . x 2 , *, J ij^s 22 , 26 , f,^ 38 ^ 

. J±.Vl giLdl jjj^ sUoJ J.-! 

7.5. A carpenter makes three types of cabinets: provincial xi, colonial *2, and modern xj. The provincial 
model requires 8 hours for fabricating, 5 hours for sanding, and 6 hours for staining. The colonial 
model requires 6 hours for fabricating, 4 for sanding, and 2 for staining. The modern model requires 5 
hours for fabricating, 2 for sanding, and 4 for staining. The carpenter has 96 hours for fabricating, 44 
for sanding, and 58 for staining. Profit margins are $38, $26, and $22 on x\ , *2, and jc 3 , respectively. 
Express the data in mathematical form suitable for finding the optimal output mix. 

I 'iWy> £. 7r = 38jr,+ 26^+2^3 : JJIjJI pj^i 

8xi +6x2 + 5*3 < 96 \ ^ jA\ ±3 

Sxi +4x2+2xi < 44 : JivaJI -US 

6xi + 2j: 2 + 4*3 < 58 : £*a)l JLJ 

16j Jj.j»JI ,j*'|WrJU' 84 j jjJI fjfSt 36 tjji ^il J»- J-^-i' jl iL«DI yllj* .7.6 

4 j j_jJl>JI jv^U 6 j ^Jl ^ jv^j 2 )'2 i.JjcJI ^y^' y-^b - ^k,dl -^"Ijj 
o^jU^JI SJ^jb . \j"ij3 15 ^Ildl ydlj tj^ji 20 iiidl ^ JjVl ydl . dli^l p^JU 

7.6. A game warden wants his animals to get a minimum of 36 milligrams (mg) of iodine, 84 mg of iron, 
and 16 mg of zinc each day. One feed yi provides 3 mg of iodine, 6 mg of iron, and 1 mg of zinc; a 
second feed y2 provides 2 mg of iodine, 6 mg of iron, and 4 mg of zinc. The first type of feed costs 
$20; the second, $15. In terms of equations and graphs, what is the least-cost combination of feeds 
guaranteeing daily requirements? 

: ijjdi sui^ £. c = 20yi + i5yj : sJIjJI |*Ji*> 

3yi+2y2>36 OjJI oUk.) 

6yi+6y2>84 (jj j^JI oLUa^) 

yi+4yj>16 (vilijll oUka) 
; ■ ■ yi.ya iO 

. 7.14 S!t_JI >il ijLJI j-^jJI flji^L J^U 

SJ^j 20 j A j^Lxi j_o i^j 30 »jJi ^il Jl^ JjUj ^9 4XJLJ (Nutritionist) iiiJI .7.7 

jLSU) Ij^jj 80 y, iiiJl ,y Jj'^l yd I . llojj E j» »J=-J 24 j D 

^L-ill • ^ i>" Cb^ ;Ji "JJ D o?"^ Or" 5 j A ,j~ol~i ^ j^i'^-j g^jj 

. E j~obci ol J^j 3 j D j^Li SJb-lj SJi=-jj /I j^l^i ol Ja-j 6 j.1 jLSJJ 160 
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. oUjI~aJ!j oViU^JI il^Jb LjjJ i 4il£Ji ^J^i oLLkuJL) yij yd! 4jJJ«JJ "wJjj 

7.7. A nutritionist wishes her clients to have a daily minimum of 30 units of vitamin A, 20 units of vitamin 
D, and 24 units of vitamin E. One dietary supplement y\ costs $80 per kilogram ($80/kg) and provides 
2 units of vitamin A, 5 units of vitamin D, and 2 units of vitamin E. A second yi costs $160/kg and 
provides 6 units of vitamin A, 1 unit of vitamin D, and 3 units of vitamin E. Describe the least-cost 
combination of supplements meeting daily requirements in terms of equations and inequalities. 

: jjjai £o c = 80yi + i60y2 : aijJl »Jb*s 

2yi +6y2 > 30 (A oUicM) 

5yi + y2 > 20 (D ^lii oUk<) 

2yi + 3y2 > 24 (E j^iii oLUaia) 

yi.y2 > 0 

. yiUI J»Jj 7.15 i)L»JI jtil 
olj_9-j 4 JjVl . 'LS^o y_a ijjSjj ' i rtiC j' JsL <Li1-ip iLiU- y3 pIJLp *-*Pjj .7.8 

j^'-^jj olj-UA^jS" oljc-j 6 jjjbll . VJ 1 ^ b^J^ 25 i-iKjj y^i'.^ ol_b~j 3 j oIj.ua^jS' 
>-*l£ij j^'jji oIji>-j 5 j oljjjijjjS" olj».j 9 g^i cJbll . SJjbU IjVjj 32 jejjj" a* 

y. 5j»-j 45 j oljJuAjjjSUI ijb-j 60 yip JlVl yip &y*3 oi ikUJI . S-sjbU Ij'ilji 55 

. U-^Ijj oLo^U^JI ejw yp . yoj^t 

7.8. A food processor wishes to make a least-cost package mixture consisting of three ingredients yi, yi, 
and y 3 . The first provides 4 units of carbohydrates and 3 units of protein and costs 25 cents an ounce. 
The second provides 6 units of carbohydrates and 2 units of protein and costs 32 cents an ounce. The 
third provides 9 units of carbohydrates and 5 units of protein and costs 55 cents an ounce. The package 
mix must have at least 60 units of carbohydrates and 45 units of protein. Express the information 
mathematically. 

: JjJdl iUly. c = 0.25y, +O.32V2+0.55V3 \ SJIjJI | » s k«I 

4yi + 6y 2 + 9y, > 60 (ol JLj^^fl I oUk.) 
3yi + 2y2 + 5y 3 > 45 (osOji 11 oUk.) 

yi.V2,V3>0 

Graphing Maximization Problems p~* j i- j**^ Jjl~~» 

. 7.1 Jlt_JI y. jsil .liat oliUl plJi^-L .7.9 

. Xi 4JV^J Xz 4~-ill» \*4^A JS" Jj- J^U- y* iuL^JI ijj Ljlo Jia .1 

. iiSU^JI Sik»JI Jltj yiUI J~uJI Jpi .2 
iikuJJ llUj jjSi- yJI SkiJI yjj jS^-j J-«J1 IJljJ SJpli jj^- . oj^I SJb J~« .3 

. .-j^all »jj> Jisp Jj^Jt SJb jJij yU^JI SluB -Up »! JJ| J if _^JI j^jill .4 

7.9. Using the data below derived from Problem 7.1, 

(1) Graph the inequality constraints by first solving each for x 2 in terms of x\. 

(2) Regraph and darken in the feasible region. 
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(3) Compute the slope of the objective function. Set a ruler with this slope, move it to the point 
where it is tangent to the feasible region, and construct a dashed line. 

(4) Read the critical values for *i and x? at the point of tangency, and evaluate the objective function 
at these values. 

: **J,\ »ui> £» * = 7*1 +21*2 : sjijJI (^Ji~- 

5*1+ 2*2 < 40 (A Juill) 

3*1 + 12*2 < 60 (B Juill) 

4*i + 8*2 < 48 (C Juill) 

*1.*2 > 0 

. *2 = 2.5* 1 + 20 . A Juill (7-3)(a) JSLill ^j) y> US' uiUj Ji*j' ol ^^V* ^V^saJI ojJ 
. JjMlgJlJJ^I JJS iJU^JI jjJill .*, =-^*, + 6 . C Juill ,yj •«!=— 3-Jt,+5 . S JuiJI ^ 

Oli * 2 = -|*,+-^- . i)b ,y . (7-3)(i) JSLill ^ jw>jj y Ui" lliU. iku SjSU*JI SilaiJI 



it = 7(2) + 21(4)= 112 oi» JJjij*2 = 4 , *, = 4 i£~JI iikJI 













































2 








































J0- 




















































































IS- 








































































































































































14- 






























































































































1?- 




















































































111- 










































8 - 




















































































6- 










- 








S 
































































•4- 












/ 
























2- 


































































































... 




i 






8 




1 12 


14 


t 


1- 
6 


»1 




































(7-3) 

. 7.2 aLj! ^ siLiJi ijui ouyi r iji«x-,L 7.9 at-Ji j». j*i .7.10 

7.10. Redo Problem 7.9, using the following data derived from Problem 7.2: 



n = 10*1 + 8*2 

6*i +2*2 < 36 
3*i + 5*2 < 30 
*i + 4*2 < 20 

*1,*2>0 



SJ1 jJl pJvu 

(A juill) 
(B JuiJI) 

(C Juill) 
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. «SU^!I iikuJI Jl«. JSillj ijJU yiUI Jsi^l (7-4)(o) JS^JI 

. (5, 3) Ji» ^.U*JI SJu; jjla (7-4)(fe) JSJill j/. -{ j« JjJIj . «j = -|^+n/8 jj^l Sib y> 
. it=10(5) + 8(3) = 74 6ij^ = 3 . x, = 5 Oli L» 
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7.11. Redo Problem 7.9 for the following data: 



to) 

(7-4) JS^ 

: SJUI obUI ^ 7.9 SlL*JI J*. j*t .7.11 

: ilDlfJ-J 

2*1 + 5*2 < 40 (A -M>0 

+ 3^2 < 30 ( B -V) 

8*,+4*2<64 (C Jjill) 

*1 . *2 > 0 
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(7-5) JS^ 



. (7-5)(6) JSLiJI ^ iSU*JI iikuJIj (7-5)(a) JSLiJI CiL; cJi. oli>UJI 
jc, = 6 jup j.L^JI *U ^ (7-5X*) J^iJI ^ --y .y Jj-Jlj ■ * 2 = -3 *i + It/6 ^-H 11 *Jb ^ 

. it = 8(6) + 6{4) = 72 JJi dUjJj . x 2 = 4 j 

7.12. Redo Problem 7.9 for the following data: JJJWI oliLJI ,y 7.9 i)L*JI J» Apt .7.12 

: J*Sll £ jr = 15i, +205C 2 : aijJIfJirf 

4ji + 10* 2 <60 (A Ajll) 

6x,+ 3x 2 < 42 ( B Js^O 

*,<6 ( C -^» 

*i,*2>o 

S_Ui; jfr (7-6)(6) JSLsJI J . S^JI iiUJJ (7-6)(fc) JSLiHj Sfcill J** (7-6)(a) JSLaJl 
. *= 15(5) + 20(4)= 155 jij * 2 = 4 , x, =5 jup ^UJI 




(7-6) j£i 

7.1i Redo Problem 7.9 for the following data: 

: JjJI 5Uly, £. JT = 25*, + 50*2 

9jti + 12jt 2 < 144 
IOjti + 6x 2 < 120 



: jjuji ouyi ^ 7.9 sjLaJI j=- j»t .7.13 

: aijJi r k«- 
4 ■ -VO 

(fl JLiill) 
(C Juill) 



jri,X2 >0 
= 25(4) + 50(9) = 550 . x 2 -- 



= 4 i-yJI pJI ols (7-7) JSLiJI 

Minimization Using Graphs j^LJl J~**)1 ^Jl*s£*>Ij JJOsil 

Jetj . y, JJ-Jj; y 2 jr iUuJ ,y i^UJI CjL, ji„ 7. 6 slL_*JI ,y oUUI f lai^,L .7.14 
. 7.9 SJL^JI J US' jkix. ii. ojTj Jji^I ilb ^—1 . iS^JI iiUJI Jiij ^Ul J^l 




(« w 
(7-7) JS^ 

. j*Jul oJjb -Up ^ij^il i)ta _>J3 |W ikij Jap y 2 j yj J p-^l 



7.14. Using the following data from Problem 7.6, graph the inequality constraints by first solving each for 
>2 in terms of yi. Regraph and darken in the feasible region. Compute the slope of the objective 
function and construct a dashed line as in Problem 7.9. Read the critical values for y\ and yi at the 
point of tangency, and evaluate the objective function at these values. 



: ajJHsUlj, £. c = 20y, + 15y 2 : IlljJI IJJj 

3yi + 2y2 > 36 (A Ju«Jl) 

6y, + 6V2 > 84 {B 4Jul) 

yi+4y 2 >16 (C JjSlI) 

yi,y2>o 



. y, = 8 (7-8)(ft) JSiJI j» -f= J--J1 . y 2 =-jy, + c/15 jj^JI Jib . (7-8) JSLsJI >l 

. c = 20(8) + 15(6) = 250 ^ y> s . y 2 = 6 

: 7.7 aLuJi ,y ouui r lj^L 7.14 a)L*Jl j» j^i .7.15 

7.15. Redo Problem 7.14, using the data derived from Problem 7.7. 



: ijaSHsUlj.g. t- = 80y, + 160V2 : aijJIiJJU' 

2yi+6v2>30 (/t jljUI) 

5yi+ V2>20 (fl JLill) 

2yi+3y2>24 (C JljJll) 

yi.y2 >o 



y, .J\&*}\ J^JI J^j . (7-9)(6) JSjJI ^5 i^Jl iik*Jlj . (7-9)(a) LiJI J lliL, ili^ 4j! Ji)l 
. c=80(9)+ 160(2)= 1040 . y 2 = 2 , y, = 9 r * -| 
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(7-9) j£A 

7.16. Redo Problem 7.14, using the following data: ; yvj| oUUI 7.14 *)L*JI J=- Jict .7.16 

: jjjfli suiy, ^ c = 6y, +3^ : auiijji- 

>1 +2w > 14 (a JL2JI) 

yi + y 2 > 12 ( B ■yO 

3yi + n > 18 ( c -Ml 0 

P 
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c = 6(3) + 3(9) = 45 yj . ft = 9 . y, = 3 (7-I0)(/>) JSLsJI ^ . (7-10) JSLi Ja! 





(7-10) 

7.17. Redo Problem 7.14, using the following data: . y u) oU y , 7 . 17 yLjl J, j*t .7.17 

4yi+8y2>56 (/t J»Sll) 

3yi+2y2>30 (fi JLJll) 

y, > 4 (C JJI) 
yi.y2>0 

. c- 15(8)+ 12(3)= 156 r * , y 2 = 3 . y, = 8 (7-1 1)(4) JSLsJI ^ . (7-11) J£i >i 




7.18. Redo Problem 7.14, using the following data: : SJUI oUUI flji^lj 7.14 SlLjl J*- Jpi .7.18 

: jjJUWIjj ^ c = 7y t + 2Syi~ '■ SJIjJI ioJJ 

3yi + 3y2>24 (A JuiJI) 

5yi+ yz>20 -^0 

yj>2 (CJuill) 

yi.y2>o 

. c = 7(6) + 28(2) = 98 r * . ^ = 2 . y, = 6 (7-I2)«>) JSLdl . (7-12) JSLsJi >! 




(6) fa) 



(7-12) JS^ 

Multiple Solutions 3iJ«Jl J jl*Jl 
7.19. Redo Problem 7.14, using the following data: : SJUI oULJI j.lji^.U 7.14 i!L*JI J»- j*i .7.19 
: AjftSJI iUljj £. c = 16yi +20^ : aijJI SJJU 

2y,+2.5>i>30 (A JuiJI) 

3yi+ 7.5^2:60 VO 
8>-, 4- 5.V2 > 80 . ( c -^0 

Ji.»>0 

S_U jti . ^SUj Ji.i ^ 4s A JLiU iiJI (7-13) J5^JI J 

L^~=- 5iJ-JC^JI J^UJI _^tu- . ijjidJ 4jw=UJI ,Jji«JI aii-JJl «Jj~ (10,4) j (5, 8) ^ LiJI Jit 
OJ^JI 3Jb JJUJI J . jjJiil .jj. ju-ij ,Jj^!l SJIj (Linear Dependence) *J*J- ZjlJ 0=-y 
i^lai iijt ,jijUa- ijj^c^JI J^UJIj . iii- S'sU Ih~as — ± «*Js L4J /I JLSllj 
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J^Ji' (10,4) j (5, 8) ^j-^iil 

c = 16(5) + 20(8) = 240 
c = 16(10) + 20(4) = 240 




(6) 



(7-13) j£i 

Slack and Surplus Variables SUu'UJl j 3X>U*Jl Ol jJaj! 

J^U- ^ ji S1.UJI olj^l JiU! J^U- j« J! oU W )l J >Js» J^- (") -7.20 

. Ssji^l ^ JjSlI ^UVl J~)l ijilj ^L,Vi >JI jU,J >JJ ijl^, oj&j j^y 

7.20. (a) Convert the inequality constraints in the following data to equations by adding slack variables or 
subtracting surplus variables and express the equations in matrix form, (b) Determine the number of 
variables that must be set equal to zero to find a basic solution and read the first basic solution from 
the matrix. 
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: sW^ £. !r=7x,+21x 2 : 8ljJlf«t«l 

5jti +' 2x 2 < 40 
3xi + 12x 2 < 60 
4*i+ 8x 2 < 48 

X1.X2 — -0 

. iUUJI olj-ixJI UjU "^Lj ji JJi" (a) 

5xi +2X2+J1 =40 3*1 + 12*2 +.12=60 4xi + 8x 2 + S3 = 48 



[5 2 I 0 0-1 X2 T40-1 
3 12 0 1 0 Si = 60 
4 8 0 0 lj 12 1-48 J 



7.21, Redo Problem 7.20, given 



-13 J 

iljSjj 0t jtj-iu Ois u-n = 5- 3 = 2 ol>U* O^fj olj^iu w»- Jjrj;. ULL (6) 

L.SII J-^«!l ols u^ilLj x, =x, = 0 jJjjjj L_Vl J»JI ^ Jjv.iJI ,y _^>1J SjjL_» 

. j, = 48 . s 2 = 60 , s,=40 : y, Jj*i\ 

\ cJ»oi li| 7.20 SJt-JI Js- J*i .7.21 
c = 20yi + 15j>2 : illJJt iJJOi- 

3yi + 2j>2 > 36 
6yi+6y2>84 

y> + 4y 2 > 16 
yi,n > o 

3^1 + 2^2 - I, = 36 6y, + 6y 2 - s 2 = 84 yi +4 W -s 3 = 16 



1-3 2 -1 o o-i n r36-i 

6 6 0 -I 0 »i = 84 
Ll 4 0 0 -lj S2 L 16 J 



Ji = )'i = 0 j-iyj . yisJJ j^iy ji (5-3 = 2) jjj^Axa jJU*jU« = 3 ■ l)=5 -Ups (&) 

^I-Sll JsJI j| . s 3 = -16 j j 2 = -84 , j, = -36 y, JjMl ^L-Vl J^JI jli v^^J 

7.22. Redo Problem 7.20, given : cJ^i li) 7.20 SiLjl J=- .itt .7.22 

: ijfci)! sUly ^ jr = 14x, + 12x 2 + 18x 3 : a!jJt f* lw 

2X1 +X2+X3 < 2 
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*1 + *2 + 3*3 < 4 
Xl,aC2,JT3 > 0 
2x, +X2+XJ+S, = 2 JTi +J2 + 3jr 3 +S 2 =4 



[l 1 3 0 l] 



■ o— L "'" s!l iH 1 iL wV >^ •MJ 1 -" ^' V« ( 5 - 2 = 3) oij^ • JU » jl» « = 2 . u = 5 £» (fe) 
. $2 = 4 , i, =2 yi JjVl ^U-Sll >JI oli Vj-^j • ^1=^2 = ^3 = 0^^ 

. ii^ijn = 2 j v= 5 ^^^7.22 31^1^5 ^1 i~,L.Sll J>0I ^1 iJuJI J^-ji .7.23 
7.23. Find the total number of basic solutions that exist in Problem 7.22. 



«!(»-„)! 2!(3)! 2(1)(3)(2)(1) 



Mathematical Expression of Business and Economic Problems 

J>^-i. c'-Aj- 31 ■ xi >%*S\ ±* oljUjJ 3 j x, ^Ijjll 45" ^ £j\jij> 4 c _, Ji^. .7.24 

<£Ub 6 i^lyfcJI j^p dLS - Ui . ij^UJU SJiiJJ ^Uo 8 j jjji to 90 j UiJJ jjUb 4 

5to 900 j L_UJi ^ ito 120 j~J*Ji 3 . i^^UJU SJaiJ) jpuo 4 j _*iJJ to 15 j .kliJ) 
o^UJIj o^U*JI SJKj, oLiUI .Ij. j_t . 'ij^UJU iJaiJI ^jl to 96 j j^l j^jj 

. ijJiU i^iUJI jujl J>y» JUP viLfj j-ljjll viLT 4iJ ji' JoJ^J ijXrviJI 

7.24. A bakery makes $4 profit on its wedding cakes x, and $3 on its birthday cakes x 2 . Wedding cakes take 4 
minutes for mixing, 90 minutes for baking, and 8 minutes for icing. Birthday cakes take 6 minutes for mixing, 
15 minutes for baking, and 4 minutes for icing. The bakery has 120 minutes of mixing time, 900 minutes of 
baking time, and 96 minutes of icing time. Express the data in terms of equations and inequalities necessary 
to determine the combination of wedding cakes and birthday cakes that will maximize profit subject to the 
constraints. 

. x 2 S^Wi STjUl olj-^ 6jj, s^Oiil STjUII Js- Ij^ji 15 i_^-U S^TU oU** .7.25 

oUW-j . Ud) ^Lib 8 j j^jJJJ i_to 20 j ^..'.fall to 7.5 j>x-u i^UJI ITjUl oLU. 
J_ SJi 150 ^wiJIj . y^LcdJ ,j~toj jtUU ito 30 j j~iiJJ JJU.1 5 ipUJI SS"jUI 

'Wir V- <l^> oL-jL^j olbUJ oliLJI Jj*M . .-,l.vl.l toj 120 , ^kU .to 540 j j^iixlj 
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7.25. A maker of fine preserves earns $15 profit on its premium brand xi and $6 profit on its standard brand X2- 
The premium-brand preserves take 7.5 minutes for- peeling, 20 minutes for stewing, and 8 minutes for canning. 
The standard-brand preserves take 5 minutes for peeling, 30 minutes for stewing, and 2 minutes for canning. The 
manufacturer has 150 minutes for peeling, 540 minutes for stewing, and 120 minutes for canning. Reduce the 
data to equations and inequalities suitable for finding the combination of brands that will maximize profit. 

4_j»^Ja)i < r >j—*><i\ y> {jtfy i>° tjj^i tj?*^ ^Uiail jJi 5JbJL*- jiS*jU ^ i^jJ <-Jy?~ ^ J' ^ " .7.26 

olj-L-jtjjjSJI y, S-ls-j 128 ojJS Js\ ^ lij^J ol fUUl ,y iJb.JuJI JfjUJI . x 2 . *i 
24 Jtx JjVl £>Ji ,y !Jo-j)l jjau . jj^^il ,y 120 j ^jj-JI ,y 168 j 

J-iJy aLwV oLiUy o*iU< ^ oUUI ^ ^ . JAjJ) ^Vji ^Ullj J^jJU oIjVjj 7 

7.26. A cereal manufacturer wants to make a new brand of cereal combining two natural grains x\ and X2. The new 
cereal must have a minimum of 128 units of carbohydrates, 168 units of protein, and 120 units of fructose. 
Grain 1 has 24 units of carbohydrates, 14 units of protein, and 8 units of fructose. Grain 2 has 4 units of 
carbohydrates, 7 units of protein, and 32 units of fructose. Grain 1 costs $7 a bushel, grain 2 costs $2. Express 
the data in equations and inequalities amenable to finding the least-cost combination of grains that will fulfill 
all the nutritional requirements. 

240 j oU—y)l !JL»-j 50 tjJ-S ^isl Ju- ^s- iSf^i. cS-^' u* <J^~* 'r**-* • 7 - 27 

6 j oliuyill ^ SJ^-lj i£js~4 JjVl . fj_Jl£jl SJia-j 210 j oljiOl !Ji»-j 

8 j oli— yd! j a oIj^-j 5 {jy**i. ^itell £yJl • S-a^-j 15 j ol^xdl ,y ol-x#-j 

^LjJI i^jJIj JJ.jU jVIjs 2.50 UlJ^ JjMl yJI . p_Jl£JI v olj=-j 6 j ol>aJI j> 

7.27. A landscaper wants to mix her own fertilizer containing a minimum of 50 units of phosphates, 240 units of 
nitrates, and 210 units of calcium. Brand 1 contains 1 unit of phosphates, 6 units of nitrates, and 15 units of 
calcium. Brand 2 contains 5 units of phosphates, 8 units of nitrates, and 6 units of calcium. Brand 1 costs $2.50 
a pound; brand 2 costs $5. Express the data in equations and inequalities suitable to determine the least-cost 
combination of fertilizers that wilt meet her requirements. 

Maximization Using Graphs ^UJ' Ja**^ 1 (•i«*As*i»li p J s x H 

: sjui iJ^i\^ J J\ JjI_. j=J ^ui j^i 

Use graphs to solve the following linear programming problems. 

7.28. Maximize 7r = 2x,+3x 2 |*sb«s)l -7-28 
subject to 2xi + 2*2 < 32 i ij^ill 

3xi + 9x 2 £ 108 
6xi +4x 2 < 84 
xi, x 2 > 0 

.7.28 4)L~JI J> ijjiJI j-iJ i*4>UJI 7r=5xi +4x 2 p-tp .7.29 

7.29. Maximize jr = 5xi + 4x 2 subject to the same constraints in Problem 7.28 
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7.30. Maximize jr=4xi + 3x 2 H^JI -7.30 

8*1 +4*2 < 96 : ijJiil 

4xi +6*2 < 120 
18xi+3x 2 < 180 
*1,X2> 0 

.7.30 SltwJI ^ ijJiJI ^j^iJ lU^UJI 21=4*, +x 2 pit .7.31 

7.31. Maximize it = 4xi + x 2 subject to the same constraints in Problem 7.30. 

7.32. Maximize jr = 5x, + 10*2 pJ^I -7.32 

2*1 + 3x 2 < 48 : ij^i 

4xi + 12x 2 < 168 
8xi + 6x2 < 144 
*1>X2> 0 

.7.32 aL-JI J >jjS\ ^ W.UJI n= 11*, + 10x 2 (J* .7.33 

7.33. Maximize jr = llx, + 10x 2 subject to the same constraints in Problem 7.32. 

7.34. Maximize jr=5x,+4x2 pJi*dl .7.34 

7.5xi+5x2 < 150 : jjJill 

3xi +4X2 < 108 
8x1+2x2 < 120 
xi,x 2 > 0 

.7.40 SLJI ^ {J JA iu^UJI n= 15x, + 6x 2 jjit .7.35 

7.35. Maximize jr = 15xi + 6x 2 subject to the same constraints in Problem 7.34. 

Minimization Using Graphs ^LJl JjUjJI ^ l-Ws-ib SJJsil 

: SJUll S^JI JjL^ J=J ^Ul J^juJ! f 

Use graphs to solve the following linear programming problems. 

7.36. Minimize c=57,,+4>2 iJJcdl .7.36 

3?l+2y2> 48 : ijJdl 

9>l+4y2>108 
2yi+5>2> 65 
>l.y2> 0 

.7.36 !)L*JI jjJiil S*^>UJI c = 8y, + 10y 2 J,> .7.37 

7.37. Minimize c = 8yi + 10y 2 subject to the same constraints in Problem 7.36. 
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7.38. Minimize c=12jri+20y2 iJ-lJ! .7.38 
subject to 1yi+ 5>2>100 : ijJill 

24>i + 15y2 > 360 
2yi + lOyi > 80 

yi.ni. 0 

.7.38 S)L~»JI J Jjjill ^ W.UJI c = 30y, +25y 2 J> .7.39 

7.39. Minimize c = 30}>i + 25y2 subject to the same constraints in Problem 7.38. 

7.40. Minimize c=\Qy i +5yi ^J^ 1 - 7 - 40 

4yi+3y2> 84 : S^Jii 

16yi +6y2 > 192 
6yi + 9n > 180 
J1,W> o 

.7.40 SJt-JI ,y jj_2)l ^-AJ iuiUJI c = 3y, + 2.5>> 2 .7.41 

7.41. Minimize c = iyi + 2.5y 2 subject to the same constraints in Problem 7.40. 

7.42. Minimize c = 5yi+4>-2 AJJ^I .7.42 

7yi +iyi > 168 ! ij~aJ1 

14yi +8^ > 224 
2yi + 4ft > 60 
0 

.7.42 ilL-JI ,y jjJill ^-iJ iw>UJI c = 15yi + 20j> 2 ^ -7.43 

7.43. Minimize c = 15yi + 20>>2 subject to the same constraints in Problem 7.42. 

jjuji y 

7.24. jr=4xi+3x 2 ^cJI .7.24 

4*1 + 6j: 2 < 120 ; j^JI 

90xi + 15x 2 < 900 
8*i+ 4x 2 < 96 
xi,x 2 > 0 



it = 15xi +&2 
7.5xi + 5x 2 < 150 
20xi+ 30X2 < 540 
8x, + 2x 2 < 120 
*1,X2> 0 



p-LcJI .7.25 
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7.2«. c = ly,+2yi 

24yi+ 4y2 > 128 : ^fr^ 1 

14?i + In > 168 
8yi+32>2>120 
W.»> 0 

7.27. c = 2.5y,+5y 2 V* 41 

6yi+8y2>240 
15j>i+6y2>210 



7.28. 


M 


= 6,xi = 10, jr = 42 


7.29. 


X\ 


= 10, x 2 = 6, ir = 74 


7.30. 


xi 


= 3, jt 3 = 18, *=66 


7.31. 




= 9, xi ~ 6, jt = 42 


7.32. 


Jtl 


= 6, Jt 2 = 12, ir = 150 


7.33. 


Jtl 


= 12, jrj = 8, ir = 212 


7.34. 


*1 


= 4, j: 2 =24, tt = 116 


7.35. 


Jt| 


= 12, x 2 = 12, n = 252 


7.36. 


y\ 


= 4, w = 18, c = 100 


7.37. 


yi 


= 10, w = 9, c = 170 


7.38. 


yi 


= 20, y 2 = 4, c = 320 


7.39. 


yi 


=■5, ;y 2 = 16, c = 550 


7.40. 


y\ 


= 3, W = 24, c = 150 


7.41. 


y\ 


= 12, y 2 = 12, c = 66 


7.42. 


yi 


= 8, « = 14, c = 96 


7.43. 


y\ 


= 16, W = 7, c = 380 



- 233 - 



Linear Programming: 
The Simplex Algorithm and the Dual 

The Simplex Algorithm Method Lr £± t *~J\ Uije 8.1 

Jj_U!l ^-^ij (2) j a-LiJI cj^jL^JI ^ flU JjU (1) y. *i.> 

ol,^-^! jJJ J^JJ oi v-M (u-n) ol^-iiJI J>H\ ji UJlij . SJi.SH 

S_JiJ n Cj~iiL**S\ J^. ^L-S/l J=JI oij 'l/r)" lt" •>'■»- <J^ ls* j*-*^ ' £f? 

J^JI ijj_J« ,jb JSLi. J\ «£~JI L.U'HI J>JI y. Jistf ^ST.L»..J1 i5f>j . n ol^JI 

ll oij*-iie" ^ j ftn Y <L«tft>. ojJa>- ^jj j tf.^U i^L*e ol_ w i^*JI . J^*^l J*JI ^^K^- JjUJI 

jl (^L-bU Ol j^i^a) ^1 n . vfl jff . ^iH 4jjL*« £-rf>jj> "ll w»l j «fci*3 l Ul . J>01 ^ C**~J ji ",j-L<bU 

i-Jujl?j . 8.2 ^ 1 1 (i 1 1 ^^.J <L>«-^?j^ j*-Ja*JJ ( ^-S^UA— Ji • *?~L*Vt J^1»JI ^ kn.n J^Sj jl J*^l ^jS 

. 8.4 i^Jill ^ S™« ii-tdJ j^Ju-JI 

Maximization j»Ja*xIt 8.2 

jr = 8*1 + 6*2 : aiJI jvJi»l- V^ILJI 

2^+5*2 <40 8*1+4*2 5 64 : jjJill iWly> 

3*, + 3* 2 < 30 *,,* 2 > 0 

: J J SM tr £L*Jl JjJLr .1 

2x, + Sx 2 + s, = 40 

3jri + 3*2 + s 2 = 30 (8.1) 
8*, + 4jc 2 + 13 = 64 



( a &L l »~ }\ i_A->»- -liasJl Ss>WjJl ) j^lilt J-aill 



'2 5 1 0 0" 
3 3 0 1 0 
.8 4 0 0 1 



l£Jjw**JI a^XaJlj J^_Jill oV^Ls^ O^LoLju ii^i^a ^y-o ' 'j ^"AJ • Ij*'.^ i^jL-J *2 ' *1 b^ip 

0-l$JI 4_Jb ^jj jij-JiJl Ol O^LhaJ <JL«i p J ^yb ^yjl ol ^^aJI i.iii^t ^3 J* OjI 4P ja^«J 

^ Ij-jLo jj-S;. L-Uji — =- Sil oivJI ^ cJ^I }y*z J-SJ . JoU- j-iia JS3 Sj.ji^JI OiUUoJIj 



*1 


XI ii ij S 3 


Cott 


2 


5 10 0 


40 


3 


3 0 10 


30 


© 


4 0 0 1 


64 


-8 -6 0 0 0 


0 


t 





■ Si = 40 I ^jljSjl Jj-L>JI {ft i j-SL» i yb 01 jSUj jSUj ^L." J»- Jji O^S *1 = *2 = 0 £*>Ji '4 

■ hj**? Jt*-tr kJj^ll SJb o^i yl*»)J ijL-a o**>j x 2 < x, ol LJlkj < jj = 64 < s 2 = 30 

. ^USlI jj»t*Jl ^oadl II 

. j,«,,. v—j ui a"' — ij 5 iSjl-ll ol_ re izJI j^-i uij (basis) ^L.Sll J* Ju jj- Ji-ji ot i_j>u. 



01 l-JLtj . 0 -l— t sll Jp Ji-jo. ^jJI jjiiJI ts-ill ^ S^-SOI SilkJI ji >_JLJI .^j*)! .1 
. j«L— Sll Jis. Ji-jj. x, jU i^jjSUI SjOUll S^JiJI ji yJLJI _rijxJI j,* (x, j!) Jj'i! jyvJI y -8 
. J V> (Pivot Column) jj»«aJI i^uJI ^va; xj ^«jJI 

S«_Ji; i»-lj^l c-^i JLp J-^j . (displacement ratio) JsVl i^lj)fl v-^i '«r"-l J JJI j^>JI -2 
J-JI ^sJI i_™JI JaUj' £» . JiSlI S^lj)!l V- 1 j> ij^JU . jj~JI ij^jJI ^ ojIjxII 

T °' UJ^Uj ■ j-l—SlI LS-i" JJ=~JI t-ivJI j^oj. , J i.^ll lSjL^' jt j_« 

• o- 1 -^ 1 J 3 O^s s 3 Ji-1 j^t illill ^Jl bj (f < M < m ) J5VI Jj_JI jjji 

^L-bU Ji-laJI ^iiJI oj^p gtlfc. ^oll j^iJI (D (Pivot Column) jj»^JI ^^^j 
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Pivoting QJ>*=il) jij^ 1 " HI 
A—b'l*^ * iji r « . . lUvv I iiLJI o^LiJIj SJlsjJ! ^* s^k>- -Uf- ^L^S!) ^ -Ju-kr J^W ^rt*^ 0 

: US' (6.5 ^Jl >il) 

_j ^jVl JjJk^JI ^ liJbJI (-JWaJl LJ^vaj iJUJI oJl*. ^Sj . j^y^l V^*-; JJ*^\ V-T^ 



*2 *1 « 13 



3 0 1 
i 0 0 



i-id! ojj 2 £ykj ■ IjLi^l iy^e- j«s\±s- 'iJii Jjt^jj iJ-b-jU L'.jUus j*als> J*>J . 

i^JLsJ! Sj — * 8 i. flM„; ,. /i't jvj « ^ISJl ^y> CJUM i_i*a)l 5^ 3 JjVl i_i«ajl <y dJbil 



X\ Xt Si S2 


S3 




0 4 10 




24 


o © o , 


-i 


6 


1 J 0 0 


s 


8 


0 -2 0 0 1 


64 



Sj-aS- Ol^jiXo oilfrjj (.S3 * ^2 iJUJi t»jjb ^y) SJo-jjJl 4>s^o ^ j^&tf V yi-s-aJJ SjjL*o ^L-^jJI 

7i~64 o\—s < = 8 Aipj = 8 , 5 3 = 6 . ^ = 24 ol ^ L:|i ilj'Uzo isjisAa jSLi ^ oJs-^l 

Optimization Ui«Vi IV 

LiJ? ytJL— J. j_j__p*Jlj ^jjI mill . _rt^*^t tjL^Jt ^jS Ol _^iJ-o -J^jj' V LoJJLP OJ^JI iJli 

J_?-ju X2 o^-i f -^-jil ■ J L*J 1 y«^*JI ^^Jl ijAjJI ^ —2 ol UJU»j . (Jji^. ^5^- JpljiJJ 

*l_«jJ1 o\ ^ 'V^".'. jj- s * ,ia JI Ly - ^" -^^^ ^j**" ■ j^ 6 *^ I ^j*-^ (_^^^ i^AjJI ^^siajj jj-iLj VI 

J— ^ oJ^-jil 01 UJU»j . XJUJl jj»«aJI j-^^ ^sai" (J) li^jj . ^UJ! ui^Ji <J JiVl 



• f ^ i^Lill ejwJI Vj-*" •! 



*1 


*2 il 


»2 S3 




0 


4 1 


o 4 


24 


0 


1 0 


2 1 


4 




i o 


o i 


- 8 


0 


-2 0 


0 1 


64 



i-ivJI 2 ^wJI ^ j III I ot-<JI iy ijJjVli-SvJl 1 i-. l yll!luivJIS^4 .2 

. ciJkll JjJlJI jjiiij . gljJI ^ivJI J\ uilill 



*1 


*2 


11 


S2 


S3 




0 


0 




8 

-J 


3 
I 


8 


•0 


1 


0 


1 


~? 


4 




0 


0 




i 


6 


0 


0 


0 


\ 




72 



oL^ju i. — jjj uUlj (i 2 = .t 3 = 0 ^i) jivJ! ijL_» ;j>-_j!I ^ 3j.jj»j>J! ol«»JI J oljjtoJI 
SJl— olj—IJa Jj-y 'si Ullj . x, -6 j jr 2 = 4 . j, = 8 j! bi^S SlfUn Ssji^u jijSj) iijwJI !J»-jJI 
*, = 6 JJ* *ii jji-Vl olsJI ^Sll j^uJI . Ji,Sll JJI j» IJu JJj j-i-Ml ij«JI sju 
. i 2 =0 £»j . 71 = 72 jjPyJi.ll U+aljiJl J*aT Cjj-tll 3b Op Jj = 0 j 5 2 = 0 j Si =8 j je>=4j 
UoAaJ juh>-H\ jJi-uJI Oij jija*-Vl jaJuSII ^ J^li- j-i" J^-je V *ii (8.1) y, J*i Uiji J 3 = 0 
j-^ 1 lA** 1 u^J-^J • "Ji^— j-* c-1 JjVl Ji-JuJI y> oIjb-j 8 ji ySiu, I A«i si = 8 £»j . J^lSllj 
. 8.3 j 8.1 JJl-JI >il S^Li. JjL^Jj 7.11 JjL-JI 

Marginal Value or Shadow Pricihg JJait jf 3j.A*J| a*J5J) 8.3 

j_» ^LiJI yj SJ^Ij iJ^-j jljJU; jj-JoJJ S»«~; jjljJI 3b 4^9 jJcS ijju, ^ . j^i^U) i_^U*»JI 

iiUjll jUja 1.33 ^Jiil ji iJb-j i jIjjUj ilsjl jj- j-IjjMI ols 8.2 p-ill ^ii Ijjj . (inpit) Jj-jJI 
, cJlill jJill c^U- J sj^Ij ij^-j, 5iL.jJU l^, 50 ji i jlji^j , yibsll jljSII coU- yi sj^Ij sjl-j; 
K <jji J^U jjia J JjSlI JJill ji UU, 3 . JjVl JJdl cott yi SJ^Ij iJ^jj SiUjl) >^ jlji^j 

yJ| »y-i oL^ii' K SjUJ 5J»-j atij jt) OjSj- iJbJI «aJ oij Ji«Sll JJI yi J^KIL pJi^-,. 

l^-Jll ^>-^ lisb oyl_jr jjjl aij) ykJI JaJI oi y* oi v^i. ^ *H«JI itaJlj 

ji-t^sH (i) JiU- ^ sj^^ 4_^, jS^, ij^ji j^jjj jKi, ^ jt,Sll J^JI : 1 Jli* 

U3j*» Jjlj-JI J-£3 i-.J»JI ^ill v 1 -^ (2) J Jj-Sll olblw} JjJI ab yi i-jJI 
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x% = A < jci =6 a^pJI j^iJij ^s^aJI u>jJl»S[1;j 8.2 ^Ji\ oULJl fl-U^Lj . is-b<d! 4~-JI 

: Js. UJs JjSlI s>iJI J s 3 = 0 j i 2 =0 j 7, =8 

EXAMPLE 1. The optimal solution in any linear programming problem can easily be checked by (1) substituting 
the critical values in the objective function and the constraint equations and (2) computing the sum of the marginal 
values of all the resources times their respective availabilities. Using the data from Section 8.2 by way of illustration and 
substituting the critical values x \ = 6, *2 = 4, J[ = 8. 12 = 0, and ?3 = 0 in step 1 we have 



(1) 



rr = 8*1 + 612 

x = 8(6) + 6(4) = 72 

2xi +5xi+ si =40 
2(6) + 5(4) + 8 = 40 



3xi + 3*2 + *2 =30 
3(6) + 3(4) +0 = 30 

8*i +4*2+j 3 = 64 
8(6) + 4(4) + 0 = 64 



Ly U J-**>«j Uj[s 4^W1 ojiaiJI ^ 

(2) 7r = MV A (A) + MV B (B) + MVc(C) 

^=0(4) + 5(3O) + J(64)=72 

Minimization lj!Ua!. 8.4 

. j-S^j jj- JUL) o^j SJUl iU*Sll ,y J<IS31j >->^_ JjSlI ^L-Sll J»JU . S*aU- ilSLi» 
. f»\sS\ j»_2JI ^ 4s-_^ii tjjJIj iJUdl ixj j.ljii^»b iJ-u)l Jilw> J>»; 01 

The Dual ^baJl 8.5 

. iJ-U' SKij l+LU' !^Ji»j J5j !»Ji«j' iiSlia IjJjU; iJaiJI i^_«JI J iJJiiJJ tlSLia JS" 0) 

J4—JI j_. o~ls^Ji jsi a^uij • *-s^l -nsjuii^ 5>uji as^Jij SjUMi iis^JU sj/VI sis^ji 

. (Primal) JLUVl *Ki<JI c-tti li] . j.U JSLio ^1 o}UU*JI iWjo l^ajj 

c = «iyi+«23»! + «3y3 s-iju- v _jiUJi 

aiiyi + + "13^ > *i : iJljJl jJI 5UI_,« ^« 

021^1 +O22J2 +O23J3 > A 2 

airti + <*nn + <*nn > A3 

>i.>j.y3 >o 



jr = Aijri + A 2 x 2 + A 3 jr 3 

"11*1 + 021^2 + <J31*3 < S 



: sjijJI j>Ji«j' 

'J_^i dip! jO £S 



"12*1 +022*2+032*3 < ft 
013*1 + 023*2 + 033*3 < g3 
*1,J2»*3 > 0 

(jil ^1) JLp J j***!] Jjj««Jt ji 8.6 
Rules of Transformation to Obtain the Dual 

: Ju U ^-^L. iJU,Sll HiiJI ^UiJI ^.jSi- jlp 
. (j^Jlj ^-SjJIj ^s 5 ^' u» p-k«>" £r^' iyJJls ■ JJ&iSlI »Uul .1 

. Jj«iJI sjiU ^Li lllta jlyiil olj-ii. <JL,^UI ijJill jS3j ^^s- jjJdl oliLu oljLiJ .2 

• J 

Jj-J c^-jlydJ ij-i* Jj»«i' aJl^SJI *Kjl*JI y .JjljII *Jb y o%L«*l) .4 

■ 

^ JA^JI SjljJ OiL.t^iJ ..i ..^ Jl J_j~. iJUSlI SK^JI ijj ^ ColjlU .5 

• *i ji yi ,_^Ui)t jl^iJI Cj\jJcm J.i,.,7...j y, ji *, SA^^I oljlyill olj-to .6 

. 2 JUxJI ^ oljJaiJI el* (3*f^j'j 

. ami yx- ^ji i,kiJi «^jt aKiJ ^biii : 2 JUw 

EXAMPLE 2. The dual of the linear programming problem 

c = 24y, + \5n + 32^ 

4yi + yi + 8w > 56 : jjjiJI sUI _^ £» 

6yi+3 W + 2 W > 49 
JI.W.W > 0 

7t = 56*i +49^2 : aui fjvt ^ 

4*1 + 6* 2 < 24 : Sjs iJ| sUljj £. 

*l+3*2< 15 
8*1 +2*2 < 32 
*l,*2 > 0 

. aijJI ^ ^Ij ii^JI s^Jl sls^uJ ^bsil : 3 JUw 

EXAMPLE 3. The dual of the linear programming problem 

* = 120*, +360*2 : SJ|jJ| ^ 

7jti +2*2 < 28 : 3 Js' u ' 1 s ^Lr" £* 
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( ui'UsJl j Lr i*l.o.,. J l i_jL»»- . SJajJI S^w jjl ) ^Uil J, /tail 



3*i+9jr 2 < 36 
f&i +4* 2 < 48 
*l.*2> 0 

c = 28yi+36w+48y3 : Sjjr ^ 

7xi+3X2+6»> 120 ! JjJill oUIyi 

2xi +9X2+4x3 > 360 
XI.X2.X3 > 0 

The Dual Theorem Jte&\ Objai 8.7 

: JJaiJI i~^JI ^ i^l—SlI Lj» jbj jk)l 

jjui 5L». jusii jj+ji jjijJ jiji i^aii ilib jjU' aju.su uuJi siioi i^sJi .1 

. LSU 

S*Ji!IOii IjA— KJ- ^^Jl^ijl^il^ olT li) (a) : jSUJI JA.SJI J»JI *!U- J .2 

0LT lib (*) • C-A- jtj jjll ^Udl g.UjJI ,y JiUJI (^Lill ji) J.UJI ^JtaJJ JiJI 
>LuJI jljjll JtJI i»j0l jVi ^jL,. H J^Sil j-bjl ^ (jislill ji) JjUJI .^taJI 

. 8.11 J\ 8.9 j 8.7 J\ 8.4 JiUJIj 4 JLuJI j j^i^ ol^kJI .Jut j^Lrj 

!JUI i^l *1S^ oJ^t li) : 4 JlS* 
EXAMPLE 4. Given the following linear programming problem 

c = 14ji+40x2 + 18X3 : aijJI SjjiJU- i_ylkJI 

2X1 +5X2+ X3 £ 50 : jjJI sUly. 

XI +5X2 + 3X3 > 30 
Xl.X2.X3> 0 

: s*j<*S\ 

>r = 50*i +30*2 .■ ; ■ : illjJI 

2.V1 + X2 < 14 : j_jJiil SUI^ 

5*1 + 5*2 < 40 
*l +3*2 < 18 / : 
*1.*2 > 0 

. 5 = 360, xi = 2 , x, =6 ^\ & O-i) JSiti\ J \i^s£~?-J 

. iuUMi jijjai oijj^Ji (2) sjuoMi jji^i (i) sjtjj jiiji i^2)i jl, us" ^laii oLJa r ai^_jj 
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JjMl jLill Sjjlii liw>lj oi ,^—3 m = 360 ,y> ^Usll J jJl«JI JJIjJ i»-uS!l ji UJU> .1 

. c = 360 jjU oi v^w. ; i-JU>Vl jJ^JI JlljJ j^uJI S^jJll lit 

I. 2y, + 5js + »-Ji=50 
yi+5»+3»-»2 = 30 
n. 2xi + «.+ »! = 14 

Sxi+5j2 + fes40 (SJ) 
•»l+3«+'3 = 18 

. / 3 , h . r, jUoJ (8.3) ji = 2 , « = 6 JiJI p-JlU jA*j«s)ly 
2(6)+ (2) + 1, = 14 ((,=0) 
5(6) + 5(2) + 1 2 =40 (f 2 = 0) 
(6) + 3(2) + l 3 = 18 & = 6) 

. I jio ^jUo' ~i y% < y\ s_^L»JI SJUaMl jl yill cj\jJcu> o\> • ^Uill SjjliJ UJ»j r, =i 2 =0 £ij 
. (8.2) y, =0 . I_^iv» |,jjLo' 01 v ~ ft jtUJI jlyill jjiao i»J 0i* f 3 = 0 £»j 
USLs*JI ^ jjUi H x7 j \ ^iUill jlj-all oljjis. oils' lil *jI SJlsll jLall S^JiS *M LS 

. (8.2)^ ^ = 0 j 

2)>i+5j>2+0-0 = 50 
J>l+5> 2 +0-0 = 30 

: oi a» Cj'\ j~JiU*JI J»uj 

J. = 20 y 2 = 2 

J5U jixsJI SJ^_o jSUj. ^sllj , y 3 =0 j j> 2 =2 j y, =20 L5 kJI jlj-iJI ol,^ op li^Jj 

: iju«ll lib jii^al! 

c = 14(20) +40(2) + 18(0) = 360 

. 8.7 J| 8.4 3L*II >!l 

Shadow Price in the Dual J\ai\ JJaJt j\*J 8.8 

<-»J)l 4 JUaJI SJ^Juj IjLjij . ^Usll jjjb 5)b J >b»jl jl^ill j^iiJ LJ k»JI S*J)I ^jU-j ijLo'il 

6 _}Jt it-J^JI SKiJI J JjSlI ijyJi i.J»JI At-ill 0|S JT 2 = 2 r JT| = 6 Jit Oi»j Ji\^\ joU^JJ JiJI 

tfj-l L_uli ijLoSN jjJi olljU. J ColjiJI Js»r B j A oi jil^Lij . 2 ^ ^UJI ijj^JJ IJlJI S^Jiilj 



- 242 - 



( ^Ull j Lr £l, .»... J l sjU*- . JjlaAj) las* jJ\ ) Jwntit 



: i.j»Ji ^1 l^** s^UJl ijljxJi CiJ sJ^Sfi jijJi sjijJ ^jbji SaJI ji 

c = MV A (A) + MVb(B) = 6(50) + 2(30) = 360 

. 8.8 i)L»JI jtil 

Integer Programming kaJbJl 3s>*-»jJl 8.9 

jl 4m*** »Ji lfrJ>l>1 jlySI Jnis. oi; ^yrf Jf i~* o5ll ^ iiiJI i~>.,JI *i»L. 

jl gi'LdJ 4 l„ ni;n olj_9-j j^iw' ^. /lVaY ^1 «iUi' Jla '^j^' O^SLio t yuu . 4m-*w> 4j3Jp jj. 

J-A LS-i-JI J^i C^JI SjiJuJI i^JjJl j-ij^ L.t . j^ji iJLJu Olj-*JI JS" jl ^jiu l J&- SJjiJI 

Oljj^uJI jj_Stj ji i-JJai; ^jJI j^i .kjijl ijJbJI Jm^JI £ij«J Ui 4»~»~* S)iJ* p«Sj Olj^jiijl 

: 5 JLuJl 4M_i^ SjiJuJI Smj^JJ jWjk» ■isrjj'j 

^jJ S_^JI J_4_UJ) i_Jj=- i_P»»^J "jJ^vJlj j» ijJuJI S^jJI j-ijAj ^ i£«^JI JjLJI is.y^y> .1 

jJ 4-j.iJjJI J-^jJI J i^JI iikuJI ji IJuj . 5>LuJI oiUJI SJaiJI 

. SijUJI SjiiJiJI JJaiJI Sm^I j^ij^J k^SUJI SAuJI J« jjft jj& 

Sj^jJI jlsJI i«_2)l j« J-*ii jjSi- ^ iijujl ijMjJI ,_,» jJLjll SJIjJ JuuJI a»Jtil .2 

. LjljJI 4,iUI *J>iJI 

jji S^^Jl £>j*jJ L5 kJl iu**)! ^ iijJI j-ij^J jj^Jl iiljj JliJI S»Jt)l c-a*l lib 

S(jdJI toj^JJ ijjUl ^UiJI ^ ^ J^-i ^ (8-1) JSLsJI ^ liL; *L- r - JUI j-ij^Jl : 5 JUS* 

. 8.9 ^Jii\ ^ U^JJ jLi^JI j^jkJI ^si»yj 

EXAMPLE 5. The following model is solved graphically in Fig. 8-1 in order to demonstrate some of the salient 
features of integer programming and illustrate the two theorems cited in Section 8.9. 

ir = IS*, + 60jc 2 SJIjJI j^Ji^' ^jlkjl 

2.5*1+5*2 5 27.5 '. ijA' <>U!y> £o 

12*| +4*2 < 36 

*1,*2— SJU i»li- 

^ J-oVSCJL. UUiJI i^L^JI 6is < 5_^. iLs JjH jit ji jiy^. ijjbOl j-p 4~.^Uj 

i^U^JI J_>-li 17 ,y Jaiis u,£s a^UaJI 4ikJI jjs ijJtJI i^jAlj . hSUj, 'iiLx* ^ (8-1) JSLiJI 

. (l i,» ijUJl SJaiJI S^JI J iiSU^JI tiUJI 
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( ^Uillj Jl i_>Lw>- - iJwJl 5sv jJl ) ,y till J*aill 
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(8-1) 

S_l£&dl lil JJnl A Sj.JJuJI icSUaJI iStilnllj tiSloll -jjliijl £j_2il Jai ^ ^.U^JI Skiij 0) 

J_*>Sll ,L^l jljj J_£J4 ^ISiJI C JI .U- JUiUj . (0,5.5) ju* ^ J^. S^Uli U*>JI S^JI 
SJSAo oi B SjjjuJI I^JI SikuJIj % (^ilSjiJI £_Jil j;, u-UiJ JjVl SJmJI oii 

jj-Jyi Ij+j « = 15(1) + 60(5) = 315 3 it, = 15(0) + 60(5.5) = 330 ^.j . (1,5) xs- pjM iiJ*ll S^^JI 
I j_» . (2 i_ tjv) i^jjJI Sau^JI ^ Oi ixuJI i>« _^ll ^ jS\ djSii. ji jSUj V gj\ jl SiL5»- 
j.1 — ji ^1 jlyill oljjii* ick_5 J* jjjiU UijSJ £;_JI »- |.LJii^U SLUM Sil£JI OJs JtuJI 

.. Ttj -^ = 330-315 = 15 y» 

. yj.^it-CU . il_^*«J UiLo 

Zero - One Programming >A#-tj — Jup h^j>jJ\ 8.10 

(Partially Lljj^- jt ILbLxJI iy-^S oli oiLSL.iJl ^ S-Lj* ju-Ij-^-jwi . J^ljJI 

jifVl oUlj^-il . (Serially Dependent) J_1_^JI jU^-jII oli ajUJI Jjsill ji Exclusive) 

■ ^ l^I ^ lt 6 i_s^ 'i***0y> 

»Lli» oi a^j^-sl • (Mutual Exclusivity between Two Choices) ^ JjjUxJI i_,Uia^l : 6 Jl&» 

^-^rV ....I J-iJI CjIjU— ^yj-Sj*; U I _)L«>-I tyjk vi JLJtS dx^>U- ilb ^ yj Jjti oljL-« £~vai" 

S^^JI v-o^ yu 2500 is**, Jbi\ 5-i^Jlj ju 2000 JjMl g-i^uJI . iiou ijLoJ 
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( JLillj ^^JLf^Jl uU- .aJjAJI fcvjJt ) j>«lill J~a«ll 



EXAMPLE 6. Mutual Exclusivity between Two Choices. Assume a trucking firm wants to optimize a function subject 
to a constraint involving the choice of which of two models of trucks to use for a particular shipment. Truck 1 has a 
capacity of 2000 cubic meters (m 3 ); truck 2, a capacity of 2500 m 3 . In ordinary linear programming the constraints are 
15xi +2Qi 2 +25X, +35X4 < 2000 (l jOjaJI »J»*J lij) 

15x, +20H2+ 25jt 3 + 35x4< 2500 (2 fJ»aJ lij) 

: J Is) Is" U^US" iiU.) jS^,. ijJill Ola fJi^j 01 ^SU* iii Ijb-lj li-i^j oi UJLUj 
15x, + 20x 2 + 25X3 + 35x 4 < 2000+ My 
15xi + 20x 2 + 25x 3 + 35X4 < 2500 + M(l - y) 
y=l ji y = 0 

JjS/l J_Ji!l ,y <il» y= 1 CJlS" li^s . j^S" v^rj' J* M ^ 

OLj y = 0 oil? li| Ut . yflsll j-ij^ll jLsi-HI ^ fS y,j i-UJI Ijtflj jusJI J^j 

• Jj'^l f^. *=rUJI I'-U'j ^llll JUS) I 

jrij-^JI . (Mutual Exclusivity between Several Choices) SJbj* oljLii-l ^ SJiL^JI ijLaaVI : 7 Jli* 

^Ijsll ^-U y^SU jS_. 4000 j y-^. jM 3000 iu^ JiJI oljUJ jiji-T ^ij*! 4j^.j jijlii . Jui 

: US' Jjs j)i Jitsf jSUt r " o*J • 6 Jl*»ll Jl-cj^t 

EXAMPLE 7. Muma/ Exclusivity among Several Choices. The model in Example 6 can easily be adjusted to accom- 
modate a situation involving several options of which only one can be implemented. Assume two more truck models with 
capacities of 3000 and 4000 m 3 . respectively, are added to the fleet in Example 6. The constraints can then be written 

15xi + 20X2 + 25X3 + 35X4 < 2000 + My, 

15xi + 20x 2 + 25X3 + 35x 4 < 2500 + M n 

15xi + 20X2 + 25X3 + 35X4 < 3000 + Af y 3 

I5xi + 20x2 + 25x 3 + 35x 4 < 4000 + My, 

yi.n.M.w-0jti 

" ^jJj t'-^-b <j>- (o/i) W^i oijjcc-Ji ^ a* oi iSj, jijji-Vi jijudi au) oi 

JliJI J . (Partial Exclusivity among Several Choices) ol^-ix* 50c J-J>>JI ijUaaHI : 8 JUa 

aa—o 4__«u jii »jL^, jijai . uljUi-VI ijtt jLia-l ai> jjjuaf Ui.l jSL^. 7 

tfi ^ i-»»JI £ iUi »5U r lji^! Jjj JS>)loij Jidl Jjk-i Jloi^i^-SU _^,4500 

: jp iis^Ji Jibs' jSUoj . 

EXAMPLE 8. Partial Exclusivity among Several Choices. The model in Example 7 can also be adjusted to accommodate 
a situation in which several of a number of possible choices must be selected. Assume a fifth truck with a 4500-m 3 capacity 
is added to the fleet and the company can only use three of the five on any given project. The problem can be written 
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15x, + 20x 2 + 25-13 + 35x 4 < 2000 + IHyi 
lSx, + 20x 2 1 25xi + 35x 4 < 2500 + Myi 
15xi + 20« + 25x 3 + 35x4 < 3000 + Myi 
15xi + 20x 2 + 25X3 + 35X4 < 4000 + Myt 
15x, + 20x2 + 25x 3 + 35X4 < 4500 + Mys 

yi + n + » + m + w = 2 

oljJco«JI ,y SOli- otj IJb-lj jjLj' >Jj« (0/1) 4_»iJI oljJciJI ,y j~Jl d'\ jj*. jj^Vl ^.-LjJI 

. l^i (.j^PjaJI 4j *^JI oljJ»^J! J^-J^j ijJ-M^ kiUAJj Iji** ^jI—j 

jljJ! olj-J^ Oj-Si' ^1 ^iUJI . (Interdependence between Variables) oljJoJI ^ Ji-ljJI : 9 Jli» 

Jir ^\ lij X,- = 1 61 . <-A~£^i\ 0j& ll« l^iij ji UjL^-l i^-s*J Lo *4J.ji»i SlajtjXa I4J 

«Li^9 LJiUw {J±LL*3 ^/ jl ^iuo ^ x 2 « xj ^Jui^l ^jj lij |W . 1 j**x*Jl L y»ij lij x, = 0 jlj i j*«**JI 

: j^JI J* XJiil SjlaT *tL-, 
EXAMPLE 9. Interdependence between Variables. Models in which decision variables are interconnected in such a 
way that they must be selected or rejected together are also easily accommodated. Let x/ = 1 if the ith variable is selected 
and xi = 0 if the ith variable is rejected. Then if xi and xi must be used together or not at all, the constraint can simply 
be written 

X t = X 2 

xi,x 2 =0or 1 

. ^jfaM £0 |*$*dflj jl Ail CJjJI ^-iJ ^ jl l-lp-lj IjjUJ !^ ijjiiiu) 

X| + x 2 < 1 

xi,X2=0orl 

: y. XJill d\i x 2 jbiJ jJU x, jbiJ jj lilj 

xt <x 2 
xi . X2 = 0 or 1 

Maximization Using the Simplex Algorithm j~£ L. « -J l ^iJbfcuib ^ .Ja vJ l 

8.1. Maximize T = 50xi+30r 2 SIIjJI ^J^i .8.1 

subjectto 2xi+x 2 <14 xt+3x 2 <18 : j^Ji!l sUly. ^« 

5xi+5x 2 '<40 xi,x 2 >0 

. j\H\ ,_ r £U-JI Jjj^ JS^; .1 
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2xi + « + i| = 14 5^+5*2+12=40 j:j +3^2+13 = 18 



[2 1 1 0 0-1 jrj rl4-| 
5 5 0 1 0 j, = 40 
1 3 0 0 1J J2 LIS J 



Coljill jjJiJI o'ibUs o^UUj jjSUJI Jj'lll |J ^I,»„,II JjJ»- OjSi (c) 



■tl 


JT2 


ll 


12 


S3 


CoU ( 


© 






0 


0 


14 


5 


5 


0 


1 


0 


40 




. 3 


0 


0 


1 


18 


" 5 t° 


-30 


0 


0 


0 


0 



J_»- Jjt -Uej . s 3 = 18 . i 2 = 40 < j, = 14 jSUj ^L-i J»- Jji oi» an =x 2 = 0 

• JJ»""JI jj~»jl <_i>« ^LUa sjo* (_5 JJ I y,j jy>^i\ j^s- p^aj (J) 

jiJ«H -3 

• 2 'J-''' 1 " «r»r* 1 ^] Jj=J (a) 

JTl X 2 !| I! IJ 



i J 0 0 
5 0 10 
3 0 0 1 



-50 -30 0 0 0 

. jtsii Jjj=ji ^ j^ij . c yi ^ji ji jj'^i ^ji j s, JjJu so auijj ,cJWl ^Ji ,y 

*1 -*2 1| 12 13 

1 i I o 0 

o 0 -J i o 

o i -i ' i 

0 -5 25 0 0 
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i ^L-ilt *--i^3lj JJs^oJi iytS- y> ^tjJI ij**Jl . iotf by» ^L/Vi jaAj .4 

• f ls 512 " V-r^ ( fl ) 



*1 * 2 si « *3 



0 0 20 2 0 

Ju>w Lj^fl iAj'U^a AS^WaJ Vi! 3 ^' ^^Ij jfl-irtH L^L~» SJb-^jJI ij*-^ ^^Lp I 

. 20 ^ o^li-J^JJ Jtll jU-t jij n = 360 . ~s, = 6 j s 2 = 0 . Ji =0 < *2 =2 . x, =6 ji 
. ^jUI ^..fcll (7-1) JS^JI >il . Jljsll J* . 2 

: iJUl oUUJIj 3jW1 8.1 S)L*JI J*i .8.2 
8.2. Redo Problem 8.1 for the equation and inequalities specified below: 

jr = 56x, +24*2 + 18*3 : * J, - JI V^^ 1 

4xi + 2x 2 + 3*3 < 240 8*i +2x 2 + x, < 120 : ijjill sWIy £. 

*1,.*2. *3 > 0 

4*1+2*2 + 3*3 +J! =240 8*i +2*2 + *3 + s 2 = 120 



[4 2 3 1 0] 
[8 2 1 0 lj 



-[=] 
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X] * 2 x 3 11 J2 




4- - 2 -- 3 1 0 


240 


® 2 10 1 


120 


-5| -24 -18 0 0 


0 



i ls* V-r*" 0) • Ji US' jij^Jlj o-L-SlI j-iJ ,yj 



JT2 Xj II S2 



-56 -24 -18 0 0 



© 



• f JjVl t-isaJl "-V 1 ** (0 ■ <LJ^J 5 j* j>,y*d\j j-l—Vl j^ij 



*1 


*2 


*3 


si 


*2 




0 


2 
J 


1 


2 
J 


-J 


72 




1 
3 


i 


0 


I 


15 


0 


-10 


-n 


0 


7 


840 



. iJUll JjJiJl jjSjj . cJUll ^LJI Jl Jj'JI iO*JI y 



■Kl *2 *> *1 

o | , 1 


12 

-J 


72 


> © o -i 




6 


0 -| 0 f 


24 

T 


1632 



5 ^ jjiUJI ^ail y.^. 
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( i^'Usil j tr £l~>*J\ wiUs- .aJasJl Js-ujJl ) j^lill 



jci 12 X} s, 


S2 




-2 0 1 J 




... 60 


S 1 0 -J 


§ 


30 


28 0 0 3 


9 


1800 



3 j_» Jjlll J^juJJ J_b)l _ r *_. s . tc = 1800< i 2 = 0« Ji=0 , x 3 = 60 . xi = 30 < *=0LjLAj 

8.3. Redo Problem 8.1, given the data below: : >^LJI &\ 8-1 t_»J t ±A .8.3 

» = 250x, + 200x 2 SibJI fji*' vjU"JI 

6jc, + 2X2 < 36 JT, + 4*2 < 20 : JjJill SUIy> £. 
3*, + 5*2 < 30 *i,*2>0 



X\ 


*2 


Ji 


S2 


43 




(D 


2 




0 


0 


36 


3 


5 


0 




0 


30 


1 


4 


6 


0 


1 


20 


25 ° 


-200 


0 


0 


0 


0 



£ <y JjSfl W 



« »i u 11 



it 0 o 

5 0 10 
4 0 0 1 



-250 -200 0 0 0 
1 liJUJI ^ JjS!l j-jiuj ^lill ,>» JjSlI ,y ijj^u 3 j-jk (i) 



11 XI 11 S2 « 




1 J { 0 0 


6 


0 0-^10 


12 


0 ¥401 


14 


0 -3» >a 0 0 


1500 
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*2 J| 


12 


S3 








1 

- T2 


0 


5 


0 


• -i 


1 


0 


3 .: 


0 


« t 




1 


3 


0 


0 ^ 




0 


1850 


n 


= 1850, s, 


= 3 , 


si = 


0. j,=0 



. J\yi\ J* !f - 29.17 . ^ - 27.28 

Solving The Primal Through The Dual ^'Uill JbU- ^» iJLoty SASJUll J»> 

^ ^Uill J_» r Ji^_l pj . ijiL, ^sUsll J» (f>) .yUsJI JjT (a) yisll SJu»Sfl o}l£-i<JJ .8.4 

. SjUMt jlydl oSjJcj. (d) j SJL^I jj^JI 3b (e) J L ^iJI pJJI jl»J 

8.4. For the following primal problem, (a) formulate the dual, (fr) solve the dual graphically. Then use 
the dual solution to find the optimal values of (c) the primal objective function and (d) the primal 
decision variables. 



= 36y, + 30y 2 + 20y, 
6y, +3ft+ yi>l0 
2yi+5>2 + 4v3> 8 



= 10*i + 8*2 
6*1 +2*2 < 36 
3*i+5* 2 <30 
*l+4*2<20 
*l.*2>0 



SJIjJl iJJJ t_>ykjl 



: 3" («) 



.Jt = 74, x 2 = 3 .x,=S C~s- 7-10 J iJUMl SlSLiJI J US' list, J>- ^Ldl (*) 
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. c = 74 0|i 7t = 74 £«j (c) 

oU.Ua (I) Jjs^j < Vji ^UiJI jlj-ill olj^i" o" yi ' yi • y\ iJL>SM jlydl ol_,^i« iUu.)l (d) 
. o-JiUu, J) oUjUt. (II) j SJUs'tf! «Ki»JI 



I. 6y,+3K+ »-il = 10 



„ H. 6x1 +2x2+<i =36 



2yi+5w+4 w -s 2 = 8 



3xi + 5x 2 +t 2 = 30 



*l + 4x 2 +/ 3 =20 

6(5) + 2(3)+(, =36 ((,=0) 



6yi+3w + (0)-(0) = I0 
2yi+5 W +4(0)-(0) = 8 

3£ = 0 , 3^ = 1.17. 3^ = 1.08 
8.5. Redo Problem 8.4 for the following primal problem: : iJUJI tUVl SKiJU 8.4 S)L_JI J*.' J»t .8.5 



3(5) +5(3) +1 2 =30 (?2=0) 



(5)+4(3) + / 3 = 20 (F 3 = 3) 



c = 40y, + 60?2+48;yj 
5yi+3y2 + 4j> 3 >7 2y, + lift + 8y, > 21 




5xi+ 2x 2 <40 4xi +8x2 < 48 : ijjJI iWy> 

3xi + 12x2 < 60 xi,x 2 > 0 

.7t = 112 . x^ = 4 ,*>4 7.9 aL^JI iJUVl ilSUJir CiU, Ji- ylLaslI (fe) 

. c = 112 jli 71 = 112 £.j (c) 
(<i) I. 5;yi + 3y 2 + 4 W - j, = 7 n. 5x, + 2x 2 + <i = 40 

2}>i + 12 w + 8 W -S2 = 21 3xi + 12x2 + l2 = 60 



ir = 7xi +21x2 




4xi+ 8x 2 +( 3 =48 



- 252 - 



• 11 ls» *1 =*2 =4 ^.ydlj 
5(4)+ 2(4) + n=40 (?, =12) 
3(4) + 12(4) +( 2 = 60 (7 2 = 0) 
4(4)+ 8(4)+» 3 = 48 (<3=0) 



. n=S2=0 ol-i *i < *2 * 0 . > 2 < y, # 0 jJJ /2=/j=0oi Ujj . y, = 0 jLj (,* 0 £»j 

5(0)+ 3w + 4 W -(0) = 7 
2(0) + 12 W +8 W -(0) = 21 

^ i-US(l jl^ill oljJti. oli X, =7 » 0-875 j J 2 =2 = 1.167 . liT J~s 

. y, = 0 , y, = 1.167 . y,=0.875 

: UUI U^Sll *1£a»D 8.4 *IL*JI j*i .8.6 

8.6. Redo Problem 8.4 for the following primal problem: 

»= 30*i +20* 2 + 24*3 SJIjJI fJw ^jikJI 

2x, + 5*2 + 2*3 < 80 6*c +*2 + 3* 3 < 160 : ijJi\ sW!^ £» 

*li*2.*3 20 

: y juM (a) 

c = 80yi + 160 w : aljJI VJ^I 

2yi+6w> 30 2y,+3«>24 : ij-ill SUI ^ 

5;Vi+ «>20 y\,n>Q 
. c = 1040, y 2 = 2. y, =9 7.15 i)L*JI J iJUaVi SKi.JlS' lI;Lo ^Lill (6) 

. it = 1040 OJi c = 1040^>j(c) 
GO I. 2*,+5*2 + 2*3+Ji=80 n. 2)>i +6j>2-fi =30 

6*i+ * 2 + 3*3+52 = 160 5y,+ ^-( 2 = 20 

2>i+3 W -(3=24 

2(9) + 6(2) -d =30 (7i=0) 
5(9)+ (2)-l2 = 20 ((2 = 27) 
2(9) + 3(2) -r 3 = 24 (( 3 =0) 

• s, = s 2 =0 01s y l , y 2 *0 pjj xi =0 jjj ( 2 *0 Cl! Ujj . *, ,* 3 *0 jls d =( 3 =0 

: ■ 1 ij u^-y^^s 



2*,+5(0) + 2*3 + (0) = 80 
6l|+- (0)+3*i + <0) = 160 

*a = 26.67,* 2 = 0,*,=13.33 j^s ^ y,j . x, =f = 26.67 .*", = -f = 13.33 £l j~W~>JI J~J 

: SjTTSsUVl SK^uJU 8.4 i)L_JI J*- .8.7 

8.7. Redo Problem 8.4 for the following primal problem: 

jt = 36* t + 84* 2 + 16*3 SJIJI i_>jli*JI 

3*i + 6jc 2 + Xj < 20 2*i +6*2 + 4*3 < 15 : ijJI sUIyi £• 

*l.*2>*3>0 

: j» ^Udl (a) 

C = 20y, + 15y 2 : JlljJI IjUI vjU^ll 

3>l + 2jr 2 > 36 }>i + 4y 2 > 16 : JjJill ilel y, £• 

6j>i+6 W >84 )>i.?2>0 

. ? = 250. y 2 =6 . 7, =8 ^ 7-14 Slt-JI S„UVl ii£jui\£ lliLo J=- ^Uill (i>) 

. n = 250 0l» 0 = 250^ (c) 
I. 3*i+6*2+ *3+si =20 II. 3yi+2y2-/i=36 

2*1 + 6*2 + 4*3 + S2 = 15 6>i + 6>2 - '2 = 84 

3'l+4>2-<3 = 16 

• 11 J >'2= 6 ' )', = 8 O^-J*^ 

3(8) + 2(6) -r, =36 (/, =0) 
6(8) +6(6)- (2 = 84 <T 2 = 0) 
(8) +4(6) -(, = 16 (7 3 = 16) 

. ji.S2 = 0 jli y, ,y 2 ^0 jjj * 3 = 0 Oli ( 3 * 0 UlUj . *, ,J 25 s0 oli l,=h=0 £oj 

3*,+6*2+ (0) + (0) = 20 
2*l+6* 2 +4(0) + (0) = 15 

*3 = 0, *2=| < *i=5 ols^J^j . *2=f . *i=5 Ols &T j~)^U*JI J^uj 

^ jjlj-UJ (MVs) J^JI ^1 j\ Jtll jU-i JL..W ^ 8.7 J} 8.4 JjL_JI jbii\ .8.8 

U-» Ujjv" SjJjiJl ijlj-JI O! ijjl <y ijlyj) B . A (b) . U^Vl ijjill 

. SJU-Vl (Jji^JI aijj ^^liuJI i»~HJI ^jLj. iJ^JI L4^J 

8.8. (a) Use the duals in Problems 8.4 to 8.7 to determine the shadow prices or marginal values (MVs) of 
the resources in the primal constraints. (6) Using A and 0 for the resources in the constraints, show 
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that the sum of the available resources times their respective marginal values equals the optimal value 
of the primal objective function. 



(a) MVa = xi = 5 and MV B = ?? = 3 

(6) c = MV A W + MVu(B) = 5(10) + 3(8) = 74 



WMV^J, = 4andMV s =3r 2 =4 

(*) c = MVa(A) + MV S (fl) = 4(7) + 4(21) = 112 



(a) MVa = 5>l = 9 and MV S = y 2 = 2 

(6)7t = MVa(/1) + MV«(B) = 9(80) + 2(160) = 1040 



(a) MV A =y, =8 andMVs =y 2 =6 

(f>) JC = MV A (A) + MVfl(fi) = 8(20) + 6(15) = 250 . 



8.4 i)L-J1 y> 

8.5 S)L«JI ,y 

8.6 aL_JI ,y 

8.7 a)L~JI ,y 



The Simplex Algorithm and The Dual SLtfJt ai£ju)lj ( _ r £L«_Jl 

• (c) ...II ^Lj^JI J^- (6) ySUill O^-S" (a) y UJ( ilSLiJJ .8.9 

. jl jJiJ 1 oljJcuj SJlmjVI jjLjJI SJb) l JuS\ Jj,J~' ^LjJI iLUuJI ilSLuil 
For the following problem (a) formulate the dual. (6) Solve the dual, using the simplex algorithm, 
(c) Use the final dual tableau to determine the optimal values of the primal objective function and 
decision variables. 



c = 14yi+40y2 + 18y 3 

yi+5y2 + 3v3>30 
yi,y2,v3> 0 



: ^^Liil (a) 



jr = 50.ri + 30x 2 
2j:i + * 2 < 14 
5x i +5jt 2 <40 
*l+3jr 2 <18 
*l.* 2 > 0 

• 8.1 at_ji ^ sjl^Sii sKaji ^ ^Uiii (*) 



0 0 1 20 2 01 
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^.sllj jUdl .jfclijl Olj^i^JJ *JL»Jt j^ai ,.,| jU-t; Sjl^Vl ,lyill ol_„J^ (c) 

. y 3 =0 < y 2 -2 ( y 1 -20 61* li^Jj . i_*j*iJ1 SJj^-J i3jAiv> J^Li ^ c..« .^j 

. c = 14(20) + 40(2) + 18(0) = 360 o!j 

: jjui iiiJ4 VjJi iis^j 8.9 sjUji jp! .8.10 

8.10. Redo Problem 8.9 for the following linear programming problem: 
c = 240yi + 120^2 
4y, + 8y 2 > 56 

2yi +2yi >24 
3yi + w>18 
yi.w> 0 



jr = 56jri + 24*2 + 18*3 
4x t + 2X2 +3*3 <240 
8xi +2X2+ *3 < 120 
X1.x2.x3> 0 



I JJ. y)Uill (a) 

: JlljJl »Ji~ ljjILJI 



. ^Udl JjJujJl jlS" 8.2 at_JI yi SJU'HI ilS^JI J US* J»- jUsJI (i>) 



XI x 2 x 3 


si 






-2 0 1 


\ 




60 


5 I 0 


"J 


3 
3 


30 


28 0 0 


|3 


9| 


1800 



. c = 240(3) + 120(9) = 1800 . y, =0 . y 2 =9 . y, = 3 61* pi 6«J (c) 
8.11. Redo Problem 8.9, given : Sjr^l oliUI c-tpl lil 8.9 S)L»JI Js- J*t 



c = 36y, +30y2 + 20y 3 
6yi + 3y2+ V3>250 
2yi+5y2 + 4v3 >200 
vi,y2,y 3 > 0 

ir = 250xi + 200x2 
6xi +2X2 < 36 
3xi + 5x 2 < 30 
xi +4x2 < 20 
xi,x 2 > 0 



: j» ^iUslI (a) 
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*1 XI s\ J2 J3 



1" 51 -A 

0 0 H ~'tt" 



o o lW ^ o| 

c = 36(Jf) + 3()(ili) + 20(0) = 1850. y, = 0 . y 2 =Jf -29.17 , y, =^-27.08 jli ^ ^ (c) 



Maximization With The Simplex Algorithm < _ r ^i. J .o.-.Jl ^tJAiub ^jaxi \ 

: Jjlsll 4-LiJI S»jjJI o^iSJuJI ,y JS" J»J ^y&Lt-JI pJi»^l 
Use the simplex algorithm to solve each of the following linear programming problems. 



Maximize 
subject to 



Maximize 
subject to 



Maximize 
subject to 



it = 20xi + 8xi 
4*i + 5,t2 £ 200 
6x t +3x2 < 180 
8*1 + 2x2 < 160 
*l.x 2 > 0 

Tt = 4xi + 3*2 
3xi +9X2 < 207 
6xi+4x2 < 120 
15xi +5x 2 < 225 
xi,x 2 > 0 

ir = 8xi +2x 2 
5xi+4*2<216 
6*1+3x2 < 180 
12xi+ 2x 2 < 312 
*1.*2> 0 

it = 9*i + 5*2 
2xi +4X2 < 280 
6*1 +5*2 < 450 
15*i +6*2 < 720 
*1,*2> 0 



SIIjJ! ^ VJ ikJI .8.12 



SJIJI VJ lkJI .8.13 



JJIjJ! (^i- ^^kJI .8.14 



SJIaJI f Jio- VJ Ak»JI .8.15 
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8.16. Maximize n = 39xi + 70x 2 + 16x 3 SJIjJI ijjlkJI .8.16 
subjectto jci + 2x2+5x3<180 : ilpl^ 

5*i + 2.5^2 + x 3 < 300 
X1.X2.X3> 0 

8.17. Maximize ir = 168xi + 222x 2 + 60x 3 iJUl ^>jil^i\ .8.17 
subject to 7xi + 14x 2 + 2xj < 90 : ^jJI j* £° 

8X! + 8X2+4X3 < 120 
X1.X2.X3 > 0 

The Dual J\ai\ 

8.18. Find the dual of Problem 8.12. .8.12 ilLxi) ^UiJI Jisfji .8.18 

8.19. Find the dual of Problem 8.16. .8. 16 SjL-UJ ^LiJI Jb-,1 .8.19 

Minimization With the Dual ^'Uill ^UprauiU iJdsJi 

Solve each of the following problems by first rinding the dual and then using the simplex algorithm. 

8.20. Minimize c = 225y, + 180 W JJIjJI iJJC ^jih*}\ .8.20 
subjectto 8y, + n > 32 : jjjjJI sW^ £. 

7yi +4 W > U2 

yt+6y2> 54 
}■!.«.> 0 

8.21. Minimize c = 540yi + 900y2 iiljJI iJJj- i_>jiU»JI .8.21 
subject to 3y, + 15j>2 > 195 : ijJiJI sUl^o £0 

4yi + 5^2 > 140 
lffyi + 2 W > 80 
yi,y2> 0 

8.22. Minimize c = 24yi + 61y2 +6O313 flljJI Jjjrr ..jjlLJI .8.22 
subjectto 2y, +2y2 + 6y3 >60 ! ijjl iUly. ^0 

yi + 3V2 + y3 > 15 
yi.72.y3> 0 



( yftjsJl U ,..<JL, i\ -UsjxJI jJl ) 4*18)1 J-^i)l 



8.20. 
8.21. 
8.22. 
8.23. 



Minimize 
subject to 



c = 48> 1 + 168>2 + 145>'3 
2yi+4 w + 8 W >48 
3>l + 12>2+6y 3 >96 



8.12. 




= 12.5, 3f 2 = 30, if = 490 


8.13. 




= 6, x 2 = 21, if = 87 


8.14. 




= 24, * 2 = 12, if = 216 


8.15. 




= 25, j( 2 =57.5, if = 512.5 


8.16. 




= 20, J 2 = 80, x, = 0, ir = 6380 


8.17. 
8.18. 




= 10, x-i = 0, *3 = 10, W = 2280 
c = 2( 



4ji + 6 W + 8 W 5 20 
5)>i+3w+2 w > 8 

c=180yi+300 w 
yi+ 5 W >39 
2y, + 2.5yi > 70 
5)>i + *2 > 16 



>, = 12, y 2 = 7, c = 3960 
7, = 25, y 2 = 8, c = 20, 700 
y, = 7.5, y 2 = o, y 3 = 7.5, c 

y, = 16, y 2 = 4. y 3 = o, c = 1440 



630 



aJljJI Liar ,_ylkJI 8 23 



: sjijJI sjjj 
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J-^UsJl APijSj aia-UJi : J^UbJl uL^ 

Differential Calculus : The Derivative 
and the Rules of Differentiation 

Limits OU$Jt 9.1 

j~)UJI j«<i j.i ijjsiy jf ^ Z, uf iJi^ ^/JiljJJ/Ot) JJIjJI ^1 ojjisl lil 

: i_^Si'j a^i v.r* Lo-ut/M J il^S" tjyo Z, 6Js a ^jL-i' 'Si 
lim f(x) = L 

2 JUJI ^ Ss-jji. oliji oUI^aJI j*IjS jjj OUij^-jj lim„ 0 g(^) j lim,->„ /(*) Ol ^l^aly 

. 9.5 J[ 9.1 Jjl_JI ^ S»Jl*.j 

1. limt = i (i = c-U) 

2. lim*" = a" (« = y^r £^>w i J* ) 

3. limi/(;e) = k\imf(,x) (* =CoU ) 

4. jjml/C*) ± glx)] = jto /(a;) ± KmgW 

5. lim[/(j:)g(j:)] = ^/(x)-jtajW 

6. 4- g(jr)] = Tta /(*) ^*jim |(») [lim / 0] 

7. Bm[/(x)]" = [to /(*)]" (n*>°0) 

EXAMPLE 1. (a) To find linw 2 fix), if il exists, given oJ^ij OJb-j li) lim M2 / (x) iU;.y (a) : 1 Jli» 
* 2 -4 

sphllj (jc * 2) ^yil ^ L» jIjjuJI ji (9-1) JS^Jl ^ UT ^Ul JS-iJI Vjj^ ^ UiU 

• liU>kj SjiW J-0 Js. — iSI d\ Ulkx = 2 S^. j-fc/W ji Js- Jju 9-1 JSLiJI J ^j^UJI 



(9-1) J5j> 















A 

-6- 


•> 










5- 
















x-2- " 






-- 3- 










-1— 1 


VI • 






— t— Hit 


:...-:3 - 


2-1 . 


— t— 

. 1 


1 — i — i 

3 


. ML. .] 
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/(*) 


-2 


0 


-1 
0 


1 

2 


1 


3 


1.5 


3.5 


1.75 


3.75 


2.25 


4.25 


2.5 


4.5 


3 


5 


4 


6 



(2 >,^JiJi ^y.) jUJ) 2 ,y> x ^jlbj U-l^ x = 2 JJs- iiyw jJ>/(;t) of ^1 -k-H (9-l) JSLiJI ^ 
j La j: — > 2 + (2 < p-JiJI j^) jj^^JI ^* 2 x »_j jsSr LaJUs-j f 4 ^ ^ yiay /(jc) O^s jc — > 2 i^^So'j 

S-jydl * ( _ j JLp Jaii iJ^ * L 0 -^ *JijJi ii^i 01 LJLU iL^i J^rjj' li} . 4 ,y> ^jtZ' f(x) 



. oJ^ijOJL>-j lil lim t . >2 sU) i^-Vj ('■>) 



Ujup jc < 6 

L«JUP X > 6 







r) i .... 












7- 














— «- 
5- 




* 










— 4- 
>- 




it 2 






2 - 














1 - 




















8 


10 








i i ■ 











9-2 JSLiJI J US' ^Ul JSLsJI JjIjl»JI JSLi; 
gC*) = jJt + 2 itt) = Jx 





m 


6 


5 


8 


6 


10 


7 





fW 


0 


0 


2 


i 


4 


2 


5 


2.5 



(9-2) j£i 

. J_*lj i_JW- oli il^i u^-i'j 3jju^6j(i) jji (x->6~) jUJI j» 6 ^ x ijjOS 9-2 JSjJI 

. !^S" ^ 6 jr J-»-j v^* 1 ' ^ 4 W ^1 ^iU 5 -Tj 1 ^ 

EXAMPLE 2. In the absence of graphs, limits can be found by using the rules of limits enumerated above. 



(6) lim.<: 2 = (7) 2 =49 

(c) Iin^x 3 , = 4 lim x 3 = 4(2) 3 = 32 
x-*2 *-v2 

(d) lirn (x 4 + Sx) = lim x A + 5 lim x 

= (3) 4 + 5(3) = 96 

(e) Km [<x + 8)(x - 5)] = lim (x + 8) ■ lim (x - 5) 

= (4 + 8) (4 -5) = -12 



(1) sjpU 

(2) 5^15 
(3) j (2) 5A»Ui 

(4) sjpU 

(5) SJitli 
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( J-i»Usll OpIjSj a, fe„ t..aJl : J-^lasil <_jI~j>- ) £*>tsll J~flji!l 



Continuity hj\ j**»>*}\ 9.2 

• ""-Jjj 1 ' j* i*^' jfj Oji f-y ol • UU=«io ^ oljl-iil 1$) ^ ji\ aijJI ^ SjAi-^JI SIIjJI 

: lil x = a Jup i^_j> o^'/SJIjJU 
. x = a -Up J^-ji' < .1 

. i^j^ lim/W .2 
. Km /(*) = / (a) .3 

l-Lp L» Sy r; ,.. o Jlji ^ i™. JI JljjJI 2^ oi US' Sy..,..o Jlji jy> ij-tsJI Sj-iS" JljJ oi jSIjJIj 

. 9.6 4jL«dl yail . IjjL~« I^jjUo OjSo ^ydl ^1 f 43 jj- oy& 

s j_3 1 jj i oij S-Jjjll ^s- JUJI «ij jjj jv-ji oi ,yC»j 5j^_«JI alljdJ ^LJI J^i«jJI ji Llo JLS) : 3 JUt« 

> aii/(jt) oi <9-3)(«) JSjsJI yi «it j^iljJI ,y 4iU . iLfcll .sUs Jt* Sj*. illjJI ji ^ 3.»jaUJI 

. x = d jup »_,,.-.... 3b g(x) oi (9~3)(fc) JSLlJI ,yj x = 4 jut s^^_« 

EXAMPLE 3. Recalling that the graph of a continuous function can be sketched without ever removing the pencil 
from the paper and that an open circle means the function is not denned at that point, it is clear that in Fig. 9-3(o) /(*) 
is discontinuous at x = 4 and in Fig. 9-3(6) g(x) is discontinuous at x = 6. 




jA^-il/! j»AP Sladi JUP /^SJj 



(9-3) j£s, 
>.y * lim/Woi (9-3)( a ) J£i)l J «,_,!_, 



-up J^-ji oi jSUj S;.UJU . j~.j}U. ijlj.i.-jllj oUUOU . j^jrlimgWOi (9-3)(fc) J£jJI ^ 
pJU ite jup 5j^c_» ojSj' oi jSUj. SJIjJIj ! ajUiJI »1» jup 5^~_« SIIjJI ojfo oi ojJo U Iks; 

. Sjjly>J^« jAJ LjlS" C~~J.J <£j3j*> bj2> SjI^JU jLviCi-Uj . ikiJl B.ift -Up 4J.L^j 

The Slope of a Curvilinear Function ^^wtuJi JasJt &b J~« 9.3 

O^J 4_-JU$]| ^Jj . l _ s _^iJ| Jut iiUij, J,Ui JUP ^ittoo ^~=- 0;U jJ- jk»JI S3 |j 

SJI-J ^U^JI Lj-j . S_LiJI Jl-lp SJIjJJ ^UJI jU^ ^.U U ikii jup ^/^^Jl iiJI 



- 263 - 



J-** ^t— ^.yflj k^- Q " (9—4) ( J^-iJi ^ IaS* 4JLya.1L.fl ^IajO J?jLt- fc_JJa^j ialiita JslJtj _LLP ^LxLLaJI JasJI iili 

£_Ui p.-flV ..." Ja^i- j — a. J ^JaUJi -Uijli . ^yOS 4xJ»Ull -tjlaijl iliU Jj^a J"'".'. ^UjJI ii>- J-^oj 

. .i-^ (9-5) JSLiJI J UT j^ii; .up ^j^uJI 
■ Jj^JI SJiL«Aj us. jSUj < ^UL«)t LiJI Jj« jU y 2 =/fe - A*) * 2 = *i + Ax j-ijij 

s u ^ + Ajr) ~ /fcC|) 




(9-4) J£a 



*| ^ JC 2 =T, + Al 



(9-5) j£i 
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oLUJI yj) >So> ^UL-iil iiJI 01» Ai->0 lil , y^i , x 2 ^ aL^JI c-~-*>i lil 

J-^ lj- 4 ^.WJI Ai-»0 l.Jiu> iUJI ,y ^tU!l JaiJI liU . ^.U^JI ii- Vji i, _,UJI 

/J^=j|,m (i — ■ — (8/) 

rj^-a ** •">-/<«> (9 , a) 

:ju. US' 4> J^~/M = 3x 2 ji» ,y~^Jl JaiJI sJb J,. : 4 Jli» 

• u^'u C*i + *) ji x,+Ax ji^j (9.1a) ji 9.1 k^JI i^UJI aijJI (1) 

. Si I .ill ^^rfci^ (2) 

. (9.1) lil . s_ rtf Ki a JI Ljii^ Slljdl Sjl«j ^ (3) 

EXAMPLE 4. The slope of a curvilinear function, such as / (x) = 3x 2 , is found as follows: (1) employ the specific 
function in the algebraic formula (9.1) or (9.1a) and substitute the arguments X\ + A* (or x\ + fl) and x\, respectively; 
(2) simplify the function; and (3) evaluate the limit of the function in its simplified form. Thus, from (9.1), 

Ax-*0 AX 

. ^.jjcJUj i^UJl illjJI J^JaXj (1) 

it->0 A* 

. jjiUJI (2) 



T J** = lim 



3[(;t 2 -l-2;r(A;t) + (A;t) 2 ]-3.r 2 
Ax 

6x(Ax) + 3(Ax) 2 
A* 



. Ax ^s- p_Ji! L.j 
. iJ^JI jljbuJI SjUJ jj-tj (3) 

Ol-s i = 2 . 7" J-JI =6(1) = 6 0|i *= 1 jum . SjL^JI * ;UJ ^ Ji»*u J_JI ;u_i : il^^l. 

. T J,j*ll = 6(2) = 12 

The Derivative M aJU Jt 9.4 

: . <^/<b ji ay/ a , / , /(*> : x ami ou y=/w sjuji cJ^i lil 
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rw= a. /fr+MzZW (92) 

(9.1a) jt . SjlfJI Sjj-j iyij 

rW -tt, ^±i2^W (9.2.) 

«- .- 

J—S" jj^-Jij' d-s- Sib L^-ii jy 1 /' Ja— ~o JS^J jt/'(x) iiljJI ii^j . x J I^^U/iax^ /'(.*) Ijij \^j>- 

Differentiability and Continuity ajjlj^^lj J-^UaiJ SJbUJl 9.5 

ijblj ijljjl Oj-Si' ^j— S3j . ikijl JJi' JLA* ifcj^JI OJL»j lij U ikji -LLC J^UdJ Sjblj DIjJI OjSi' 

jxe- Ju^-j l$] (2) j ilaicJI oIa jup o_ r *^—^ djSs 01 (I) u->h ii)jJl oJl* uli U iki JUP J^lidJ 

Ol^j l^-laj C , a A Ufl-M Jl_JP J^aU.V.U iLLi c— /(*) jli (9-6) J£-iJI Jj . ikiJl ol* 

Uljdl ii— r- ALidl i j_» ju» ifo/utl Jit J-o~ oi j^SUj. ^ |»j j^j J»UJI »Ju Jl^ SJt-Ul 

s^v JJb /(*) (9-6) J£iJI J . juiliJJ jjjUll c.,.,1) jWtf V U»>^ ijl^'iij 

^L^dl J._jJa>- l | r _s ^jil^i jjp l,;;g<j_ ijUJl StiJI jlp OV fr -u* J-iUxU ills c— J jS^ij A 




(9-6)JS^» 

Derivative Notation AisJUJl jj^j 9.6 

rw r >' £ fx i UW] j' D * [/W1 

0 ' (O *' y ' tu A Jt m)] jt D,m)] 
. 9.8 j 9.7 JJU-JI >I^/aJ^/(») J*sa i , lr -.U1I j.jll6^*=a jtf>ojJi J$ y=/Ct) J&aJI cJtT BJ 
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EXAMPLE 5. If y = 5x 2 + 7x + 12, the derivative can be written . y = 5x 2 + 7* + 12 oJ^ lij : 5 Jl£» 

y ^ £;[5jt 2 +7.r + 12] or D x l5x 2 + lx+12] 

: JUIS^ ji jSUj. SiciJI jls z = V8(-3 oilf lit 

Rules of Differentiation J-^^l J^lji 9.7 

(.Iji^DI i-^Li ^ A (-1) jgWJi. JljjJIj y=/W Ji, SIIjJ J^Lfcll -i^lji c> i Jj 

. 9.25 J\ 9.23 JjL~JI ,y i>j>-y ol;L}))l cr^ • 9 - 22 J! 9 - 7 J 51 — ^' J 'i^^J 

The Constant Function Rule Salill SJuJl 9.1*13 9.7.1 

. I^w> ^jUi' . c-,U' /fc f(x) = k . SIIjJI Sii. 
f(x) = k, f'W = 0 : o-LpI li[ 

EXAMPLE 6 oJ^t li) : 6 Jli» 
Given f(x) = 5, f'(x) = 0 
Given /(jr) = -9, /'(x) = 0 

The Linear Function Rule SJa^Jl *)UJl «J*l3 9.7.2 

JjL-j, ( _ J Jj Vl o^_iiU ii^aj . x JjiU* . m f(x) = mx + b iJaiJI illjJl iiLia 

. lyL*£>i5jL«j OjU]| dfi'.M.n 1^-^ < ij"*^** bib 

/U)=mjr + 6, f'(x) = m : o-kti lij 

EXAMPLE 7. oJ^i lil : 7 Jli. 

Given f(x) = cut + 7, /'(J) = 6 

Given /(x) = 9 - Jx, /'(*) = -J 

Given /(x) = 18x, f'(x) = 18 

The Power Function Rule i£j2ll aJli S.A*l3 9.7.3 

. (n- I) (j^iU U-^sy* x jrt JaJU l^^wj 
/(*) = kx", /'(*) = k-n- x"' '■ 'M 
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EXAMPLE 8. c-Ul lij : 8 JUU 

Given /(at) = fa 3 , /'(i) = 6 ■ 3 - x 3-1 = 18x 2 

Given f(x) = 7x 2 , f'(x) = 7 ■ 2 - jc 2-1 = 14x 

Given f(x) = x: 3 , /'(») = (1) ■ 5 • x 5 " 1 = 5x 4 

. 9.8 S)L*JI Cii >il 

The Rule for Sums and Differences ^jWlj 30*13 9.7.4 

/W=«W + *W :c-l*tlil 

/'(x) = «'W±A'W 

EXAMPLE 9. . oJ^f |ij ; 9 Jtt» 

Given f(x) = lfa 4 - 5x 3 , f(x) = 64x 3 - 15a: 2 
Given /(x) = ox 2 + 4x - 9, /'<x) = 12x + 4 

. 9.23 al_JI J»\ . 8J*UJI jUxil J»-i jtj . 9.9 JlL^JI >il 

The Product Rule *-» j-^ 1 SJU»\3 9.7.5 

s-ihii sjijji lJu. ijhii aijji yi i^jju j 3 H\ aiaii j_u si^» 

. jj^li siijJI iiii. ^ au_^u 
f(x)= g (x).h(.x) : cJ^i ii| 

/'W = «W • *V) + h(x) ■ g'W (9.3) 

oLic^l ii-Lj J(j) = (3* - 2) j g W = 4/ Ot jijal . /(*) = 4x 5 (3x - 2) c-tct IM : 10 Jli. 

. (9.3) iJ*l3 ii^ J iij^JI jSVlM ,y v- 1 ^ 1 J*!y cix O ■ *'M = 3 j f 'M = 20/ iijill 

EXAMPLE 10. Given /(x) = 4x 5 (3x - 2), let g(x) = 4x 5 and A(x) = (3* - 2). Taking the individual derivatives, 
g'(x) = 20x 4 and A'(x) = 3. Then substituting the appropriate values in the specified places in the product rule 1 formula 
(93). 

f'(x) = 4x 5 (3) + (3* - 2)(20x 4 ) 

f'(x) - 12x 5 + 60a: 5 - 40x 4 = 72a: 5 - 40a: 4 

. 9.24 3t~j| >;l , o-u-UJ! JUUiUj . 9.12 9.10 Jil~JI p\ 

The Quotient Rule iwill £jt^ 8J*l3 9.7.6 

j-^JIj pUJI J li.5j»iM _k_J! Gsli -k_JI iisi. ,y Uy^u ^UJI ^jL^; jJb to-> £_.U- iisio 



. *W*0 f(x) = g(x)/h(x) : lil 

7 w - 

EXAMPLE 11. . u Ji^ 

Given /<x) = ^ (, # _|) 

j-jU- SjpLJ ii^ ,y ^l .j^ ji^Lj . A'(j:) = 2 , g'(j)= 18* 2 , A fx) = Ix + 5 , g (x) = 6r> 



/'(*> 



, _ (Ix + SWSx*)- 6x3(2) 
/W (2j+5) 2 



36-t 3 +90x 2 -12j 3 _ 24jt 3 + 90x 2 6x 2 (4x + 15) 



• (9.4) ; 



(2x+5) 2 (it + 5)2 (2* + 5) 2 

. 9.25 i)t~JI >l . SJitUil (jiUurfj 9.14 j 9.13 JjL^JI >il 



The Generalized Power Function Rule i»U)l t£jjall iJb »Jtf>l4 9.7.7 

' ii' * J J-iUaj S_Lls JJIj $ (jt) >i_^ </M = [gWf U tfJ a! a*>s_^JI SJIjJI S&i* 

■ S'to SlUJI ^ J^lli («- 1) ^yl) li^v SJIjJI J „ jjLj 

/W = l8(»)]' : oJ.pI lij 

/'W = «[««]"-' YW (H5) 

••Vi ^Jt^LiJ «' to = 2at oU fi «( J r) = ^ + 8 0i L ^>l . /(*) = (a- 2 + 8) 5 c-Ut lil : 12 JUL. 

. (9.5) ioUJI ^yjl ilia -ii^ J |^i)l 

EXAMPLE 12. Given f(x) = {x 2 + 8) 3 . let g(x) = jr 2 + 8. then g'W = 2x. Substituting these values in the 
generalized power function formula (9.5), 

fW^ltf+S?- 1 -2x 
/'(x)=6xO J + 8) 2 

J-rri Hji L^s3j oUii i^JI ^Ij JJLJUI SJitU ,y, jxiy i«UJI ^yJI JJb sjpIs : 

. 9.16 j 9.15 Jsl~JI >;l . ^1 SJ^ 

The Chain Rule SJLJLJl 5jU-U> 9.7.8 

» J "yj «-Jli )' . SJIjJI SJb L^j LJ ^_j ^Ij Composite Function S^>JI SJI-dl c~LpI lil 

^.jl— J j: J iL-Jl y iixia ul . )'=/feto] d\s pi j.j« = 8 (i)j >'=/(«) . x J SJb JbJU 
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( Jjsbisll OPljSj Hai.tmH : J-£Us!t t-il~r ) J*aill 



. x J S~-dL SJIjII ^ Soj^iw a J S^-JL J-J*'' 1 ^-J- 11 
*L = d J-.^ (9.6) 
. 9.18 j 9.17 Jsl~«JI jtil 

« = 4* 3 + 7 Oij y = « s ui iLJLJI ij^U fj^x-i- y = (V + 7) 5 SJIjdl oJ*4 !il : 13 Jti» 

. (9.6) j^JiJI .i^ juydKij . dul dx= Ylx 1 j dy I du = 5u" jli ^ ^yj 

EXAMPLE 13. Consider the function y = (4jr 3 +7) 5 . To use the chain rule, let y = u 5 and u = 4* 3 + 7. Then 
dy/rfu - 5a 4 , and du/dj: = 12* 2 . Substituting these values in (9.6), 

dx 

. U 'l^iit (4jc 3 + 7) _» ^yuyd^ ±r~j?\ J*"**'' aJ^^j ii^ftJl ^ j-jO yj 

^=60x 2 (4;t 3 +7) 4 
dx 

9. 19 JjL~Jl jjiil . f-i^ i' jt Sj-.L.'JI J*lyll Siki^i oUJjj d\i SJJi*JI JljjJI ,y 

. 9.20j 

Higher-Order Derivatives L|1p Ol^-ji oliaJLjl 9.8 

<i An?. oil ia**iJLj ^j-*^ ^j— JjVl ■ Oll&aJ I jJ« Jjuuj J-sJI ijvjij f" (x) u-^SO'j ( ijliJI <U-jjJl iu c t A .fl 
^5_j>j- Jjjuj J-JI Lr JB [/'"(*) ] SiHiJI . SJL/^I iiljJI J-Uaj J,«JI ^^Jj ^1 Jj'sll 

ol rt-.-M-.rt I J-^L_iJI jjs ^j-^^iai' J ^y^o J"" 3 ** 3 oU-j-UI OliCLirfJ ... ^) jj iuLJI iiixiAJI 

. 9.22 j 9.21 Jil_JI J jJU^j 14 JtuJI J £iy y US' JiMl oU-jjJI 

. D 2 y , d^/di 2 , y" , /"(,) j»jar iJtsM VjjJI ifc&J 3«sL&M j^jJI oi» y=/to c_L*i lij : 14 JU» 
, A'* 4 • y m ' / m W : s^ljll irjaJI ifcaJj . d 3 }' . rf 3 y/<fc 3 , y"' . /'"W : jsJWI S^jjJI SiiiJ. 

■ jJU D 4 y 

EXAMPLE 14. Given y = /(x), common notation for the second-order derivative includes /"CO. y". d 2 y/dx 2 , 
D 2 y; for the third-order derivative, f"'(x), y'". d 3 y/dx 3 , D 3 y; for the fourth-order derivative, / (4) (x), y (4) , d 4 y/dx 4 , 
D 4 y; and so on. 

t j- a J • ia;' — -Jl *=TJ-^I ol a'.".^a ^J^laJ I Apl^iil t ^LkXaJ I ^j. .It.) L I^Jl^ ^Jvi>tj UUJI CjLs-jJJI oLi^ijJj 

. f(x) = 5x 4 + 8x 3 + 7x 2 oil? lij 

f'(x) = 20j' + 24jt 2 t 14x 
/»(*) =60i 2 + 48i + M 
/"'(*) = 120* + 48 
/ (4 >W = 120 /^(jr) = 0 



9.22 j 9.21 Jjl_JI jtil 



Implicit Functions U+*ia}\ JljOJi 9.9 

i^ 11 ^J^ 1 L,-* SJI-JJIj • JljJll a^Jb oils' U.L. c~^p ^1 J^UJI ^IjS 

jjJll ^-1^. LiL^ij . jy>JI o^UUJIj Ji^JI j^lj jyLJI iaiU. ^ ^Ul Lfci 

. 13.11 ^1 >l S^wil JljJJI JsiUJj 

: J^ij s^o^ij jijjji y, oLt : IS Jte» 

EXAMPLE 15. Samples of explicit and implicit functions include: 

y = 9x, y=x 2 + Sx-S. y=^f^ (*#W48) i^^JIJIjjjl 
3x + 8y = 54, 4x 2 - Try - 6y = 82, 78^ 5 y' = 429 I JljjJI 



Limits and Continuity JjjI jaa-i^Ij ^k^' 

: 3JUI JljjJJ oliLjsJI iUw.V c.L.LjJI a*Ijs f jii.l .9.1 
9.1. Use the rules of limits to find the limits for the following functions: 



<a) lim[x 4 (x + 5)1 



(c) lim V2x 3 - 7 



Um[xV + 5)] = Jim* 4 - Um(x + 5) (5) SOoUII 

= <3) 4 -(3 + 5) = 81. 8 = 648 



Hm 7 - c2 - 9j = lim,->s(7j: 2 - 9x) 
x->5 x + S lim,_, 5 (i + 8) 

7<5) 2 -9(5) 175-45 



limV2x 3 -7 = lira (2x 3 - 7) 1/2 



(6) SJn>U! 



= (2(4) 3 - 7] 1/2 = (121)" 2 = 1 1 

: IJfcJI i™JI JljjJlj ijj^JI s^if JljjJI oLilji Ji>-ji .9.2 
9.2. Find the limits for the following polynomial and rational functions. 

(a) lim(3;t 2 -5* +9) 



( J»i>UsJt ^pljjj JisJuJl : Jw»Ua!l uL^ ) ^ilsil J*aill 



. lim M(1 f(X) = f (a) Sjf-JI JljjJIj ijj^ll S^i? JijjJI at C~ii ot jS^.. 0U.I4JI ^\~e±- j-J 

Km (3x 2 - 5x + 9) = 3(4) 2 - 5(4) + 9 = 37 

(A) lim (6x 2 + 8x - 13) 



-8 4x 2 + 29 

2x 2 - 3* - 9 _ 2(8) 2 - 3(8) - 9 _ 95_ _ 1 
*™ 4x 2 + 29 " 4(8) 2 + 29 ~ 285 ~ 3 

j-_k j-SUj "J 4-i|s lj i«i tSjU' fUJI ilji oil? lil AiL ill* i,,„,;ll JijjJI oULji .9.3 
. «5U! CjJii-l i—-* 11 J'jJJJ iOtUllj (6) iJiplill 

9.3. Find the limits of the following rational functions, aware that if the limit of the denominator equals 
zero, neither Rule 6 nor the generalized rule for rational functions used above apply. 
x-9 
"«* 2 - 81 



(a) lim- 



J^IjaM J-^w' J%i- ^ ^UuJt jisJl ilS^a cJj- lj>| ijlfJI ■iW^.l < 9 ^ * i-j-r^' 

r * ~ 9 r *-9 
*™ x 2 - 81 ~ *™ (x + 9)(x - 9) 

= J™ 7+9 = Tfi 



9x 2 -81 + ... 

= Urn — ■ — ~ 

i-»-9 1 + 9 

. ±>-y "il SjLjJI O^S dlJ jJj J^lj«JI J?l=«j' "LjlSOiJ JL>-jj lij lyl»a> ^jl—i' cJljU ^UJI Jj I4J 

-3x-4 



(c) lim 



*->* x - 4 

, ! _x 2 -3x-4 , ; _ (x + l) (jr -4> , : , 



. (9.3)(c) at_ji ^ui j^i -jjij sjui jujji ilu ji* .9.4 

9.4. Graph the following functions and explain the significance of the graphs in terms of Problem 9.3 (c): 
-3jt-4 



/CO = : 



sW = x + 1 



/(*) ji J • ^ jJUsW j/W ji j^ljll uli (9-7)(a),(fe) JSiJI ^ UUI j-j-jll 

: Jjill j* (9.3)(c) i)L*JI JiUslI . asyu. 

,. * 2 -3;r-4 



J dd-.-J 




1 — *" 
• -5- 
4—4- 
3 • 




— 1 

-A 






t — 2- 

1 V 








\/ 


4i 


-rrrr 



1 /ti) . !_ 




















u 












1 3 ' 
i — 2- 

! V 






.. il-. 


x 4 

















(9-7) j£* 

. it^nlU 4jijjr ^JJI jjjj) Ji^j JJlslI JljjJI olil^i Ju-j! .9.5 
9.5. Find the limits of the following functions, noting the role that infinity plays. 
2 



(a) lim - 



c**o) 



^~=ry j— • v j 5 * /CO <J\> l* js^i" j° Cr° * V j* 51 ( 3_2 ) J*-^' ^ Mj 
\'i\-s . 'L- ! \y'i\ji k_JL. ^ ^ijjs f{x) jls [jt->01 jL-JI y ^i.^ll * vj^' L»Jl*} * 

lim + - = oo lim_ - = -co osyrya ^J- iL^JI 



(ft) 



lim - 



jt ijjsB Ujl^j f >oJI v^'/W jl> ~ * sj^i UjUjj (3-2) JSLill ^ UjIj US' Ci.ij 
i_>U; j-i^JI ji UJLt oVUJI J-f ^ jLs-y iUJI . yivJI ,y vj^S' &v.i/C0 jls — y> 



lira - = 0. 



- 273 - 



( Jjslisll JpIjSj i&JUJl : J-J>Ua)l i-jUj- ) £»>U!l J-aaJl 



J — ^Jlj . jj^^l I5"jb ^Lftj "iJ ^-saj k... ; ll ^ *^ jU x— > ™ Jjjj" LaJcLc^j 

p L^j < SJI-JI ^ j^Jij. lSJ-JI j: J ^ £^ a ^ ^ijjiil ojjt Ji» 

4x 2 - 9x _ 4 - (9/x) _ 4-(0) _ 4 

™ 5* 2 - 34 ~ 5 - (34/i 2 ) ~ 5 - (0) ~ 5 

ALidl oJLf IS I L. Jb.j^i- JiU- ^ i^JI AUdl jup 5_^_i. iJbll JljjJI oils' lil U ij*- .9.6 

. lim /(*) = / (a) jtj (3) 

9.6i Indicate whether the following functions are continuous at the specified points by determining whether 
at the given point all of the following conditions from Section 9.2 hold: (1) f(a) is defined, (2) 
lim 1 _ 0 /(*) exists, and (3) Iim,_»„ f(x) = f(a). 

(a) /0r) = 3jc 2 -7;r+4 at x = 5 

(1) /(5) = 3(5) 2 -7(5) + 4 = 44 

(2) lim,-,s 3x 2 - Ix + 4 = 3(5) 2 - 7(5) + 4 = 44 

(3) lim„ 5 /W=44 = /(5) 



*, * 2 + 5x + 26 
(*) , /to = 3 at x = 3 



x-4 

(i) /Pi = (3)2 tr"V = ~ = -so 



(3) 2 + 5(3) + 26 _ 50 
"(3) -4 
x 2 + 5x + 26 



(2) Hm j— j = -50 

(3) *ltai/(jr) = -50 = /(3) 



(c) /(*) = ■ 

(1) /(2) = 



2-2 
(2) 2 -4 



1 = 2 J_a> 5 jn 7 , „ . jj; lib ^ pj* j jt = 2 J^p a_^> jJ-f(x) OU l^io (.LicJI jl 

. Iim/(jr) = i. jt=2 Jo* hip LjJ ji ,y ^L. 

Derivative notation and Simple Derivatives & .... J 1 oU. - . ^ Jlj iU&JUJt 

. 3ijUi) i^jll t^biu £jia~/> SJUil JljjJ! JS" J^li .9.7 

9.7. Differentiate each of the following functions and practice the use of the different notations for a 
derivative. 

(a) /W = 29 (ft) y = -18 

dy 
dx ' 



/'W = 0 (o^UJISJ^Ui) ^=0 
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( J->Us)l JipI jjj Ai-.M..Jl : J-Misll uU? ) £*>lJl J-«ai)l 



(f) y = 6x + 13 (</) /(i) = -7j: + 2 

/ = 6 (sJriJI illjdl 50*15) " /' = -7 

. j»Jii«^.)j . ^yil JJb SJtU iJUl JljjJI J? J^jU .9.8 

9.8. Differentiate each of the following functions, using the power function rule. Continue to use the 
different notations. 

(a) y = 9x' (*) fU) = -5* 3 

4-(9.t 4 ) = 36* 3 /'=-15.r 2 
dx 

(c) /(x) = 7;r 2 



W) y = -8jT 3 
(e) y = -=&»-' 



/'(*) = 7(-2) • J'- 2 -'"" = -14*" 3 = ~ 

x 3 

DA^x- 1 ) = 6<-l)x~ 2 = -6jT 2 = ~i 



j^JcuJIj y JjU jl Jl J* jJaJl J.U . SJU1I JljjJI J-iUJ ( *~»JI SJ-&15 f .9.9 

9.9. Use the rule for sums and differences to differentiate the following functions. Simply treat the depen- 
dent variable on the left as y and the independent variable on the right as x. 

(a) R = 9r 2 + 7r-4 C = 5< 3 - 8( 2 + 36r + 79 

^ = 18(+7 C = 15t 2 - 16/ + 36 



(c) p = 6q* - 2? 3 
dp 



(rf) q = 5p 3 + 16p" 



^ = 24« 3 - 6q 2 D p {5p* + 16p -2 ) = I5p 2 - 32p -3 

The Product Rule o^aJl SOpU) 

SJIjJI j-^t*-l (6) . i-cAJI v^illiteLi f.JAa-1 (a) . y=f(x) = 6x\4x-9) oJ^i IS J .9.10 

. j^o Ojl5 (c) . ii^JI -x>-j\ 'lijl ^Livs^l 

9.10. Given y = fix) = 6* 3 (4;t - 9), (a) use the product rule to find the derivative, (b) Simplify the 
original function first and then find the derivative, (c) Compare the two derivatives. 

: _j» (9.3) y, kjj^JI SJipUS ii^> 01 (a) 

A*) =««-*'&) +*(*)■«'« 



( Jj»tss!t .1*1 jjj Uti^i\ : JjsUsJl i_<L^- ) £">lsll J-"Jl 



y = /'(*) = fcc 3 (4) + (4ar - 9)(18j 2 ) 

/ = 24* 3 + 72x 3 - 162* 2 = 96j 3 - 16ic 2 

Vj-^' flji^L iJuoSlI JJIjlII (b) 
y = 6* 3 (4jc - 9) = 24x 4 - 54x 3 

y' = Stfz 3 - 162* 2 

o-^J j^jiJI j-» if U -^-jj' <it ijpill Jv»U- . SljU^ (2>) j (a) ^ oUxiJI (c) 

^^Ic. m.\ — j ^y-Ml SijLlI Jij»jj . sjiU j^if ijj^JI SJitU ois jifi JIjjJI -Uxs U-u^ 

9.11. Redo Problem 9.10, given. c a Ut IS) . 9.10 SJLaJI J»- j^t .9.11 

y = /(*) = fx 6 +4)(;c 3 + 15) 
. h' (x) = 3* 2 Otj g' (*) = 6j: 5 o|J ^ A Xr) = + 15) oij g to = (x 6 + 4) ji ^^ai (a) 

. (9.3) ^ jv-Jjl si^ ji.^alLj 
>' = /'« = <* 4 + 4)(3.t 2 ) + (x 3 + 15)(6* 5 ) 
y' = 3jt 8 + 12x 2 + 6x 8 + 90* 5 = 9x* + 90* 5 + 12x 2 

. i_>>JI '-Jji (*) 

v = (j: 6 + 4)(jr 3 + 15) = x 9 + 15* 6 + 4x 3 + 60 

/ = 9x 8 + 9ai 5 + I2x 2 

. o^j'Uxo UJp oL&LiAJ! (c) 
. v^J' S-^IS flji^U iJUl JIjjJI V J^=ls .9.12 

9.12. Differentiate each of the following functions, using the product rule. 

S-JUI j-^j i_sjj. V 153I IJu ^ tfji-Ml f UiMlj ^1 U*^ ik_JI JjL-JI jUci-l : Sli^iL. 

|W ' J-iLidl il^ul J_J U_^- aijJI tiM. , T ^^SU; l»J^-j . iikixJI Atljiil jjai' i^jS" Ij^ 

(a) j = lx i (4x 2 - 10) 



= lx*(Sx) + <4x 2 - 10)(28x 3 ) 

= 56j: 5 + 1 12r 5 - 28fte 3 = 168x 5 - 280* 3 
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(6). /(*) = (4* 3 + l)(6x 5 ) 

^ = (4? + 1)(30jc 4 ) +6x 5 (12* 2 ) 

^ = lata 7 + 3<ta 4 + 72* 7 = 192* 7 + 3(ta 4 
dx 

(c) y = (5;t 4 + 6)(2;t 5 -8) • 

/ = (5x 4 + 6)(l(ta 4 ) + (it 5 - 8)(2(ta') 

y = 50x 8 + 60i 4 + 4(ta 8 - 16<ta 3 = 9fti 8 + 6(ta 4 - 16(ta 3 

(d) /U) = (4-6* 5 )(3+2x 8 ) 

/' = (4 - fa 5 )(16i 7 ) + (3 + 2i 8 )(-3(ta 4 ) 

/' = 64* 7 -9fa l2 -9<ta' , -6<ta 12 = -156* ,2 +64j[ 7 -9(Xr 4 



Quotient Rule i«-~5Jl ^jU 1 - sUP-li 

oJ»ti lil .9.13 



(a) Find the derivative directly, using the quotient rule. (A) Simplify the function by division and then 
take its derivative, (c) Compare the two derivatives. 



: ^ iU— JiJI jy^- SJLc-Vi jli (9.4) jji (a) 

/'(*) = 



ft W ■ g'W - gW ■ ft'W 
Mx)] 2 



.a jill ol8-.-A.il ji-Lj A (r) = >UJI = 3x oij g W = J»—JI = 18x 5 - 9/ 
g'(x) = 9(ta 4 - 36* 3 h\x) = 3 



, 3x(90x 4 - 36x J ) - (18.r s - 9j 4 )(3) 

1 W ~ <3*) 2 

27(ta 5 - I08* 4 - 54x 5 + 27x 4 . 216* 5 - 81* 4 



f(x) = 



9x 2 9x 2 
fix) = 24X 3 - 9X 2 = 3jt 2 (8x - 3) 



iiu sjl^'hi siijji (b) 



/'(*) = 24r 3 - 9* 2 

JLiiJIjJI SJbcS L-aJL^s- ,j— ^Jj ^ir^ 0 '^*Jj>"1 lij *-(_j-iJI L*jli OjSo '-jj-'' oUi-i-eJI (c) 
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. J^bJl jS"LdJ oAJm Wul ^ iulil! ii^Ulj . 4*«-ftl jiS"! ^-vaj' ift— Jill jrjU- SJ^ls 

. cJac-i ur jijju jp-ijiii jj» ^ . ;u_jai ^u- 5j»u jjyi jijjji ^ jr j^u .9.14 

9.14. Differentiate each of the following functions by means, of the quotient rule. Continue to apply the 
rules to the functions as given. Later, when all the rules'have been mastered, the functions can be 
simplified first and the easiest rule applied. 

Qy 7 _ Rr 6 

<«) y = 5 J (x?0) 
.Au^lo • A' W = 20^ oij «' W = 63* 6 - 48/ jU ^ A (*) = Si" jij g (x) = 9a 7 - 8x 6 U»j 

, i*^iJi £yU- o_Ltlj ii^£> ^ 

5a"(63a 6 - 48a 5 ) - (9a 7 - 8a 6 )(20a 3 ) 



v = 



(5* 4 ) 2 

315a 10 - 240a-' - 180a 10 + 160*' 135* 10 - 80*« 



<i v (I — 4*)(48* 7 ) - 6* 8 (-4) 



(1-*X)2 
■192* 8 + 24* 8 48/ -168a- 8 



dx (1-4*) 2 (1-4*) 2 

_ / -9±VT73 \ 

4* 2 + 9x - 2 \* * 8 ) 

df_ (4a 2 + 9a - 2)(30a 2 ) - 10a 3 (8a + 9) 
<i* ~~ (4a 2 +9a-2) 2 

df_ 120a 4 + 270a 3 - 60a 2 - 80a 4 - 90a 3 _ 40a 4 + 1 80a 3 - 60a 2 
dx ~ (4a 2 + 9a-2) 2 (4a 2 + 9a - 2) 2 

("-§) 

/'= 
/= 

■di- 2 _i_ "7v Q / 



(9a+2)(5)-(5a-4)(9) 

(9a +2) 2 
45a + 10 -45a + 36 



(9*+2) 2 (9a + 2) 2 

4a: 2 + 7a - 9 



rfy = (3a 2 - 5)(8a + 7) - (4a 2 + 7a - 9)(6a) 
dx (3a 2 -5) 2 

£y _ 24a 3 + 21a 2 - 40a - 35 - 24a 3 - 42a 2 + 54a _ -21a 2 + 14a - 35 
dx " (3a 2 -5) 2 ~ (3a 2 -5) 2 



The generalized Power Function Rule cS j«3l 3Jl J 3J#lS 

JJIjJI j-s^-I (A) . jU,.)I i.U!) ^yll J)b S-itU f (a) . /« = (fix + if c~Lpi lit 9.15 

9.15. Given f(x) = (6jc+7) 2 , (a) use the generalized power function rule to find the derivative. (b) Simplify 
the function first by squaring it and then taking the derivative, (c) Compare answers. 

: f(x) = [g (x)}" oil? lij (9.5) yloUl tfjill aii 5^15 ^ (a) 

/'(*) = nlsU)!" -1 ■ g'to 

. isUll ^yJI iAtU J* jvJill »J^j jii_ycJLj . n = 2 j g'(x) = 6 Olj g (x) = 6x + 7 U*j 

/'(*) = 2(6* + 7) 2 " 1 ■ 6 = 12(6* + 7) = 72x + 84 

/(I) = (6jt + 7)(6jr + 7) = 36jr 2 + 84* + 49 
/'(*) = 72* + 84 

«' it ij— £!l i^-Jil! S_JU- J i-Up jifij lijfc <UWI ^jill 3I> 5J*Uj • il*U» oUuuJt (c) 

. iJLJlj iuii'jAjt 

. «U)I ^yll 3li iJwU flji^U iJUl JljjJI J£! iiiiJi J^-ji .9.16 

9.16. Find the derivative for each of the following functions with the help of the generalized power function 
rule. 

(a) y = (V + 8) J 

. tfjil ail 5.1*13 J Juyd^ . n = 5 , g'(x) = 9x- . g (x) = (3* 3 + 8) ! Uaj 

/ = 5(3i 3 + 8) 5 "' • 9x 2 
/ = 5(3x 3 + 8) 4 • 9x 2 = 45* 2 (3x 3 + 8) 4 



(ft) 3> = (3x 2 -5;r + 9) 4 



w 7 = 53 1 



9x 3 + llx + 4 



/ = 4(3jr 2 -5* + 9) 3 • (fot-5) 
/ = (24* - 20)(3i 2 - 5x + 9) 3 



y = (9i 3 + lU + 4)" 1 

y = -l(9x 3 + lljr +4)- 2 - (27x 2 + 11) 

y = -(27x 2 + 11)(9jc 3 + Hx + 4)- 2 

-(27J 2 + 11) 
y (9* 3 + ll.c+4) 2 
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W y = v/21 - 4x 3 



■ Lsy «Jb Jl j-^Ji Jjf- 

y = (21-4x 3 ) l/2 
/ = j(21 -4i 3 )-'^-(-12x 2 ) 

-6;r 2 



y = -6x 2 (2i-4i 3 r 1/2 = 



V7F+66 



y = (7;c 2 +66r 1/2 

y = -^(7j: 2 + 66)"^ • (14*) = -7x(7* 2 + ft))-" 2 = 



(7* 2 +66) 3 / 2 ^(7x2 + 66)5 

Chain Rule iL~LJl 3J*lS 

s-i*l_ij J*- Jf <)j=-, ja^-j SJUI JljJI ^ Jfl rfj./rfx jU,^ iUuJl sj^u ^j^i .9.17 

. SLXJI sjpU) ^U- a.L_j ^ i.U)l ^yjl 3b sjiaU o\ i^-^s "i«JI icyll *)b 

9.17. Use the chain rule to find the derivative dy/dx for each of the following functions of a function. 
Check each answer on your own with the generalized power function rule, noting that the generalized 
power function rule is simply a specialized use of the chain rule. 

(a) y = (2;t 3 + 9) 7 

ii_~UI satis . du/dx=Wx 4 Otj dyldu^lu" oli pS u = 2x > + 9 jij y=« 7 ji ^>al 

• 0.6) ^ 

dy dy rfu 
dx du dx 

^ = 7u 6 • IOjt 4 = 70iV 
(fa 

• «s>l* sy u^j^^J « = 2* 5 + 9 0! o-^j 

= 70/(2j 5 + 9) 6 

(6) y = (6j+l) 2 

l*-^ 1 "-Hi u^i^ks • du/dx=6 jij 4yldu = 2u oji ^* K = 6;t+loij y = « 2 01 ji^il 

. iL~LJl oJ^li ^ 

<iy 

^-=211-6=1211 
dx 

. I( = (6x +1) <U-Jij Lr aj^xJ 



^ = 12(6or + l) = 72x+12 

(c) y = (7;( 3 -4) 5 

^■=5u*-2lx 2 = l(Sx 2 u* 



■= JH ■ ^1J(_= 1UXT 11 

. « = (7x 3 -4) ^^l^j 

|^ = l05jr 2 (V-4) 4 

9.18. Redo Problem 9.17, given ^ _ 9 n aUj , ^ 9 lg 
(a) y = (* 2 + 5*-8) 6 

• (9-6) J ai^li) . ^ = 2x + S jij ^- = 6« 5 ui» ^ .yj u = ^ + 5*- 8 jij y = k 6 oi 

£ = 6u 5 (2x + 5) = (12* + 30)u 5 

. jl J»u 1J i j y«sHy . h = x 2 + 5.* - 8 j£) j 
|^ = (12* + 30)(;t 2 + 5*-8) 5 

(6) y = -4(* 2 -3* +9) 5 
' ^J^^ ^ = 2x ~ 3 °k ^ = " 20 "'' ol»|«a J J« = ^-3Ai + 9 0ij y = -4« 5 jljijMi 
= -20b 4 (2jt - 3) = (-40* + 60)u 4 
^ = (-40at + 60)(jt 2 - 3* + 9) 4 

Combination of Rules J&\yA\ ja ap j«j>w 

JIj-iJI ^^ii 1 ^ . S-JUil JljjJl oUi. jL^j.)I ijjjj-i -Lcl^aJ! ,y apj*^ i^i .9.19 

. SjIjlJI ^ SJL.SII 

9.19. Use whatever combination of rules is necessary to. find the derivatives of the following functions. Do 
not simplify the original functions first. They are deliberately kept simple to facilitate the practice of 



the rules. 



H) 



2* -5 

iApLi . L — Jl ^ ejj^iil SJpli j-_,U- SJ*IS ^ikii- SJIjJI 

. (9.4) ^ ill 

. g'(x) (9.3) y> v^ 11 s^liflJi^-l . h'(x) = 2 jij AW = 2AT-5oij S to = 4*(3x- 1) Li_=- 
g'{x) = 4* • 3 + (3* - 1) ■ 4 = 24* - 4 
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*A~Jill ^-jU- oJlpIj ^ i~uLuJl ^-JtJ Lj ^iu^cJljJ 

20* +20 
-5)2 



, (2* - 5)(24* - 4) - [4*(3* - 1)] ■ 2 
y ~ (2*-5) 2 



, 48* 2 - 8* - 120* + 20 - 24* 2 + 8* _ 24* 2 - 120*+ 20 
y ~ (2*-5) 2 (2*-5) 2 



. i»— .ill £jU-J t-Jj-^Jl oJLfrU ^JLi^^lj 

(6) ? = 5*(3*-4) 2 

. Ljj^JI SJ^Ua */>U!l Sib SJiplij plJ*a-l i-JJ«T UljJI 

y = g(x) •*'(*) + *(*>•«'(*) 
. ft' CO iUo.V jjill SJI: SAtli^ji^-; . g'(x) = 5 ■ /i(*) = (3*-4) 2 , g(x) = 5x£~>- 
h'(x) = 2(3* - 4) • 3 = 6(3* - 4) = 18* - 24 

y' =5* -(18* -24) + (3*- 4) 2 - (5) 

y' = 90* 2 - 120* + 5(9* 2 - 24x + 16) = 135* 2 - 240* + 80 

y =«(*)■*'« +*<*)•*'(*) 

A'(jt) iU,)! a*_ill jylt SJ*IS f-vi^-ij . g'(*) = 2 , A(*) = (4*+i)/(3* + 5) , g(x) = 2x-7 ii^. 



*'<*) • 



(3* + 5)<4)-(4* + l)(3) 



(3* + 5) 2 _ (3* + 5) 2 

51 ~ ( ''(3* + 5) 2 + 3*+5 (3* + 5) 2 + 3* + 5 

, _ 34*-119 + (8* + 2)(3* + 5) _ 24* 2 + 80* - 109 
y ~ (3* + 5) 2 ~ (3* + S) 2 



- 282 - 



(7^ / 9\ 
' (5* + 9) \ X * S) 



iJb iJtLS j.Jii«^ij . ft'(x) = 5 ■ A(x) = 5* + 9 , g (*) = (7x - 3) 4 cu-^ ia— ill j-_>U- SJ^li I-LJ 

. g '(x) uUll tsyJl 

g'fct) = 4(7* - 3) 3 • 7 = 28(7* - 3) 3 

ift— JtJI £-_}U- 6_tplS ^ oj^j Lj i»j.jJCcJ l)J 



(5x + 9) 2 

, ^ (140a: + 252)(7jt - 3) 3 - 5(7* - 3) 4 
y (5* + 9) 2 



!J*Lsj ._j_ r *i)l 'iJj.U ^Ji^__Jj y= (7*-3) 4 . (5x + 9)~' oi ^>iS ji J»JI li» jj -iftJJj 

. iuUll ^yiil ilb 

<*>>=(S^)' (—!) 

i.Ull ^yll ilb iUeUi tjui 

fTJ 1 -^" "i-A* 1 ^ ^JL>«X— o p$ ij^J 

A /" 5 - r + 4 \ = (3.t + 2)(S)-(5*+4)(3) _ -2 
\3.t + 2) (3* + 2) 2 ~ (3* + 2) 2 

(9.7) y i^Si\ .j* jiy^JLj 

, = 2 / 5j:+4 \ -2 _ -4(5* + 4) -20j - 16 
y ~ \3x+2/ (3*+2) 2 ~ (3* + 2) 3 ~ (3*+2) 3 

. SaUll jyll^bsj*l3j V ^l5^lj r Ji^jy = (5x+4)^(3j: + 2r 2 oi l ji J iii J>JI U» j* J^tsUj 

. *j JJr i!l Jttlyll SJbJI JljjJI ^ JS" Jv>li .9.20 

9.20. Differentiate each of the following, using whatever rules are necessary: 

, _ 3*[(4x 2 - 7)(6) + (6x + 5)(8*)] - (4.I 2 - 7)(fa + 5)(3) 
(3*) 2 
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(ft) /(x) = (9*+4)(2*-7) 4 

/' = (9x + 4)[4(2x - 7) 3 (2)]-+ (2* - 7) 4 (9) 

/' = (9* + 4>(8)(2* - 7) 3 + 9(2* - 7) 4 
/' = (72* + 32)(2* - 7) 3 + 9(2* - 7) 4 

. , 12* +7 / 5\ 

W *=(5*W { X *-2) 

iabJi l^j^I iJliJ 4A_Jiil £J^>" Af-ljS ^Ij^^Lj 

_ (5* + 2) 2 (12) - (12* + 7)[2(5* + 2)(5)] 
dx (5x + 2) 4 

d}> _ 1 2(5* + 2) 2 - ( 1 2x + 7) (SO* + 20) _ -300* 2 - 35(1* - 92 
</x ~ (Sx+2) 4 ~~ (5* + 2) 4 

- M^) 1 (■'-}) 

i*— a)1 £.>U- cJLpUj ioUJI t£yi)l 4)b SO^li 

= 2 ( 4 * - 5 \ < 3 * + »< 4 > - < 4 * - 5 >< 3 > 

dx \lx + \) (3x + l) 2 

df__.( 4x-5 \ 19 _ 152* - 190 
<f* ~ V3* + lj(3*+l) 2 _ (3*+ I) 3 

(., , = (5^6)^ 

^U-Jill £jU- SJipUij o^siil oJx-lfl ^»lJbiti-iUj 



(8*-l) 2 8*-l 

(fa- l) 2 J^iJI J.UJ1 fljAaJj jjjJI 



120* 2 - 30*-I8 



(8*-l) 2 
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Higher-Order derivatives VJUJl I oUiiji 

^ . x = 3 .Up Sic£*JI »jjs jjSj (2) . ijUll VjJJI -i=rji (1) : iJbJI JljjJI ^ JS3 .9.21 

9.21. For each of the following functions, (1) find the second-order derivative and (2) evaluate it at x = 3. 
Practice the use of the different second-order notations. 

(a) y = 10x 3 + 8* 2 + 19 

(1) = 30* 2 + 16* (2) _up* = 3, 

0=6Qx + 16 0=60(3) + 16 = 196 



(i) f(x) = 3x i + 5x , + 6x 

(1) /'(j:) = 12A: 3 + 15jt 2 +6 (2) ±*x = 3, 

/"(*> = 36* 2 + 30* /"(3) = 36(3) 2 + 30(3) = 414 

(c) /(*) = (4*-l)(3* 2 + 2) 

(1) /' = (4*-l)(6*) + (3* 2 +2)(4) (2) ,u»* = 3, 

/' ■= 24* 2 - 6x + 12* 2 + 8 /"(3) = 72(3) - 6 

/' = 36* 2 -6* + 8 /"(3) = 210 

/" = 72* - 6 

(d) y 



Zx-l 

(2*-l)(3)-3*(2) 



(1) *" C*^? » ' w= [2^1)4 

/ _ -3 60 _ 12 

*(2* - l) 2 * <3) - 625 _ 125 

„ = (2*-l) 2 (0)-(-3)[2(2*-l)(2)] 

(2v - \)> ■ ■ ■■ [ 

"- 24j ~ 12 
* " (2a: - l) 4 

M /(*) = (6*~5) 3 

(1) /' = 3(6* - 5) 2 (6) (2) /"(3) = 216[6(3) - 5] 

/' = 18(6* - 5) 2 /"(3) = 216(13) = 2808 

/" = 18[2(6* - 5)(6)] = 216(6* - 5) 
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( JjsljisJl Atf'ljSj Sati*!! : J_s>UsJl i_>L«#- ) J-aall 



. * = 2 JL* ■-■'-■■*-'! »i» jji (2) j SJbaJI olitA.II JLfjt (1) : SJUI JljJlil JS3 .9.22 

9.22. For each of the following functions. (1) investigate the successive derivatives and (2) evaluate them 
at x = 2. 

(a) f(x) = 2x 3 +lx 2 +9x-2 

(1) f'(x) = 6x 2 + Ux + 9 (2) /'(2)=6(2) 2 + 14(2)+9 = 61 
/"(*) = 12* + 14 /"(2)= 12(2)1- 14 = 38 

/'"« = 12 /'"(2) = 12 

/ l4, W=0 / (4) (2) = 0 

(6) y = (6x + 7)(3x-8) 

(1) v' = (6*+7)(3) + (3j:-8)(6) (2) y'(2) = 36(2) - 27 
v' = 36* - 27 y'(2) = 45 

y" = 36 y"(2) = 36 

/' = 0 y"(2) = 0 

(c) /(j:) = (8-.0 4 

(1) D x = 4(8 — *) 3 (-l) = -4(8 - jc) 3 (2) £>,(2) = -4(6) 3 = -864 

D\ = -12(8 - *) 2 <-t) = 12(8 - x) 2 D 2 (2) = 12(6) 2 = 432 

D\ = 24(8 -*)(-!) = -24(8-*) D 3 (2) = -24(6) = -144 

D 4 = -24(-l) =24 D^(2) = 24 

D*=0 £>?(2)=0 

Derivation of the Rules of Differentiation J-^lisll -IpI jS JftfaAt 

^^.Jl sj^U c—ii . J-ilid) iLli Jljj . g CO o! i;>/W = j(i) + *(i) oJ«4 lij .9.23 

./■« = «'« + *■(*) Otj^ji 

9.23. Given f(x) = + h(x), where gC) and h(x) are both differentiable functions, prove the rule of 
sums by demonstrating that f\x) = g'(x) + A'Ct). 

: ^./fr) Uia. 613(9.2)^ 

f(x)= lira /UjMzjM 

= ]jm [g(x + Ax) + h(x + A*)] - [g(x) + ftQOl 

Aj:->0 Ajt 

SjJb*JI cijLpljJ 

/'(,) = Urn * ( * + Ai) - g(*)+A(x + A*) - A(jc) 
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/'W = 



r g(jr + Ax)-«(r) ft(x + Ax)-;Kx) ] 
L Ax Ax j 

S (x + Ax)-g(x) A(x + Ax)-A(x) 



f (x) = hm h hm 

Ax->0 Ax A«->0 Ax 

/'(x) = «'(x) + *'(x) 

Vj-^ 1 8J*LJ Of c-sl . j-"j=rj« *'(*b S'W 01 /(*) = £ to . A (*) c-kt-t IS J .9.24 

. f (x) = g (x) . *■ (x) + h(x).g'(x) d'\ g^ji 

9.24. Given /(x) = g(x) ■ h(x), where g'(x) and ft'(x) both exist, prove the product rule by demonstrating 
that /'(x) = g(x) ■ h'(x) + hW ■ g'(x). 

: ^/(x)ii^ 0^(9.2) j, 

A.r-»0 Ax 

/(*) = « W • * to ji; j«l k» 

f'trt= )to *<* + Ajr) ' * (J[ + Ajt) ~ g(x) " 

A» .0 AX 

g(x + Ax)./!(x) £ *»-lj C >l 

,,, , .. g(x + Ax)ft(x + Ax) - g(x + Ax)ft(x) + g(x + Ax)ft(x) - g(x)ft(x) 
/ W = ^Jnju — ; : 

&to j g(x + Ax) ^ 

, im g(x + Ax)[A(x + Ax) - h(x)] + h(x)lg(x + Ax) - g(x)) 
A*-»-0 Ax 

r + Ax)[<i(x + Ax)-Mx)] *(x)[i(x + Ax)-«(x)] 



g(x + Ax) - g(x) 



f'(x) = Jim 

/'(x)= lim «(x + Ax)- lira *^ + Aj: > ~ *W + Iim hM . Sm 

A*->0 A»->0 Ax A*-.0 A*-.0 Ax 

f'(x)=g(x)-h'(x) + h(x)-g'(x) 
& *«— ill £jU- SJpU c-*1 • ft (x)*0 jij &>yry h'(x) j g'(x) /to = -f|-| 'c~Let li| .9.25 

9.25. Given f(x) = g(x)/h(x), where g'(x) and both exist and h(x) # 0, prove the quotient rule by 
demonstrating 

h(x)g'(x)-g(x)-h'(x) 



f(X) -~ lH(x)V 
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g'W = /« ■ *'<*) + AM • /' (Jt) 

f'(x) i—JL JUj, 

«<:)/'<jr) = «'(x)-/(jc).A'(jr) 
,,, , g'(x)-/«A'(x) 



„„. _ g'M-tgfr) ■*'(*)/*(*>] 



/'(*> 



AW 

Ax). "* 



[AMI 2 



Limits 



9.26. Find the limits of the following functions: :JJUJI JljjJI -^ji .9.26 

(a) lim(5jt 2 -2j;- 18) (6) Mm (4x 2 + 9x - 5) 



(V) lim 



3x 2 - 4* + 6 



^2.r 2 + 8x - 15 w A-48i 2 + 3^ + 4 

(e) jim. s /A: 3 +9j:-l </) lim^x 2 + 5* + 8 

SJUI JljjJI ,y J£) j^ji .9.27 

Find the limits of each of the following functions in which the limit of the denominator approaches zero: 
r+12 



W .im^- 11 ^ 30 W ,im J:2 + 7 '- 120 

x -S • 



Find the limits of each of the following functions: JljjJI JS" J=rji .9.28 

, , ,. 7* -22 8j 2 - 49 

, . ,. 9a: 2 - 4x + 2 x 4 - 9 

jr->oo4jr 2 + 6x - 7 *-<to;c 3 + 8 

Derivatives OlikJUJt 

iJUl JljjJI ^ JS3 Jii\ UiA»JI Jbpjf .9.29 
Find the first derivative for each of the following functions: 
(a) y = 6x 5 (6) /(j:)=2t+9 (c) /<x) = 17 

(</) v = 8j: 3 +4 J : 2 +9j: + 3 (<r) v=fa- 4 (/) f(x) = -7x~ 2 

(g) y = lSx" i («) /(x)=5x-'/ 2 
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( J-^lisJl -1*1 jj j i fcJxJ l : Jj>UsSl uLj- ) ^oUll j-*ill 



LS _U ^j-s L^i" S*— UaJI jL-plyll jt iJiUl ^J. , J*iUd) i^L.S(l Jtljill ^ jSUJI ^Jj 

Product Rule o^Jail sOPlS 

: SJBTCJIjjJI ^ JS" J^,Ud ij^l iju>lii .9.30 

9.30. Use the product rule to differentiate each of the following functions: 

(a) /(i) = (fa-9)(4x 5 ) (A) /(*) = 12* 3 (7* + 3) 

(c) y = (6* 2 + ll)(9;t 3 -4) (rf) y = (15-8j: 4 )(6* 6 -5) 

Quotient Rule ^jls 1 - 3d*li 

: i»~Jill £_,U- iJitli SJUI JljjJI JS" J^U .9.31 

9.31. Differentiate each of the following functions, using the quotient rule: 

22x 4 - 15 ,„ 8i 6 

(a) '--ITT- W ^=37T5 

, , 5x 3 Sx 1 + 3X-9 

W '" 6r»-7, + 2 W y= 7, 2 -4 

Generalized Power Function Rule l»Ull <jS j2Jl JJb SJ#l3 

: yisll JljjJI ja Jf J-iUJ uUll tfjill 3Jb !J*ti .9.32 

9.32. Use the generalized power function rule to differentiate each of the following functions: 
(a) /(x) = (9i-4) J (*) /Cr) = (7;r 3 +6) 4 

w) /w= 6^r 5 4 °_9 = - 50(6j:2 - 4j: - 9r ' 

(e) /(Jt) = \/l4i 4 -45 = <14.r 4 - 45)" 2 
(/) /« = . ' = (22 - 9x 6 r l ' z 



Chain Rule U-JLJl 3a*li 

: yui jijjji ^ jsu jjVi Jix^j' >\**J slj-JI ueu .9.33 

9.33. Using the chain rule, find the first derivative of each of the following functions: 

(a) y = (6jt 4 - 35) 8 (*) y = (27 - 8.t 3 ) 5 

(c) /« = (18;t 2 +23)'/ 3 (d) /(j) = (12it 3 -49)- 4 

Combination of Rules jtfJl y> j*j>u> 

: J*!_ji)l j» u-y^jt lij^~» SJUI JljjJI {y> JS" J-tfli .9.34 

9.34. Differentiate each of the following functions using whatever combination of rules is necessary. 

(a) y = 5* 2 <4,-9) 3 (6) y= 6 *f + T > 

4x + 1 

(c> fM = /W = (7*-4)(3;r + 8) 4 
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Higher-Order Derivatives LJbJl Asrj-Ut OlisAa 

: 5JLJI JljjJI ^ Jfl aJboJI oUiiJ! A^ji .9.35 
9.35. Find the successive derivatives of each of the following functions: 

(a) y = 3x 4 -5x 3 +8x 2 -7x- 13 (6) y = (8x + 9)(10x - 3) 

(c) /(x) = (6x-7) 4 (d) /fxy=(5-2x) 4 



9.26. (a) 150 (6) 4 (c) 2 (rf) | (e) 13 (/) 5 

9.27. (a) -J, (6) ^ (c) -1 (d) 23 

9.28. (a) \ (b) 0 (c) 2.25 (i) i^y> iLfrJI 

9.29. (a) y' = 30x 4 (A) /'=2 (c) /' = 0 (rf) y' = 24x 2 + 8x + 9 
(e) y' = -24x~ s </) /' = 14x" 3 fe) y' = 6x" 2 ' 3 (h) f' = -2.S X - } ' 2 

9.30. (a) /' = 192x s - 180x 4 (i>) /' = 336x 3 + 108x 2 

<c) y' = 270x 4 + 297x 2 - 48x (d) / = -480x 9 + 540x 5 + 160x 3 

9.31. , , , _ 528j: 4 - 88x 3 + 120 , 120x* + 240x 5 



W *- (8x-I) 2 »> (3x + 5)2 

. . , _ 30x 4 - 70x 3 + 30x 2 , _ -21x2+ 62x- 12 

V ' y (6x2-7x + 2>2 W } ~ (7x 2 -4) 2 

9.32. (a) /' = 45(9x-4) 4 (6) /' = 84x 2 (7* 3 + 6) 3 



(c) /< = -12,(3x 2 - 1 „- 3 = _^- J 
(i) /' = (600x - 200)(6x 2 - 4x - 9)" 2 = 



(«) /' = 28i 3 (14x 4 -45)-" 2 = 



28x 3 



(6,2 _ 4x _ 9) 2 



,/l4x 4 -45 

,_ 5 ,. ;,. 27x ! 27.x 5 



(/) /' = 27x 5 (22-9x 6 r 3/2 = 



7(22 - 9x 6 ) 3 



(•/22 - 9x 6 ) 



(a) y' = 192x 3 (6x 4 - 35) 7 (4) y' = -120x2(27- 8x 3 )' 
(c) /'(x) = 12x(18x2+23)- 2 / 3 



id) f'(x) = -1464x 2 (122x 3 - 49)" 5 = 



' (122x 3 -49)' 

(a) y' = 60x 2 (4x - 9) 2 + 10x(4x - 9) 3 
(*) y = 4 ^ 3 + '^ 2 + « 



(4x + l) 2 

M ^ - (72jt ± 48)(8 * ~ 5)2 - 3 < 8 * ~ 5 ' 3 
(C, /( X)_ g—^ 

(</) /'(x) = (84x - 48)(3x + 8) 3 + 7(3x + 8) 4 
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( Jm9&!( J&\ jIj 35i,' all : Jjslisll i_jL^- ) ^ilsll J^aill 



9.35. y ' = I2x 2 - I5x 2 + 16x - 7 

/ = 36x 2 - 30x + 16 
/" = 72x-30 
y< 4 >=72 
/ 5 »=0 

(c) /'(j) = 24(6* - 7) 3 
/"(x) = 432(6* - 7) 2 
/"'(*) =5184<6x- 7) 
/ w) (x) = 31, 104 
/'»(*) = 0 



(b) y' = 160* + 66 
y" = 160 
y'" = 0 



(<() /'(x) = -8(5 - 2xf 
/"(x) = 48(5 - 2x) 2 
/"'(x) = -192(5 -2x) 
/< 4) (x) = 384 
/<»(x) = 0 
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Differential Calculus : Uses of the Derivative 

Increasing and Decreasing Functions S-^aiLaJlj 30jljaJl Jlj^Jl 10.1 

S_kidJ ojjU^JI Sikujl J (^aiijl) £jtTjl (SI j; = a SkiJI (S*asL^) SJblji* /(*) SJIjJI 0t JlJiJ 

_^JtJ! Jj_w JS* Sjn-i*JI 01 UJLLj . j^^-Jl J j jl— Jl £ Ujllp SIIjJI l _ r ^«^ - [a, /(a)] 
Ait. S^_j»JI JjSlI s »■■■.*« 1 1 OU SJIjJI J^j jJcJI Jjj" JS" j-JS S-^-jJI Jj' 1 " Si^uJI jls SJIjJI Jjjj 
L_a5" jUfl^-Lj . S^aSbw SJIjJI Oi SJLJI JjVl ii^dl Oij x = a Xs- oJj.Ij^ SJIjJI Of iJ^j - x = a 

. (10-1) JS^I ^ ^ 



f(a)>0 : 
f(a)<0 : 



x = a XS- eJbl_)^ SJb 
r-a Jut i^Uxa SJb 



J-Jl >0 



x = a xs- i^jSLo" SJb 



(10-1) JS^ 

t$-il ^-i*j 1j_aj . "Monotonic Function" iijke Sib ^^a— j' lgJU<^ Jljk (^yisL^j" jl) JjIj£' ^1 SJIjJI 

. 10.3 J) 10.1 JUJI jbl . iJb-lj i-Tj J* JfU* J* (j-iLss) Jftljasr 

Concavity and Convexity o.b*sJlj j*isx)l 10.2 

SJIjJI _ [a, /(a)] Skill ^ ^ojS jtUJI Jj _ li| -r = a JUt Syuu/W SJIjJI ji Jli 

- [a,f(a)] SkiJI SjjS Siku Jj _ lil jc = a Jjt 5jJb>~«/(j:) SJIjJI jt; JLij . ^.U-JI ki- Ji-i JjISJL; 
j = fl xs- Ajj^to SJIjJI 01 x = a xs- S^jaJI SjJUJI SS^Jli . ^U^JI Ja^- J^15JLj SJIjJI ^>^a 
S*_«Lo j^-p ^j^l SJu^aJI SjI — il 01 . x = a xs- iydu SJIjJI 01 £*>y x = a xs- SJLJI SjUI SS^uJIj 
. 10.4 Jj 10.1 y, JjL^JIj (10-2) JSLiJI J US' jUci-ly . j»iJJ 
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/"(o)<0 : x=a X*iyub, f(x) 
/"(a)>0 : x = a Jiu- S,J^ /(a:) 
^ 2J«; JS" jjj>/"(a)>0 jlS" lilj i.U- 5>U/(jc) SJIjJI j^S , JUJI ^ Ste JS" jj^ /"(a) < 0 jlS" lil 

. SjJi^ /U) SJIjJI o^s , JU«*JI 



j y 




(d) /'(<•)< 0 (c)/'(a)>0 
/"<a)>0 /"<a)>0 



(10-2) 

Relative Extrema a~~Ji OU^Jt 10.3 

uf^Jw* S-jLjj ji ! j_j»Ji* iLj; JI SJIjJI U-ut J^i' ^1 SkiJI ^ Local SJ>«JI ji S™JI SjUJI 

^ jj_&' ji SJIjJI j^S fl SjaiJI JJ£ Sj^-J Jjio SjLji ji i™J ^jJiP ilfci i)!_UJ jjSj_ ^Jj . S__J 

i-JfcjuJI j^s a Jot 5-bl_^» ji ivaSLis SlIjJI jSi' ^ lilj . S^3Lx« ji SJuIjm c J tji . LJ ~-j jlyixJ SJU- 

SiiiuJI Ujjlp ^yjlj SJIjJI JU^. J SkiJIj . bJ»u ^ jj&' ji ljjw> lSJ 1 -' lit V^. a ^ S)!jJlJ L5 I -'' : " 
. S^ll J»jJI ji SkiJI 

•/'(a) = 0 

i = a ^.U^ll ii. Jlc! J.1S3U £u SJIjJI ^^^u. otj iJt~> SJIjJI ji ^ |j 4 i/"(a)>0 oils' lil .1 

. 10-3(a) JS-ill ifji US' jr = a Jut ^ji*. itji JJ^ OjSj oi o^u SJIjJI jij 
1 = 0 ^ j-UJI JW- Ji,i JjISJI £&. SJIjJI ^±.d'\j iyJ* SJIjJI ji \i i kf"(a)<0 oils' lil .2 

. 10-3(6) JSUI ^^1^1 = 0 JJ* jjSj ji o» SJIjJI jij 

. i^U S^jc; J** -J jU>-VI jlj/"(a) = 0 oils' lil .3 
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7T\ 



/'(<0 = 0 

/»<o 

(») 



/*<«) = 0 
/>)>0 

C ~ (I J-Lf- 4,,.,..i ^aJjp 4j L^j 

"(a) 



(10-3) j£i 

"differential or , l—h Jl j3 ji J^Lid) SJLIS Jlj^ ^ — ; x Jt^ J^,Ud) 11,15 jjSi ^1 JljjJI 

/ jjSj' ^1 o^UJI JI J»a j-b^i-j . jL^Mj Sjli-jll J JjUi li^s- Smooth Functions" 

; jL^xi-Uj . i>- j^JI JsUjJI ^ i^>»JI Jjf-i JJ» (x) = 0 



/'(<0 = 0, /"<«)>0 
/'(a) = 0, /"(a) < 0 



x ~ a jup *s <b. Lgj 
x = a jup K y&s- l$j 



. 10.6 JI 10.5 y, Jil Jlj 1 JtuJI >il 

^IMl^a- iJljJI ji J^JI StiJI jup (++) S,^JI iJbJI iitiJl (a) ji s/IJdl J : 1 Jlio 

J) SJIjJI ji S^j-JI itfcjl JIM. ( ) iJUl iylill 4«-,t,,Jl ji (6) J (w) jrf j ^ Jpi 

. (10-4) JSLill J S^Jl sapUII 5/1 ill J Jt( J3., <„) ^ Ji-I 

EXAMPLE 1. Keeping in mind that (a) a positive second derivative (++) at a critical point means that the function 
is moving up from a plateau (-') and (b) a negative second derivative ( — ) at a critical point means that the function is 
moving down from a plateau (--*), a simple mnemonic to remember the rule is presented in Fig. 10-4. 





(10-4) JSJ» 

Inflection Points Jjs*sit -klii 10.4 

j—SUJIj 5_,J^ j^JJ 5_ r ^«ii jJcSj ^U^Jl ii- alljJI U-Up jkii- ^^^uJl Js ik& J_p^JI ika 
ijUil . Sjj^o j^i. jl _ r _i v = ijL-o iJldl iixjull jjSj' Lojlui Jiis i^U-o J_j»cJI iUij . ^tSUJIj 

. (10-5) J&ill J^ Ufa a^JjJI tkidi jUci-ljj . S^o jj; J^l JitiJI 

. ijj^i ^ ji/"(a) = 0 .1 
. * = a yued ! . 2 

. .r — a Ass- ^Lft^J! Jai- ^kiij ^^^t^JI .3 
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/"(«)> 0 
/"(»> = 0 
GO 



/'(«)< o 

/"(a) = 0 
(0 



y»=o 

/"(<!) = 0 



/'(a) = 0 
/"(a) = 0 
(a) 



x = a aip Jj^l JsUj 
(10-5) j£a 

. 10.14 j 10.9 j 10.7 JiL.JIj 2 JliJI Ci.t >il 

Curve Sketching ^jUttJl j) Jaiwt* 10.5 

SJIjdli . (^-jll IJl^ J+^'j fLJI JSLaJI ,y- 5JuA» oUjL>j S-iliJIj JjVl oliiiJI Jy 

• (/H = 0) Jj'il tic^JI Ujjp ^1 iUJI c^«JI i™; il+i ,jp ^1 .1 

i.i lU ^j-JajJI "i^.^l <j — J^A^iJ <UjUJI ii^UJI ojLil J^U- i>- i ikitJ l .UP JJb- .2 

. 0"'(a)>0) a_ — Jl jji^i) il+Jlj (/"(a)<0) 
. yiixll oij iiJ^ jj- fix) j'\ f"(a) = 0 ii~>- J_j»^JI iiUj ,y -li'ts' .3 

. 10.5 (v-iil ^ iiUI oUI J »-')ll fl-W-a-V, .Uj! ja^' JSU l^J .ipi y=/(.i) = -A- 3 + J^ + 45j: JIIjJI : 2 JlS* 
-x 3 + 3x 2 4- 45je is sketched below using the procedure outlined above in 

'. ^jijVl &i^uJI JL>-^i (a) 



EXAMPLE 2. The function y = /(x) = 
Section 10.5. 



-3x 2 + 6* +45 

JC <U-5 ^-^J yWall ^.J^** W^^J 

/'(x) = -3x 2 + 6^+45 = 0 

3(.i 2 i> 15) 0 
(x + 3)U-5) = 0 
a: = -3 1=5 i-^JIMiJI 
^IjLi^I! ^^a^a J}U- ^y> jU>-i *=rj»Jt J?UJI jup l^A-i iaxwdl -^ry Q>) 

/"(*) = -6x+6 

/"(-3) = -6(-3) + 6 = 24>0 iLjJj iJ^. 

/"(5) = -6(5) + 6 = -24 < 0 k ^3 'j^ 
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. jjx, yudlj /' = 0 JLUi J_j^JI iUi (c) 
/"(x) = -&t+6 = 0 
x= 1 

ji-^'J -t = 5 jj* SyJu J! x = -3 jop ijL»j> SJUI jij * = 1 jLxt /' (jc) = 0 £» 

. (10-6) JSLsJI i^^Jlj j: = 5 j x= 1 ji = -3 f(x) wi (d) 

/(-3) = - (-3) 3 + 3(-3) 2 +45(-3) = -81 
/(D = -(l) 3 +3(l) 2 +45(1) =47 
/(5)=-<5) 3 +3(5) 2 +45(5) =175 

. 10.14 10.6 y, JiL^JI jtil 




(10-6) JS^ 

Optimization of Functions JljJJl Lls^t 10.6 

. J^Lid! SUill i.jUil aijJI c~Lti !ij . .UM 10.5 10.3 ^JH\ fUte~l| ^ U»«JI 

^^Vl -k^J ojkiJl ojjbj . 4>-jsJl JaliJl J^-jij jjLaU 4jjL~o LgJ^J l^J^ ii^Ji S^-y .1 

: a *>-j»JI SkiJI Ait oils' lit . oljLrfl y&JHj *rj=JI iLaJI -Ut ioUJI iixiJI J^-jJ .2 

/"(a) > 0: ^^^i^ V-+>3 ^^.o 

/"(a) < 0: il^J V s * 

/"(o) = 0: ^ jl^l 

I Uy*S-3 . ^IS* Js^i ijuhj iyUH *;JjJl -kj-^i - iii^xJI jU^i-i _ ojkiJI olftj 
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i^-Ji f yJa*5\ SjI$JI t5yw^l SjI^jJI 

/» = 0 /» = 0 

fW<« /'(«)>« 

-.10.16 j 10.15 JsL~Jlj 3 JliJI >l 

EXAMPLE 3. To optimize / (x) = 3* 3 - 54x 2 + 288* - 22, t SJiai : 3 J&> 

. .* <U_i -^-^jj jrt .^i U SjjL~o L^jwajj (^j'"^' Si^i^l) ^W^.) t^H-r^ 0* ^".r^ -ULiiil s^-y (a) 
f(x)=9x 2 -mx+2SS=0 
9(1 - 4)(x - 8) = 0 

x=4 Jt=8 S*-_pJI iliJI 
ur 3 -^*^ ^-^^P^ JaLiJI 1$ — fc_jL^-j S-JbJl SSi£aJI iUoj Jj.^J= ^ y^iJI \Sr^ W 

/"(or) - 18; - 108 

/"(4) = 18(4) - 108 = -36 < 0 ^^Jit il^i . 

/"(8) = 18(8) - 108 = 36 > 0 i*>*> ' *)•»»»• 

. * = 8 Jo* jm>s x = 4 -Up SJIjJIs 

The successive-Derivative Test ^laJt 3J k ,«*JI 10.7 

iLSi j^Ji; (10-5)(a), (fc) J£i)l ^ Si_JI iiUi Ji» JljjJJ p-U ^ OjS^-. iJlsil Si^JI jUi-l 
S_kJu!l ,3^. JJjS" ^L, 0jjuj/'(a) = 0 LjJ OjSi ^1 SJUJI ,y . i*r ^1 -Up JpJI 

iSJjj JJ-p S-rjJI S_Liil xjs- l t Ua^ LWI i;i-_Jl ifcixJ JjS)! ,£,4*1)1 ^ jJuJI jlS' lij .1 

. 10.14 j 10.9 j 10.7 JilwJ! >il . Jj^JI SLi; .u* illjJI jjii (jjj ... S~»i- < iS^i) (odd-numbered) 

ts-^Jj '*=rs~>\ -Up I^uj i....->o Ujui- U«JI S^J) ifa^uj JjVl jji^JI JJoJI ulS' IS) .2 

S«~o ^ji-^ 4jl$i ^1 SixJuJI d-V^J S*^JI i^iJls . S~~i Ms- SJI-lJI OjS^i (even-numbered) 
. 10.16 j 10.13 j 10.8 j 10.6 JlU_JI >l . S~_J l _ J JiP Jtl^i yJJ jjii- SJUI S*-i)lj 

Marginal Concepts in Economics iUaaS^t ^ Sj^JI j^-aliJl 10.8 

Lr Jfll »\jtf oi Ulltj . SJUI sj^j j-bi) ^ i^-LJI iJKll SiKJI J L^L jyci LjUI SiH£dl 
^ oi jSUi MC S, J^JI *ilSillj MR jJ^JI iljiVI ojs g ^Ul oLji-o y Jljj TC SJS3I SilSiJIj TR 
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TR = TR(i3), MR=^ : oJ*4 lil 

<i£> 

TC = TC(g), MC=^ : c~k4 lil 
«G 

. SJS3I SJIjJJ Situs' A^UT jSU, ipUtal 3b ^Sf ^J^JI I l>1» jUtii-Uj 

EXAMPLE 4. If rC = 2 2 +5(2 + 72, then : jli TC = (2 2 +5Q + 72 ! CJtf lij : 4 Jti» 

WC= ^ = 2g + 5 

TR = -3(2 2 + 95{2 : oilS" lilj 

MR = -6(2 + 95 

i\j-rj\ 3Jb sU;! ^ .iU».l jSUi ^J*JI oli F = 80-3Q ,_JUI 3b oils' b) : 5 Jli» 

EXAMPLE 5. Given the demand function f = 80 - 3g, the marginal revenue can be found by first finding the total 
revenue function and then talcing the derivative of that function with respect to Q. Thus 



TR = PQ = (80 - 30fi = 80(2 - 3g 2 
dQ 



= 80-6(2 



>i : MR = 80 -6(7) = 38 oS» 2 = 7 oils' lijj MR = 80 - 6(5) = 50 61> S = 5 oils' liji 

. 10.19 J\ 10.17 

S jb^J JLoUsiVI Jljjdl JLk.f 10.9 
Optimizing Economic Functions for Business 

2-L./HI r _Jio- jjti o^LS^uJI ji^uj^ Jit oL~.>JI sjipU. j^jbyij ^Uaa^l ^ Sil* ^JL 
ijlj-JI j.lji^o.lj ^L^j^JI ji o^UI ol^.j^.j, ^iJlsiJI S-iju Ji.j S^Ui)!l ji ^UJI jjUI OL,_^_<.j 
10.20 JiL^JIj 6 JUuJI ^ i^j J^l ilju ^ o^>y> ^1 OjUl j~? i^JI „i*, . SjjUJI i-^l 

. 10.25 J J 

C=e 3 -22 2 :ys3IUlSiJljK = 3300Q-26e 2 :>Uyi oJ*4 U i—>J tt j-Uj^I ^Ji^J : 6 Jli« 

. e>0ai o i'l>U . + 420Q + 750 

EXAMPLE 6. To maximize profits jr for a firm, given total revenue R = 3300(2 - 26g 2 and total cost C = 
g 3 - 2Q 2 + 420Q + 750, assuming Q > 0, 

7t=fi-C : C _JI 3b JSlii (a) 
7r = 3300(2 - 26(2 2 - ((2 3 - 2Q 2 + 420(2 + 750) 
ir = -(2 3 - 24(2 2 + 2880(2 - 750 
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. ^>-j^i\ JsUJI G I J>J ^ ^fly^U 4jjL~o l^ii ^J^l iiiJUJI Jls-jj (£>) 

ir' = -3e 2 -48e + 2880 = 0 
= -3(G 2 + 16Q - 960) = 0 
= -3(6-24X2 + 40) =0 
Q = 24 Q = -40 i^JIAUJI 
jS'Lu) j-jutji ojLjii (JJ x_^ui; j^j yj i^j^Ji i^-j^JI i^-jdl Jlip l^XftJi ioUJI ii^uJl -^rjj (c) 

0~j t_S^j ^iUa^al ^yjw l$J ^-J 4jV iJLJI 4A-Ji)l JjfcU^J . J^' 

tt" = -6fi - 48 

tf"(24) = -6(24)-48 = -192 <0 i^-i ,yJit i .L^j , S_^i> 

G = 24 Jl^ c UjS(I ,vJi«j- 
ir(24) = -(24) 3 - 24(24) 2 + 2880(24) - 750 = 40. 722 

ik-._pjij ajjb«Ji j Ji joJi ^ oi£>UIi 10.10 

Relationships Among Total, Marginal, and Average Functions 

it+JI oliiUJI jtj . iJ-Lijij olil^.lj ,.V,-y ^1 JljjJI £. SjU j^.jUia'lll JjU* 

. 4j_k*JI £ii£Jlj iiUSoJij 

i-iKJI Jlji ^ oUiUJI OLi TC = Q 3 - 24G 2 + 600G i_JS3l iilS^ll lib c~ipi IS) : 7 Jli. 

EXAMPLE 7. Given the total cost function, TC = g 3 - 24£> 2 + 600£>, the relationships among total, average, and 
marginal cost functions are demonstrated as follows: 

. JjiUII Uuull fMts-ij JJKM UKsJI 3lj) JJlillj JjVl «&A»JI Ji^ji (a) 

TC' = 3(2 2 - 486+600 

TC" = 6e-48 

. Jj=^ll iUi (2) j _^iJI (1) Jio^j 
. SyuU TC"<0 jU G<8 J (1) 
. iJi^> TC">0 oji G>8 J 
66-48 = 0 (2) 
G = 8 

TC(8) = (8) 3 - 24(8) 2 + 600(8) = 3776 
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. (8, 3776) Jy«dl SLa oU G = 8 -lit Jl i_,«iL. ^ TC(G) j^' £»j 

. 4~~~jJI o^L^-Jlj AC 4k«^*JI iiKJI A^ji (b) 

AC=^ = C 2 -242 + 600 
AC = 2(2 -24 = 0 

e = i2 

AC" = 2>0 ^yu^ L^i , 

. iJ^JI DIjJ (.^1 ^ J^j (c) 

MC = TC = 3(2 2 - 48C + 600 
MC'= 60-48 = 0 

g = 8 S»-_^JI 
MC" = 6>0 iSy^> i.L^j < 4jO>*j 

. (10-7) JS^JI J US' ^^uJJ lIkJ*s«i' tL.j (<i) 
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(10-7) JSji 

. i-i^M TC Lj JlIp MC Jbljs-i j < jaSLao J Jl-**j JjIj^jj Sj-jJu TC j>So U Jot ^aSla? MC . 1 
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. ytj^A\ j^JLoj Jj^Jl JLLP TC OjSj* Lo-Ll>- Aj L^j UjSjj < -bjj^a Jjjwj JutjaTj 

MC = AC LjJjp i5j-i~= -Up AC OjSjj MC<AC Ljj Oj& ^dl iik*JI Jjt ^ ^La' AC .2 

. MC > AC U-U* AC -IjIjSj 
AC CJlSUiJj . j^ba- AC OU MC < AC oils' IS I .3 
. Juljfl AC jU MO AC 
. 10.26 SJUJI itiii >l 



JlS" . ^yoo iLji J-^ OjSj AC jli MC = 



Increasing and decreasing Functions, Concavity and Convexity 

J_S3 a^jjUm 51b (2) j x J£J SJj.Ijm i)b (1) Lji. jj^ (10-8) JSLiJI ^ ioUl p^ll y .10.1 
Sjl^j ji 4___! (j-Ji* i-jl^i L$J (5) } x J53 i yd* (4) _j jt J53 ». (3) j .t ^ 

. J>Ui lj) ,^1 (6) j 4--— i 

10.1. From the graphs in Fig. 10-8, indicate which graphs are (1) increasing for all x, (2) decreasing for 
all x, (3) convex for all x, (4) concave for all x, (5) which have relative maxima or minima, and (6) 
which have inflection points. 



v 



(10-8) j£a 



(A 

. x J£) SJbljx* ilb / 

. X JSU ivasUxo 4jb d 

. x JS3 SjJ^o d 

.xtfii^ e 
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(2)j x J-S3 i-^-jj* Jji olki* (1) : UJ Jib (10-a) JSLiJI J SjUl p-JL jJUa UJ .10.2 
(5)j x J-S3 iJL-i i_jL) oLi^ (4) j x J— S3 'L^y* IJ-l? olfr.-u (3) j j: JSJ - iJL, oU-,.';.it 



J.UJI 



10.2. Indicate with respect to the graphs in Fig. 10-9 which functions have (1) positive first derivatives for 
all x, (2) negative first derivatives for all x, (3) positive second derivatives for all x, (4) negative 
second derivatives for all x, (5) first derivatives equal to zero or undefined at some point, and (6) 
second derivatives equal to zero or undefined at some point. 



(10-9) j£i 

. ^1 jU-J1 Ji-I ^ I il j>k£ oL^jlJI /i ( e 

. iJi^ l^if oL^JI h . g 

. o yUU) L^IS" oLiat^oJI / i d 
. ("U3l$i iLuii JUp) j2x~*o i£JL — o ^Jj J^ai" oLji*JL*Jl g 

. 1=3 JUt Stationary ji i^-Sbi. ji SJUl^io SJUil JljjJI cuilf lil U 

10.3. Test to see whether the following functions are increasing, decreasing, or stationary at 
(a) y = 5* 2 - 12* + 8 

/ = 10r - 12 
/(3) = 10(3)-12=18>0 5JL.ljx.Slb 
(ft) y = x } - 4x 2 - 9x + 19 

y' = 3x 2 - 8* - 9 
y'(3)=3(3) 2 -8(3)-9 = -6<0 i^sU^ SJb 



i-l .10.3 

= 3. 
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(c) y = - 9;c 3 + 22.5X 2 - 92 

y' = 4x 3 -2?.i 2 +45Sr 
/ (3) = 4(3) 3 - 27(3) 2 + 45(3) = 0 i 3 b 

. X = 2 J^S;JL»J ji iyJ* iJUIJIjjJI Oils' lij U^jd jj^-l .10.4 

10.4. Test to see if the following functions are concave or convex at x — 2. 
(a) y = -4x' + 5x 2 + 3x -25 

/= I2jc 2 I lOi t 3 
y" = -24* + 10 
y"(2) = -24(2) + 10=-38 <0 ij*" 

(ft) y = (3* 2 -4) 2 

y' = 2(3x 2 - 4)(6x) = 12x(3-t 2 - 4) = 36x 3 - 48x 
/ = 108x 2 - 48 
y"(2) = 108(2) 2 - 48 = 384 > 0 i 

Relative Extrema OblgJl 

0 JL» cJl? Ii| U Jjjbu (2) j t*-j»i\ |^«JI jUuI (i) jt- SJbJI JIjjJU a~~J! oLj.LjJI Jn-jl .10.5 

10.5. Find the relative extrema for the following functions by (1) finding the critical value(s) and (2) 
determining whether at the critical valuc(s) the function is at a relative maximum or minimum. 

(a) /(*) = -9x 2 + 126* - 45 

. i>~j>*i\ ^Jai\ jUjJ X ^jil i~~Jlj J^j_J yu<JJ 4jjL~fl lgJ«-^J ^J*^ Sjfc^UJI A>-JJ (1) 
/'W = -I8.r+ 126 = 0 

x = 7 i>- ^>J1 ift^jill 

/"(*) = -18 

/"(7) = — 18 < 0 'W- 5 ' toJ»*j> 

(b) f{x) = 2x 3 - 18a: 2 + 48* - 29 

(1) f'(x) = 6x 2 ~ 36.1+48 = 0 
f'(.x)=6{x 1 -6x + S)=0 
/'(x)=6(x-2)U-4) = 0 

x = 2 x = 4 i^JI^JiJI 

(2) /"(x) = 12* - 36 

/"(2) = 12(2) - 36 = -12 < 0 iLjj , SjJ^o 
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/"(4) = 12(4) - 36 = 12 > 0 i^-i iSy^ ' "V-" 

(c) /CO = * 4 + 8x 3 - 80;t 2 + 195 

(1) f'(x) = 4* 3 + 24x 2 - 160* = 0 
/'(jr) = 4x{x 2 + 6x - 40) = 0 
/'(jr) = 4^-4)( Jt + 10) = 0 

*=0 x=4 j = -10 hrj^H^l 

(2) /"fct) = 12* 2 +48jr-160 

/"(-10) = 12(-10) 2 + 48(-10) - 160 = 560 > 0 S«-i i£>~> <j.L»i ' Sj**» 
/"(0) = 12(0) 2 + 48(0) - 160 = -160 < 0 y^j , 

/"(4) = I2(4) 2 + 48(4) - 160 = 224 > 0 J,^ , 

<^rj>±\ p-Jill Jl^ SIIjJI .oils" lij la jjj) j-^l (2) j i-j-ll ^1 J=rji (1) y = (i-5) 4 SiljJI y .10.6 

10.6. For the function y = (x - 5) 4 , (1) find the critical values and (2) test to see if at the critical values 
the function is at a relative maximum, minimum, or possible inflection point. 

. 'is? pjJ&\ X ^1 3-—j)l> jAsaU ijV** L$*-sii,j ^J*^ i<ix^*J1 Ji>-ji (1) 

/ « 4(jt - 5) 3 - 0 
jr - 5 = 0 
*=5 JLf-j.JI.UJJI 

v"=12(;c-5> 2 
/(5) = 12(5 - 5) 2 = 0 f-l> jLi* 
-Up V^a-* ^s-^*jj aJU^aJI UuJI oU-^vJt -iUol |wl>- ii^J! 0^5* lij 

. LLJ1 ii^Uj ^yws j-i iJiP Jj! ^1 J*aj ^yis- a*-^*J1 iiaiJI 

y"'=24U-5) 
/"(5) = 24(5 - 5) = 0 js* J 1 -^ 1 

/ 4 >=24 
y 4) (5)=24>0 

Lr ^-jj iJ-t- L;l»" S-^> jll 5-iii«J JjVl ^j-ivJI jji jJjJI jlS" lili 10.7 p—ill ^ U^yi US"j 
. "L— i iSj*-& SjJb** y 01 iSz-i-dtj . <L«- j OjSCj' y 6^3 (even) 

. (10-10) JSLiJI >l 
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(10-10) j£s 

10.7. Redo Problem 10.6, given y = (6 - jr) 3 : cJati IS] . 10.6 i)t~JI A*i .10.7 

(1) y = 3(6-.v) 2 (-0 = -3(6-x) 2 = 0 

Jf = 6 i>. yjl 4*^1 

(2) /' = -6(6-x)(-l) = 6(6-^) 

/(6) = 6(6-6) = 0 > jLsi-HI 

f = -6 
/"(6) = -6 < 0 

(odd) LUJI VjJI *fci«J JjSlI ^>JI jji jjjl 0) C-»j 10.7 ^1 L^i USj 

. (lO-ll) J£i]l Jii\ . UJazA *kii Jut ^mJj Jj^JI aJaiB )' o,ls 
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10.8. Redo Problem 10.6, given y = -3(* -4) 6 : o~Ui lij . 10.6 i)L»JI J=- j*t .10.8 

(1) y' = -l8(x-4) 5 =0 

(2) / = -90(j:-4)* 

/(4) = -90(0)*=0 jj> jL^I 

j" = -360(jt - 4) 3 y"'(4) =0 ,v-U j± jL^VI 
y (4) = -1080(j:-4) 2 y <4 >(4)=0 jLli-'SlI 
y' 51 = -2160U-4) y (5) (4) =0 f ^- jW^ 1 

y' 6 ' = -2160 y (6) (4) = -2160 < 0 

. (10-12) JSLiSI >:! . i~_J ^^Ji* ilji jup oj&j 5j«i. 0j£ y OJi y <6> (4)<0 cJlS" 
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(10-12) jXi 



10.9. Redo Problem 10.6, given y = (* - 3) 5 : cJapi lil . 10.6 <) t~JI ap! .10.9 

(1) y' = 5(x-3) 4 =0 

* = 3 S^l 
(2) y"=20(*-3) 3 

y"(3) = 20<0) 3 =0 jj- jL^-^ 1 

y'" = 60(i-3) 2 y"'(3)=0 ^ jUj-HI 

y (4) = 120(1 - 3) y (4) (3) = 0 r" U -iW^ 1 

y< 5> = 120 y (5) (3) = 120 > 0 



. (10-13) JSLill 
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(10-13) JSLi 



Sketching Curves OLw*i<JJ ^jkJastJl ^ jjl 

. Skid I Jy~ illjJJ UJai*. ^jl pj' y> 3 Ub* ■ (»! CilojUJI .10.10 

10.10. From the information below, describe and then draw a rough sketch of the function around the point 
indicated. 

(a) /(4) = 2, /'(4) = 3, /"(4) = 5 
J-tfj . S-blj^ 3JljJloLi/'(4) = 3>0 . (4,2) SkidlJiU ^ >r JJIjdl oli/(4) = 2 J^i 
. (10-14)(a) JSLiJI jJal . ijb^, aijJI o^/"(4) = 5>0 
(ft) /(5) = 4, /'(5) = -6, /"(5) = -9 
m*j , S^aUx. SJIjJI uls/'(5) = -6 ji Ultj . (5,4) SLiJI J5U- j*j SJIjJI jU/(5) = 4 J^i 
. (10-14)(fr) JS^JI >1 . aijJI jlj/"(5) = -9 

(c) /(4) = 5, /'(4) = 0, /"(4) = -7 

(Plateau) SJSjJ! jl tiyu UiU/'(4) = 0 ^ . (4,5) JLUI ^ JiljJI 

• S^^—i i^-^ 1 ^ SJI-JJl* f>).i=< J» S;-V~> aJt-JJS ji jyu LlU/"(4) = -7 , x = 4 jjp 

. (10-14)(c) JSLiil jtil 

(d) /(2) = 4, /'(2) = -5, /"(2) = 6 
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(10-14)(d) JSill jjiil . i-l^j i^SLis (2,4) JkiJI JJIjJI 
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(10-14),^ 

GO f(3) = 2, /'(3) = 0, /"(3) = 8 

. (10-14)(e) JSiil >l • (3, 2) 

<f) /(2) = 3, /'(2) = 7, /"(2) = -9 

. (10-14)(/) JSL2J1 >;l . S^Ijm (2, 3) SkUl >> IlljJI 

to • S K-JI ii>ua!lj oLl^JI JjJ^ yiiJI ^-1 (ft) . hrj^i\ ^Ji\ Jt=-ji (a) .10.11 

. tliL; aijJI Ji. (c) . Jj«!l its, S^j^ll ^1 iiljJI wi (rf) . J_pJ| J, U 

10.11. (a) Find the critical values. (A) test for concavity to determine relative maxima 



(a) 



for inflection points, (d) evaluate the function at the critical values and inflection points, and (e) graph 
the function, given 

/(*) = *'- 18x 2 + 81* -58 
/'(*) = 3x 2 - 36x + 81 = 3(* 2 - 12x + 27) = 0 
/'(Jt)=3(jt-3)(x-9)=0 



r = 9 



/" M = 6x - 36 

/"(3) = 6(3)-36 = -18<0 
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/"(9) = 6(9) - 36 = 18 > 0 
/" = 6x - 36 = 0 

-t = 6 AI^AJ) Jj^eJ ^IzdJ 

/(3) = (3) 3 - 18(3) 2 + 81(3) - 58 = 50 
/(6) = (6) 3 - 18(6) 2 + 81(6) - 58 = -4 
/(9) = (9) 3 - 18(9) 2 + 81(9) - 58 = -58 



= 3 jjto j«ic!li/'(6) = 0 ^.j 
(3,50) SiU 5 
(6. -4) J J~" 

(9, -58) lS>^ ^ 

. (10-15) JSLill >il (e) 




(10-15) j£i 



: c-tti lij . io.li aL*Ji .10.12 



10.12. Redo Problem 10.1 1, given /(*) = -2i 3 + 12x 2 + 72* - 70. 



(a) 



/'(a:) = 



-6jt 2 + 24* + 72 = -6(.r 2 - 4x ■<■ 12) = 0 
-6(x + 2)(i-6)=0 



( = 6 



/"« = -121 + 24 
/"(,-2) = -12(-2) + 24 = 48 > 0 
/"(6) = -12(6) + 24 = -48 <0 
-12* +24 = 0 



/(-2) 
/(2) = 106 
/(6) = 362 



150 



(-2,-150) 
(2, 106) 
(6, 362) 



= 2 Jem Jj» ; 
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. (10-16) JSLsJI >l (e) 
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(10-16) j£a 



10.13. Redo Problem 10.11, given /(*) = (3 -jt) 4 : oJ>pi li] . 10.11 SlLjl Apf .10.13 

(<r) /'(x) = 4(3 - x)H-l) = -4(3 -.r) 3 = 0 

*=3 i>.yJli«_iJl 
W /"(*)= 12(3 -*) 2 

/"(3) = 12(3-3)*=0 f-^ jl—^l 

. 10.7 jwJiil ^ Uo jij US' LWI oUiiuJI J-oljij 
/'"(.<) = -24(3 - x) 

f'"0) = -24(3 - 3) = 0 jjt jL^DI 

/ (4) (*) = 24 

/ (4) (3) = 24 > 0 >w> il*! 

/(3) = 0 (3,0) ^ z H : ul; 

. 10-17 JXiJ! p\ (e) 
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10.14. Redo Problem 10.11, given f(x) = (2x - 8) 3 : c.Ui ISI . 10.11 S)LaJI Js~ sA .10.14 

(a) /'(*) = 3(2i - 8) 2 (2) = 6(2* -8) 2 =0 

x = 4 i^^JiH 
(ft) /"(*) = 12(2* -8)(2) = 24(2* -8) 

/"(4) = 24(8 - 8) = 0 p--^- j:*- jW^ 1 

r=48 

/"'(4) =48/0 

OLi }J-fr j_A 1_Jl*M 4-j_p! iiLiuJ ^yi-^ jj- }Ap Jji jl 10.7 ^ Llo US'j (c) 

">! 4jU Jaifl 4*-^>J! -UP Jj^II XLuu UjSj ta-LLPj . Jc = 4 -LLC- J_peJI iLub JUP Oj&' iiljJl 

■ «~— 1 ls*^ J' i^-A*" 

f(4) = 0 (4, 0) J,l«i (of) 

. Jj~xll iLiJ (jc = 5) jjaJI JJj U = 3) jUJI yJall jLsi-lj 
/"(3) = 24[2<3) - 8) = -48 < 0 iyA> 
/"(5) = 24[2(5) - 8] = 48 > 0 

. 10-18 JSLiJl jk\ (e) 
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(10-18) j£i 

Optimization SJioSft 

JJIjJI Ujup 0j& ^1 S=r_pJI jU;J (1) ^ SJUJI S^^JIj *^.^\ JljJill SJiioi J^-ji .10.15 

. J^— Jl i^JiJI ji ^5>-JI ^ iJlill 4-j'->JI -Kr 1 ji* 5 -' ( 2 ) J ls^* 

10.15. Optimize the following quadratic and cubic functions by (1) finding the critical value(s) at which 
the function is optimized and (2) testing the second-order condition to distinguish between a relative 
maximum or minimum. 

(a) y = 9x 2 + 126* - 74 
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• *?V»JI (^ill ^W-i^ * Jl 4™JL Ji»Jj yL^ll 4jjL~« LjljVl itiiJI J^ji (1) 

/ = 18jt + 126 = 0 

x = 7 a^-^Jii^i 

i$j^ta)l olj.Lj-JJ SjLi'JI j^jJj S=ryJI *Kd34--JUt W^-i ^ — »j ijlill iixiJI (2) 

y = i8 

/'(— 7) = 18 > 0 (_f i L$i < ijJ^ta 

(6) > = -5* 2 + 90* - 73 

(1) / = -Ilk +90 = 0 
jt=9 ia-^JI i^-ill 

(2) / = -10 

y'(9) = -10<0 ^j^iip i Ljj i 5yii« 

(c) > = j: 3 + 6a: 2 -96x + 23 

(1) )>' = 3jc 2 + 12* - 96 = 0 
y =3(jr 2 +4j-32) = 0 
y' = 3(x-4)(x + 8)=0 

x=4 * = -8 i=r^JI (^~SJI 

(2) y" = 6* + 12 

>"(4) = 6(4) + 12 = 36 > 0 ' iS>*» N.W 1 ' 

/(-8) = 6(-8) + 12 = -36 < 0 il^j . iyj* 

(d) y = -3x 3 + 40.5x 2 - I62x + 39 

(1) / = -9x 2 + 8Lt - 162 = 0 

= -9(* 2 -9.r+18) 
= -9(x-3)U-6)=0 

x = 3 jc = 6 i^JI^Jdl 

(2) /' = -181 + 81 

/(3) = -18(3) + 81 = 27 > 0 -W-i iSy^> • 
y'(6) = -18(6) + 81 = -27 < 0 Lf 0 -^ <■> ' • j**> 

. lo.is aLji us - fij^V 1 o- 8 ^ J ^~« yui Sjjssf Ui.! j^-jt .io.i« 

10.16. Optimize the following higher-order polynomial functions, using the same procedure as in Problem 
10.15. 

(a) y = 2x* - Sx 3 - 40x 2 + 79 
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(1) y = 8x J - Ux 1 - Wx = 0 
y = 8i(j 2 - 3* - 10) = 0 
>' = 8-t(i + 2)(x-5) = 0 

x = 0 x = ~2 j = 5 Vj^JI ^1 

(2) y" = 24x 2 - 48* -80 

y'(-2) = 24(-2) 2 -48(-2)-8O=112>0 i-_J i.LjJ . 

y'(0) = 24(0) 2 - 48(0) - 80 = -80 < 0 i™J Sj Us < 

y'(5) = 24(5) 2 - 48(5) - 80 = 280 > 0 S~~J ^ yU« SjUi . i 

(b) y = -5* 4 + 20x 3 + 280x 2 - 19 

(1) y = -20i 3 +60i 2 + 560j:=0 
j' = -20x(j: 2 -3x-28) = 0 
y' = -20x(x + 4)(x-l) = 0 

jt = 0 * = -4 Jt = 7 i-j^JI p-iil 

(2) j" = -60* 2 + 120a- + 560 

?"(-4) = -60(-4) 2 + 120(-4)+560= -880 <0 <™i kUi> • 

y'(0) = -60(0) 2 + 120(0) + 560 = 560 > 0 4^— ' l5 '*>Sv ' 
y'(7) = -60(7) a + 120(7) + 560 = -1540 < 0 S~— i 1 _ / Jit ajL^S . S yjj, 

(c) > = (7-2x) 4 

(1) y = 4(7 - 2x) :) (-2) = -8(7 - 2xf = 0 

7-2x=0 a =3.5 

(2) y" = -24(7 - 2x) 2 (-2) = 48(7 - 2i) 2 

y'(3.5) = 48[7 - 2(3.5)] 2 = 48(0) 2 = 0 ^U^ijUi-VI 

. 10.6 aJL-JIj 10.7 j, ill ^ Llo US' LUJI olixiJI iUjI J^ljJ 

y'" = 96(7 - 2i)(-2) = -192(7 - it) 
y"(3.5) = -192(0) = 0 jj> 
y> = 384 

y <4) (3.S) = 384 > 0 i^- 1 ii>~> ^ ' *)•»>«• 

(d) y = -2(* + 19) 4 

(1) = -8(x + 19) 3 = 0 

x + 19 = 0 x = -19 i>.j»JI S*-ill 

(2) y = -24(jr + 19) 2 

/(-19) = -24(-19+19) 2 = 0 f U X? jV^-^ 1 
y" = -48(jr+19) 
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/"(-19) = -48(0) = 0 ^.U- jj- jUd-VI 

y»> = -48" 

v< 4) (-19) = -48 < 0 ' 

Marginal and Average Concepts 4k*>jijlj SjO^JI ^lijl 

0 = 2^1^ r " . SJbJI JljjJI ^ JsO ik-j^JI (2) j iJtaJI (1) JljjJI j^-ji .10.17 

. G = 4j 

10.17. Find (1) the marginal and (2) the average functions for each of the following total functions. Evaluate 
them at Q = 2 and Q = 4. 

(a) TC = 0 2 + 90 + 16 



(2) AC= — = 2 + 9+- 
MC(2) = 2(2) + 9= 13 AC(2) = (2)+9+-^ = 19 



MC(4)=2(4) + 9=17 AC(4) = (4) + 9 + | = 17 

. Q ojldl JuJl Jle ;u_i)l ^ oS"b , Sk~j*JI aijJI j^-y : 2b*~%, 
(ft) TR = 24fi - C 2 

(1) MR=^=24-22 (2) AR=^=24-C 

MR(2) = 24 - 2(2) = 20 AR(2) = 24 - 2 = 22 

MR(4) = 24 - 2(4) = 16 AR(4) = 24 - 4 = 20 

(c) 7r = -e 2 + 75C-12 

12 

Mjr(2) = -2(2) + 75 = 71 A» (2) = -(2) + 75 - y = 67 

Mjr(4) = -2(4) + 75 = 67 



/ljr(4) = -(4) + 75 =68 

4 

•G = 40j(2 = 20aip1^j i__*-l r * SJUi Jlji iklj»JI ijJI JljjJI jLfjt .10.18 

10.18. Find the MR functions associated with each of the following demand functions and evaluate them at 
G = 20 and Q = 40. 

(a) P = -0.1g + 25 

. Q J \ IL-sJl, Ljsiii. Ji^jifi.yje *WJj TR 3b Vjt *ry StJbJI illjJI aUo'JJ 

TR = = (-0.1(2 + 25)6 = -0.1 S 2 + 256 
MR = dTR/dQ = -0.2Q + 25 
MR(20) = -0.2(20) + 25 = 21 
MR(40) = -0.2(40) + 25 = 17 
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(6) /' = -0.5e+48 

TR = (-0.56+48)8 = -0.5Q 2 + 482 

MR = dTR/dQ = —2 + 48 

MR(20) = -(20) + 48 = 28 

MR(40) = -(40) + 48"= 8 
(c) Q = -4P + 240 

/> = -0.25Q + 60 

TR = (-0.25Q + 60)2 = -0.252 2 + 602 
MR = —0.52 + 60 
MR(20) = -0.5(20) + 60 = 50 
MR(40) = -0.5(40) + 60 = 40 

. MPC = dC/dY jjlJI iU,.)f iiJUJI , SJUI i^'Xp-.HS JljJJI ,>. JiO .10.19 

10.19. For each of the following consumption functions, use the derivative to find the marginal propensity 
s MPC = dC/dY. 



(a) C = bY + C 0 (b) C = 0.S5Y + 1250 

MPC = dC/dY=b MPC = dC/dY = 0.85 

Optimizing Business and Economic Functions *i_)li)!tj SjiUasi'ill JljAll AJiaf 

(2) j i^l ^1 (1) jjj. ^ iJUl JSJI TR JlSOl Jljj ^J^' vj JlU1I .10.20 

. 7i JS gjj TR ^JS il_rf.J ^asi v 1 -^ (3) J Vj" -kv 1 ^V^ 1 

10.20. Maximize the following total revenue TR and total profit n functions by (1) finding the critical 
value(s), (2) testing the second-order conditions, and (3) calculating the maximum TR or it. 

(a) TR = 96Q-2Q 2 

(1) TR' = 96 - 42 = 0 

2 = 24 *»- i»jH 

(2) TR" = -4 < 0 i^-i lS y-*> *iSv • 

(3) TR = 96(24) - 2(24) 2 = 1 152 

(b) IT =-0 2 + 25 2- 12 

(1) ^-' = -22 + 25=0 

2 = 12.5 *AjiV. 

(2) jt" = — 2 < 0 ' oj*i* 

(3) ir = -(12.5) 2 + 25(12.5) -12 =144.25 

(c) jr = -i(2 3 -7.5G 2 +450G-200 
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(1) jr' = -e 2 -15G + 450 = 0 (10.1) 

-l«2 2 +15Q-450) = 0 ■- (10.2) 
(C-15)(S + 3O)=0 

Q=\5 Q=-30 S^ji^l 

(2) it" = -2(2 - 15 

jr"(15)=-2(15)-l5 = -45<0 Lf Jke 1 Ijj ■ ijuu, 

ir"(-30) = -2(-30) - 15 = 45 > 0 *^ lS>^ ^.l* ' 

(3) 7T = -^(15) 3 - 7.5(15) 2 + 450(15) - 200 = 3737.50 

JjVl ifauJI jt £Jbll lL*b ji-ts , 2 SjLmJI ^ US' ijlill is J\ ], Sj i. jLsul ^ : ate- 51. 

ur* ^ J-r^ii ^-b^l SfcS-JI ioldl iixiJI JU- . J»I^JU J^JI iX*^ JJS (10.1) 
. Q= 15 JiP ^>^. iA#j Q = -30 jjs j^Jip iUj SJIjJI oi j>j SJtiil JjjJI -kjyi j-SUia (10.2) 

, ^1,., fcj tills ^^^"t 

(<J) * = -2G 3 - 15C 2 + 30002 - 1200 

(1) it' = -6Q 2 - 30Q + 3000 = 0 

= -6(0 2 + 5fi-500)=0 
= -6(2-20)(0+25) = 0 

2=20 2 = -25 S^^JI^I 

(2) n" = -12Q - 30 

ir"(20) = -12(20) - 30 = -270 < 0 il^ . 5 yi' 

(3) 7T = -2(20) 3 - I5(20) 2 + 3000(20) - 1200 = 36,800 

-L^p S^pJI i-^Jill (2) j AC Sk^xJI SJb J^ji (1) SJUI TC S-KJI oUl£dl JIjj .10.21 

. ^iMl iU-jsJI SiKJI (3) j AC iJJi' 
10.21. From each of the following total cost TC functions, (1) find the average cost AC function, (2) the 
critical value at which AC is minimized, and (3) the minimum average cost. 

(a) TC = 2g 3 - 12Q 2 + 225(2 

(„ AC= TC = 2 e 3 -12e 2 + 225 e =2g2 _ |2c + 225 

(2) AC' = 4(2 - 12 = 0 2 = 3 

AC" = 4 > 0 ""m— 5 tS hh' ' *i 

(3) AC(3) = 2(3) 2 - 12(3) + 225 = 207 

(b) TC = C 3 - 16G 2 + 450Q 

a, AC= e ] -^+45o 6 = e2 _ i6g+45o ■ 

(2) AC' = 2g-16 = 0 G = 8 
AC" = 2 > 0 j ^ jis^ 'iA$ < ajJl^a 

(3) AC =(8) 2 - 16(8) + 450 = 386 
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n^J\ f-J** VJ _U*Jlj . iibi^ oU_>J TC ijKll uKdlj TR JKll jl^l Jljj cJ=p! lii .10.22 
wOj-Sj' Ujjlp S>-_^JI Jb-ji (2) j ^TR-TCfjujll Sib Ojf (1) : Jb. US' oL~.>)l o+j) 

. ji^Mi joji v_~^i (3) j ijidi VjJi i jf^-h ^ 

10.22. Given the following total revenue TR and total cost TC functions for different firms, maximize profit 
7r for the firms as follows: (1) set up the profit function jt - TR - TC, (2) find the critical value(s) 
where ix is at a relative extremum and test the second-order condition, and (3) calculate the maximum 
profit. 

(a) TR = 440g-3g 2 TC= 14)2 + 225 

(1) ^ = 440(2 - 30 2 - (HQ + 225) 
jr = -3Q 2 + 426Q-225 

(2) w' = -6Q +426 = 0 

2 = 71 jsJI "UJiJI 

jr" = -6 < 0 £^ ,yjs^ i Ut < o^*£o 

(3) 7t = -3(71) 2 + 426(71) -225 = 14, 898 

(b) TR = 800g-7g 2 TC = 2g 3 - g 2 + 80g + 150 

(1) n = 8002 - 72 2 - (2g 3 - Q 2 + 802 + 150) 

= -22 3 -62 2 + 7202- 150 

(2) n' = -6Q 1 - 122 + 720 = 0 {10.3) 

= -6(g 2 + 22-120)=0 
= -6(2-10)(2+ 12) = 0 

2 = 10 2 = -12 **-.>»•> ' fi*> I 
. SJUJI Sr^JI ^-2)1 JS* J*»tj 10.20(c) SlLjl^^lj US' ■ S^Uo (10.3) <y Sjldl ifcijl j*. 
tt" = -122-12 
jr"(10) = -12(10) -12 = -132 <0 4^ <yj^ i,Ui . 5yuu 

(3) 7r = -2(10) 3 - 6(10) 2 + 720(10) - 150 = 4450 

(c) TR = 3200g — 9g 2 , TC = g 3 — 1 .5g 2 + 50g + 425 

(1) 7T = 32002 - 92 2 - (2 3 - 1-52 2 + 502 + 425) 

= -2 3 - 7.52 2 + 31502 - 425 

(2) ir' = -32 2 - 152 + 3150 = 0 

= -3(2 2 + 52- 1050)=0 
= -3(2 - 30)(2 + 35) =0 

2 = 30 2 = -35 I^l^l 
jr" = -62-15 

jr"(30) = -6(30) - 15 = -195 < 0 <^ 4;Ui • « j**" 

(3) n = -(30) 3 - 7.5(30) 2 + 3150(30) - 425 = 60,325 
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(d) TR = 500Q-11Q 2 , TC = 3Q 3 - 2Q 2 + 6SQ + 175 
(1) 7T = 500(5 - 11 C 2 - (3fi 3 - 20l+ 686 + 175) 
= -3{5 3 -9Q 2 + 432(2 - 175 

(2) n' = -9Q 2 - 18(2 + 432 = 0 

= -9(Q 2 + 2(2-48) = 0 ■— — - 

= -9<e-6)<e+8)=o 

(2 = 6 0 = -8 J^JI^I 
jr" = -18(2-18 

^"(6) = -18(6) -18 = -126 <0 5^ ^^Z* il^i , 5j»i. 

(3) * = -3<6) 3 - 9(6) 2 + 432(6) - 175 = 1445 

• p-ku jiJI juLJI tjy^j, jsp (MC) iJbJI Jiisai .jyL-; ji (MR) ^jjl jl^l ot c~jt .10.23 

. ;r=TR-TC 

10.23. Show that marginal revenue (MR) must equal marginal cost (MC) at the profit-maximizing level of 
output. By definition, jt = TR - TC. 

■Lf.LjJ j_sp k O^SJ' jo- IjA* tjjLjt ol i_*>« dnldQ Oi UJU. _^ai) ijLj in.-.,!) jn^jj 

— - £E5 _ -n 

dQ~ dQ dQ ~ 

rfTC/dg = MC , dTR/dQ - MR Of i-iyO vi^-j 
£TR _ tfTC 
</(2 ~ d(2 

ii'LS'j ^jIIkJI MR = MC 

. c-kti IS) , JJlsJI ij^l (6) j i^ll jvJ^o' (a) J^i 1 yMR = MC ii> pjisJ .10.24 

10.24. Use the MR = MC method to (a) maximize profit jr, and (fr) check the second-order conditions, given 

TR = 800(2 - 7 G 2 TC = 2g 3 - £> 2 + 80g + 150 
(a) MR = TR' = 800 - 14(2 MC = TC' = 6<2 2 - 2Q + 80 

. jujll p-ticJ MR = MC 

800- 14e = 6C 2 -2e + 80 

6g 2 + 12g -720 = 0 
6(e 2 +2g-120)=0 
6(C - 10)(C + 12) = 0 

e = io e = -i2 *v>iif-iii 

(W TR" = -14 TC"=12(2-2 

j-SUs^ jl TR" ,y TC" ^ jfti ji re jojll p-ktf _j» OJjJIj 7r=TR-TC ji ULUj 
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. A^s^ail 'i^-yti\ |»-Jul J^>=JJ ioUJI i^'jJI -kj^ 

ir"=TR"-TC" 

= -14 - 12g +2 = -120 - 12 
^"(10) = -12(10) - 12 = -132 < 0 ls"^ ^ ' Sj«i» 

. (I0-22)(fc) ilL^Jl £. jJkJI »Jl» UjIS 

10.25. Redo Problem 10.24, given : cJip! lil . 10.24 SiL-JI J»- Jj>i .10.25 

TR = 500Q- HQ 2 TC = 3e 3 -2e 2 + 68G + 175 
(a) MR = TR' = 500 - 22Q MC = TC' = 9Q 2 - AQ + 68 

MR = MC j*i jy 

500 - 22Q = 90 2 -4(2 + 68 

9g 2 + 18(2 -432 = 0 
9(2 2 + 22 - 48)=0 

9(e-6><e+8) = o 

Q = 6 Q = -8 *?-.r-J!,^l 
(« TR" = -22 TC" = 182-4 

oi jS"Ju- . iobil irj-lJI J»j>i (j-SU OjJb TR" ,y TC" >J* ja jS't 

it" = TR" - TC" 

n-" = -22-182 + 4=-182-18 
jr"(6) = -18(6)-18 = -126<0 1^ ^^Jir- <J.L(i . ijxJU 

. (10-22)(d) S)L~JL gibJI .jj. UjU 

Relationship Between Functions and Graphs AJUJ 1 f j^J Jtj-dt (j-) 

(J_*JI jXJj) ;rU;)ll A^t jJc^ ^ ^dl j-byi S)b Jin TP JiS3l g- Ui-jfl .10.26 

liw. ^jl . TP = 562.5L 2 - 15L 3 liU . (^/^Ij JUI ^.ij) i^U ' ^>Vl JjI^JI *ti ^ 

c ^-ilj (</) . (MP) ^J^JI ^trfl dL»J (c) . AP J^-jiJI C JJ (fe) . TP ^1 gJS (a) lliLo 

• fthi 

10.26. A total product curve TP of an input is a production function which allows the amounts of one input 
(say, labor) to vary while holding the other inputs (capital, land) constant. Given TP = 562.5Z, 2 - 15L 3 , 
sketch a graph of the (a) total profit (TP), (6) average profit (AP), and (c) marginal product (MP) 
curves and (d) explain the relationships among them. 

. S^Jl ^jil jUiV isj] ij^i (a) 
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TP^ 1125/.- 45£ 2 =0 
45L{25-£,) = 0 

t=0 L = 25 S^^JI^Jdl 

. ioUJI V"^' -^Jj^ o* 3 ^' 

TP"= 1125-90L 

TP"(0) = 1125>0 lSj^ • *i J »** 

TP"(25) = -1125 < 0 "if- 1 us*^ ^.U^ ' 

TP" = 1125 - 90/. =0 
i = 12.5 

L< 12.5 oils' lij 

TP" > 0 ijJ— 

L> 12.5 oils' li[ 

TP" < 0 ij*** 
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( i&ijl oW-tAs-il : Jj»lill oUj- ) J, /tall 

AP' t = 562.5 - 30£=0 

L = 18.75 -- 

AP£ = -30 < 0 i*—" ly-k* Sj.U 5 • 5 y"" 

AP t (18.75) « 5273.43 

ofj MPL = TP'= 1125Z.-45L 2 ji /is (c) 
MP' t = 1125 - 90L = 0 
Z. = 12.5 

MP£ = -90 < 0 ( o 

MP L (12.5) = 7031.25 

i_«Ji Sis- jjSjj < Jujji. Jo«aj jbljS jj ,yj SjJbu TP Ojfc U.U* jjlja MP t (1) Oi Ji»-5ti (d) 
Jjljsj' |»J Sjjjw TP 0j_Sj Ujl^> j^aLa'j , Jj^l Slui jl* TP U-ue a.. ; ,.„.j ^^as 
Oj-SJ'j MP/. <-a» ^JJI ^jujl ^ jjl^a- TP (2) . ^aSUi. J-U»j 

MP,. > AP L L.JJ* jjlju AP t (3) . 5JI_ MPi Oj-Si ^Lus'j MP t = 0 OjSi Ujji* 

. MP t = AP t Ujj* jy^S S*j Jne OjSij , MPi < AP t U-Up ^Usi'j 

[-*/2a, (4ac - ft 1 )/*!) ^ ^JISUJI jkil) ^1 iUJ oyij^) ol c-J i y = on* + ft* + c c-ke-i BJ .10.27 

. 3.6 i)l ^ UjsI US' 

. slWJI aiJI fjus a» j VjJI JKfif ■ (/&>i\ jksU is>^ ji yJio <U,y» j.fjHWOt 

/ = 2oj:+i> = 0 

__ _ft 
*~ 2a 

31 4a 2a 4a ~~ 4a 
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Increasing and Decreasing Functions < U fl 3bu Jlj S^ljSAJt JljJJl 

. SiJ^JI iliJI jo* i^Lcu ji 5Jb.ljx. JIjj SJbll JljjJI oils' lil L. iJ»- .10.28 

10.28. Indicate whether the following functions are increasing or decreasing at the indicated points: 

(a) /(*) = 5* 2 - 4* - 89 JJ* *=3 (ft) /(*) = 8* 3 + 6* 2 - 15* X* x = -4 

(c) /(*) = -4* 3 + 2* 2 - Ix + 9 x = 5 (if) /(x) = 2* 3 -17* 2 + 5*+127.up* = 2 

Concavity and Convexity i_jJj>is)Ij 

.i = 3to i,J^ ji !>U JljJ SJUI JljjJI cJlf lil U jj»- .10.29 

10.29. Determine whether the following functions are concave or convex at x = 3. 

(a) /(*) = 7* 2 + 19* - 24 (ft) /(*) = 5* 3 - Six 2 + 11* + 97 

(c) /(*) = (4-9*) 3 id) /(*) = (3* 4 -7) 2 

Relative Extrema and Inflection Points J j«sJl Jsliij i sr ^J \ Obl^Jl 

: l^. JSJ lliL; lik^. jv-jl ^ SJUI JljjJI y, J£) Jj»~)l iUij iu—JI oLl^JI JT J^-ji .10.30 

10.30. Find all relative extrema and inflection points for each of the following functions and sketch the graphs on 
your own, 

(a) f(x) = 4* 3 - 48* 2 - 240* + 29 (ft) /(*) = (* +6> 3 

(c) /(*) = -2* 3 +24* 2 +288*-35 id) fix) = (2*+7) 4 

W /(*) = -5* 3 + 135* 2 -675* + 107 (/) /<*) = -3(4* - ll) 6 

ig) fix) = 3* 3 - 58.5* 2 + 360* - 49 (ft) /(*) = 2(5* - 13) 5 

Optimization of Functions Jlj^l 

oUl^-JI j-o j^gU i^rj-JI AUJI Jut* S-iliJI J_ji- JI ijji j^d-l ^ SJUII JljjJI JJtUi J^-ji .10.31 

. ^ ....i.:.! I _ / jw=J I j (_y*J**J I 

10.31. Optimize the following functions and test the second-order conditions at the critical points to distinguish 
between a relative maximum and a relative minimum. 

(a) y = 8* 2 - 208* + 73 (ft) y = -12* 2 +528* +95 

(c) y = -2* 3 + 69* 2 + 1260* - 9 id) y = X s + 27x 2 + 96* - 47 

ie) y = 3* 3 -45* 2 -675*+ 13 (/) y = -4* 3 + 186* 2 - 1008* +25 

iS) y = + 36* 3 + 280* 2 - 79 (ft) y = 4* 4 - 48* 3 - 288* 2 + 129 

Marginal and Average Functions <ik->ji<Jlj SjJ>Jl JljjJI 

: SJUI SJSai JljjJI y JSJ Si^jiJIj iJ^JI JljjJI J^-ji .10.32 

10.32. Find the marginal and average functions for each of the following total functions: 
(a) TR = -g 2 +96e (ft) TR = -3S 2 + 198(2 
(c) TC=(2 2 + 3e+55 id) TC = 0.5(2 2 + 2S + 69 

: Ubll lJUJI JljJ j. iijiijl JJ^JI il JljJ J=-ji .10.33 

10.33. Find the marginal revenue functions associated with each of the following demand functions: 
(a) /> = -0.3(2 + 228 (ft) P = -8(2 +1465 

(c) P = -2.5(2 +145 (<0 P = -4Q+875 



Optimization of Business and Economic Functions Jjjb^l j SpLas^l Jl jjj) Uiat 

ij^i ^ Ji^'j . iJb)l * ^Jlj TR jlji-JI Jljj pjirf U-L^ ^ ^1 S^^l XUJI jjfjt .10.34 

10.34. Find the critical points at which each of the following total revenue TR functions and profit jr functions is 
maximized. Check the second-order conditions on yoilTown. 

(a) TR = -3e 2 + 210e (A) jr = -2.SQ 2 + 3152 - 16 

(c) jr=-3e 3 -18e 2 + 28808 -125 (d) n = -22 3 - 9Q 2 + 1080(9 - 48 

: Sjilsll v"j!l CI" iS^'J AC Sk-j^JI SiKdl JI,; iJji- UjO£ ^ ^1 ilill J^-ji .10.35 

10.35. Find the critical points at which each of the following average cost AC functions is minimized. Check the 
second-order conditions on your own. 

(a) AC = 3(3 2 - 182+585 «,) AC = 2.25Q 2 - 21 Q -f 768 

TC iJSJI S_il£J!j TR JSi\ ^ Jl^ ^ jsa S J\ pJus Ui^ ^ ^1 iUJI Ji^i .10.36 

. iLiUll "tj'^it i>Jj-i ^ ^i^jj ; 

10.36. Find the critical points at which profit it is maximized for each of the following firms given the total revenue 
TR and total cost TC functions. Check the second-order conditions on your own. 

(a) TR=520g-22 2 TC = 282 + 176 (6) TR= 693g-40 2 TC = 332+ 125 

(c) TR = 985g-17e 2 TC = 5fi 3 -2e 2 + 40(2 +167 

W) TR = 38752 - 272 2 TC = 4Q 3 - 32 2 + 352 + 223 

(«) TR = 15262 -92 2 TC=Q 3 -1.5fi 2 + 26e+127 

(/) TR = 4527g - 18g 2 TC = 22 3 - 3fi 2 + 27G + 324 



iv^Ux. 1,1, iwJLa. (c) SJOlji. (t) SJblju (a) .10.28 
JjO« (d) iyi. (c) Syuu(fo) 4jJl» (a) .10.29 
■ *tt-t kSj^ \\$ ■ J^' iki; jt = 4 , S™: ^jJit *jL»j x = -2 (a) .10.30 

J il^J * = 12 , Jj*u Ski; j: = 4 < i™J ^yi^ i Lji x = -4 (c) 
• ^s- 1 ji iljj j^- jj j , J j^i- ikii ^ = -3.5 (d) 

-J ^j*^ 11^1= 15 , Jj^A]aSix = 9 . l^i ^ji^ ^ x=3 (e) 
. J_p«i- Ski; ji il^i j^ji- Kj , x = 2.75 (/) 

-J tSji-o i.Ljj x=8 , J_pu- Ski; jr = 6.5 . S™J y*i»p Sjljj x = 5 (g) 
• -W" 1 jl lS>~» ^iW 5 -^Ty • J j~ *kiC x = 2.6 (A) 
. i~J il^ ,r = 22 (ft) , S-f-i^jiv. iUix=13 (a) .10.31 
■ iAfj x=30 , 5™i h x = -7 (c) 

. i™; j,^ x = -2 . tSjk*, iLjj x = -16 (d) 



- 324 - 



. S^i^JiP S.l4ix = 28 , J it -J^>^*;.^^=3 (/) 
. !™J ^ji^, Jj^s jr = 0 , ^yJio il^ x = -7 , Sjj-j iLji x = -20 (g) 

. i^i lS y W -i i { t SX=U . Jil4JX=0 ■ 4~-i * = -3 (A) 

10.32. (a) MR = -2g + 96, AR=-8 + 96 (SFTMR = -6(2 + 198. AR = -3g + 198 
(c) MC = 2Q + 3,AC=e + 3 + 55/fi (d) MC = Q + 2, AC = 0.58 + 2 + 69/0 

10.33. (a) MR = -0.68 + 228 (6) MR =-168 + 1465 

(c) MR = -58 + 145 (d) MR =-88 + 875 

10.34. (a) 8 = 35 (A) 8 = 63 (c) 8=16 (rf) 8 = 12 

10.35. (a) 8 = 3 (6) 8 = 6 

10.36. (a) 8 = 123 (6) Q = 82.5 (c) 8 = 7 

(d) 8 = 16 (e) 8 = 20 (/) 8 = 25 
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Exponential and Logarithmic Functions 

Exponential Functions V"^ 1 Jlj^' 11.1 

lt-'I * j-ijj. y = *" Ji* Jlj-^ V" 1 —' "JJ^i liijL-J! J_y^ii)l cJjUj 



: JU\£ ^iyO'j i^SlI SiljJI , 



JljjJI 



: sjui ^ujJL s^Vi 

y = a* a>0 a * 1 \ at C~is4 li) 
ijJUJI jl-u-Sfl £^ «s y> JlljJI ^cjj o!j < SJUi«Jl ilj^Vl its y, SJIjJI jlUi lit .1 

. 0 L^i Uj x ^«>«J y > 0 oi i_?t 
. SjO^j i^SUu SJIjJI j^j 0<a< I cJlf lijj I>j*<jj 5Ju.l_^> SJIjJ I o|s o > 1 cJlf li) .2 
. ^ iUx-*8j y = 1 ui* x = 0 .up .3 

. 1.1 ill-Jlj 1.1 ^1 Jz\ ^Vl i^-l^j . 11.2 j 11.1 JjL-JIj 1 JliJI J*\ 
j-» tSji' ui i-SlI JljjJU ttUI ^UiJI ojj y = 3T X = (i)* (b) j y = 3* (a) oJati lij : 1 Jti* 
jj» of jS^i lJUW jjfVl JljjJI Ui . (ll-l) JSLiJI JljjJJ JjUI r>v )b JjUfJI 

EXAMPLE 1. Given (a) y = 3* and (ii) y = 3~* = ( j)*, the above properties of exponential functions can readily 
be seen from the tables and graphs of the functions in Fig. 11-1. More complicated exponential functions are estimated 
with the help of the [3 key on pocket calculators. 

(6)y = 3-' = (^ 



- 327 - 



( 5_«ajl* jDlj i-jSh JljJJl ) i^ibJl J*ai!l 
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(11-1) JS^ 

Logarithmic Functions k<>jujtp jJJi <Jl jjdl 11.2 

j: = o 1 Sjj^JI ji-t; g iij> S)b jU- ^ I ^ij, = s JJV JI ii-fe ^yJI/i^V! 3IjJI ol^-ix* JUI o) 
/(2) = 9 cjIsT li) W . i^jsuji Vjll y» « J jb-j, J^/yi iij^bu ^y. j-jj ^1 jl 

a j-L-Ml SJUI ^jSU* , g iJu,jbJI aJIjJI ^sSj-j . g (27) = 3 oU/(3) = 27 oil? lijj ■ g (9) = 2 6U 

y = log„x a>0, a ^ 1 

I J* U ijp jij . x i^ill ^ J»*^J) a 4JI ^ ji o^j, ^ j)l (syll) ^Vl log„x 

log 10 i ^jJI * i*-iU (common logarithm) ^Up-JI ^jlp^JJIj . ^jUjjJ ^L-tT fJiu ji jSUj 1 

js-csj . a' s_*-aJl ^-1* Jj-v^U) 10 ^u,Vi 4_JI jjj.. oi ^U! (syji) ^Mi j» log* aJ.i_», _,i 
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y = log 0 jt a > 0, a / 1 

, i_JLJi=JI ilacVl «s y SStjJl lJJuo aij < S^j^ll iJuitJI il-l»Vl hi y, iJljJI ejus, jlk 01 .1 

- --— . i_.S)l SlIjJI j-jSUj ^ 

. iJ^ij i^5L^> #(x) iJljJi jJiO <a< 1 oils' lilj . Syiiaj S-lfljx. g (x) SJI-lJI jjj a> 1 cJlS" lil .2 

. ^L/^l jf- <U-:...nj )' = 0 0^3 x = 1 -Up .3 
. 11.6 j 11.5 JjL-JIj 4 Jl 2^ ills VI >il 
JXiJI x = (i)>' j y = (l)* Ji.., , x ol^l Jljjj j/jrfJUB yiUI ,^1 : 2 JUU 

>M J- 1 * y=* ^ 450 -Uit ami i-i'u ^ jmi ^j^! ui j-i ^jji (11.2) 

• 3' = log l/2 x Ji. Jul* j*«»3 ^ilSi * = (J) J ji jfjcrj . gO0=* oli/W = j 

EXAMPLE 2. A graph of two functions / and g in which x and y are interchanged, such as y = and x = 

in Fig. 11-2, shows that one function is a mirror image of the other along the 45° line y - x, such that if fix) = y, then 

g(y) = x. Recall that x = is equivalent to and generally expressed as y = log 1( , 2 x. 



«y = <i)' 0)y = log, /2 x <— >x = ($y 
(a) (ft) . , 




(11-2) j£a 



EXAMPLE 3. Knowing that the common logarithm of x is the power to which 10 must be raised to get x, it follows 
that 

log 10 = I 10 (1 > = 10 log 1 = 0 0V 10° = 1 

log 100 = 2 10 2 = 100 log .1 = -1 0'H 10"'=.l 

log 1000 = 3 oV 10 3 = 1000 log .01 =-2 oHl 10" 2 = .01 
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EXAMPLE 4. For numbers that are exact powers of the base, logs are easily calculated without the aid of calculators. 
log g 64 = 2 u'1 8 2 =64 log, 81= 4 3 4 = 81 

log 2s 5=£ 0"l25 l / 2 = S log^T^ £ OS 27'' 3 =3 
log 2 * = -4 OM 2-4 = yg log, J = -2 OV 3- 2 = J 

. 1.7.9 

OUiijl^jJUlj j^-iSlI j^UasS- 11.3 
Properties of Exponents and Logarithms 

. iJLi- ilJii )> j * jij a . 1 oij a < b>0 ol .jiljalj 

1. « i - o'=o' + » 4. (a*)' = a*> 

2. l/o* = a- 5. a* ■ 6* = (oft)" 

3. a* /a' = a*"' 6. a*/i* = (a/6)' 

. a * 1 j JS*jj- iJ* " Olj * M*-* 9 - > < r < at!)! ^1 

1 . log,, (jey) = log„ x + log,, y 3. log, *" = « log, x 

2. log a (*/)») = log,, 1 - log,, y 4. log,, (^/x) = J (log, * ) 

JLiJI ^ OjJ_j* Jji oU^jUjUI j^JUai- L«i . 1.1 i)L_Jlj 1.1 i^Jill ^ .Vl j^JUai- Uljbj Ji2j 

. 11.16 J) 11.12 y> j5L_Jlj 5 



(11-1) Jj^r 





log* 




log* 




log* 




log* 


1 


0.0000 


6 


0.7782 


11 


1.0414 


16 


1.2041 


2 


0.3010 


7 


0.8451 


12 


1.0792 


27 


1.4314 


3 


0.4771 


8 


0.9031 


13 


1.1139 


36 


1.5563 


4 


0.6021 


9 


0.9542 


14 


1.1461 


49 


1.6902 


5 


0.6990 


10 


1.0000 


15 


1.1761 


64 


1.8062 



EXAMPLE 5. The problems below are kept simple and solved by means of the logarithms given in Table 11. 1 in 
order to illustrate the properties of logarithms. 

(a) *=3-12 (fe) x = 64 + 4 

log x = log3 + log 12 log* = log64 - log4 
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log* = 0.4771 + 1.0792 log* = 1.8062 - 0.6021 

log* = 1.5563 log* = 1.2041 

* = 36 x = 16 

(c) * = 7 2 (d) x = ^7 

log* = 21og7 log* = j log27 

log* = 2(0.8451) log* = ^(1.4314) 

log* = 1.6902 log* =0.4771 

* = 49 x = 3 

Jji^I V^^j^'jVVl J'j^' 11-4 
Natural Exponents and Logarithms Functions 

: JU! j^Jl 

* = (' + ^) as2 ' 71828 ( //J > 

e I^Li ^1 S^jlijJJI JljjJIj , > = u-sSij VuJJI S^SII JljjJI^' e I4-L.I yd I i^l JljJJI 
S^Jd 1 ji ^-^1 ikL-o ^ In* Oij . Lnjc ji yslog,* Vs^l ***^jl*jUI Jlj-dl J 

. * <u~s ^U- Jj*a>JJ e ^Luj/l I^Jj *i ji t 01 
JljjJI OjSi tfiLf*^ 1 cr-l— Vl oli S^jU^lj i^Ml JljjJI £. JUt-j» USj 

ylj. (7j, a) Jut oils' IS) e* isi J) jj*. (a, i>) iji>JI ^Ijj^l Ot is y-'^l SJIjJU j-jSUji 
^Ij ijjj-Ml i^-ulijUlj S— "'"i" Jb-l" J*» JoljJll ^ gjsf JJcsjIpjUIj i.-'il JljjJI Oli , In* Sis 
. Sf-UIt *)^l ^ [jnT] j 0 gji'liJI jl JjlJ»JI SJpL^, OjJi 
. 11.6 j 11.4 j 11.3 JjL-JIj 1.7.12 j 1.7.10 pUM >il 

JUJJt 5-*aijlP jAJlji-^l Jl jjJl J*- 11.5 
Solving Natural Exponential and Logarithms Functions 

L^Ias-J jLi jj-^ll l«_ <«J ^j-SUa^^-j* ijxJJI i^jUjlJI JljjJIj iyvJJI S--SII JljJJI 01 UJU> 
Jj^i^JJ e ^L^l l^J J ^5_,j 01 ^yJI Sjill In * 0} ^-^j . "^i J^- ^ j^L«j' «uU- 

'. 01 1^^ * 

^jLj- 01 u» <f(x)>0) jJa^H SJUJ ji (*>0) jJcuJJ jt (a>0) c^lil) L5 * t: JJI fHjU'Ji StjiyJI <• .1 

: jjtuJl alb ji jjiuJl ji eoUii dUi 

e h »= a «*' ±* e ta/w = /W (11.2) 
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. j;*^aJI 4Jli ji j^i^JI jt C-jlill villi iJjUo' 

lne^a lne"=x iae fM = f{x) (11.3) 
"7Tl.l9 j 11.18 JilwJIj 6 JUJI jtil 

• x^l V^sU"*JIo^uji j^j.um o^-ii^-i (n.3) 3(11.2)^0^^1^^1 : 6 Jl> 

EXAMPLE 6. The principles set forth in (11.2) and (11.3) are used below to solve the given equations for x. 
(a) 7.5e»- 3 = 150 

7.5e Jr " 3 = 150 
€'- 3 =20 

lne'- 3 = ln20 
j: -3 = In 20 
Jt = ln20 + 3 

jjijji j^j 2.99573 = In 20 jL>o)! [InT] ^-UJI io.il ^ V-^l i^l ^ 20 Jj-jt 
* = 2.99573 + 3 = 5.99573 

(2>)41n;t + 9 = 30.6 

. lnx i™JU L^j»- J»j 

4ln.t = 21.6 
In* =5.4 

• r 5 ' Cr»J e "= 221.40642 jU,.)I 0 ft *~-l»J, ^ 5.4 jJuJI Ji-jJ 

* = 221.40642 

u^J H ^ ji J*) v^JI j>» 13 c fc*JI O^l j-JS- ^ : 

. []nT] c boju ^ ( [wf| ,i jshm] ) [inv] c biji y,[ jij, juV 0 c UiJi 
Logarithmic Transformation of nonlinear Functions 

oL*^JI i+jk S^jUI ^^Jl oUjyJI f lji^„l ^ _,l_bjV! JJUjj ^1 _u^. 



dH.> L > t J'jP lj-SI J-* — Jl j-« o-^- 5 ^ - ^ jr^! Jb^ "UJI iJ^I ^ JljjJI 

? = AK a LP 

'. o\ -tr*J oUjOjLt^AJI ^jajLv^ ^yjj 
In? = \nA +alaK + /})nL (11.4) 

4_^U- *-! Vl-4) lP J-H o-^rJ^ - VJ 5 " aljJ J^ 1 Jijp«^ . i^jUjJ iii- ab 

■ us^* L 3 K P • a ci\ jiJSs o\ SJUf SJUij 

iji-kit JL^ujlP jlJl j XfJi\ Jl jOJl Olis^ 11.7 
Derivatives of Natural Exponential and Logarithmic Functions 

. 11.23 J\ 11.20 JjL-JI 

: _yi i^-UAty J^udj iijii ai» s w f(x) = «*> : o! cJ^t ii) . 1 

/'(*) = ««">• *'(*) (J/.5) 
. ^Ml 4i^> SJUMl iy^-UI I^SlI JJIjJI LjjUi- iJljJI ii^, Oti jUd-lj 

: _y. JvsUd) iilSj £ (x) ^ /(*) = In lg(x)] : ji c~Ui ISI .2 

: J* us jjui iovJJi JljjJI _y jr oUuu r - : 7 Jl*« 

EXAMPLE 7. The derivatives of each of the natural exponential functions below are found as follows: 

. (11.5) J jiy-sllo g'W=l 015 S(J)=I j^ijj f(x) = S(l 
/'(*) = «*• 1=** 

. e" l^'li iJUMl SIjJI _y> «* iUi 
. (J/.J) J ji.j^Jly g'(j:) = 7ol3 g (jr) = 7;t-4 ^ f(x) = «"-" (2 
/'W = e"- 4 .7 = 7e 7 *- 4 
. (//.5)o*J g'(J.)= 15-t 2 jli g(d = Sj? j^ij; /W = /* 3 (3 
/'(x) = r 5 *' . I5x 2 = 15* 2 <r 5 *' 

. 11.21 j 11.20 JJL_JI libit >l 



: ,u»! jj^JJi i-^jUjUi awl ss^. j^j! : 8 Jl*» 

EXAMPLE 8. Finding the derivative of a natural logarithmic function is demonstrated below: 

. (11.6) J «'W = 1 S« = « /M = lnx(l 

. ■j ^ya In x iii^o lij 
.(/;.(!) .yj jU g(*) = 9* 4 j^j; y = lnto 4 (2 



. (//.IS) s'W=l& oU gW = 8x I - 13 j^j, /(j:) = ln(8/-13) (3 
. 11.23 j 11.22 JiL~JI Ci;.! >!l 

Interest Compounding S-TjaJI S^iliJl 11.8 

iSJULs Jjlju J^lr- P J—oI i j^aj U . i~*H\ JljjJI i5~JjL. JSLij i^^JI SJiLslI jp j-ju 

A i = P+rP = P(l + r) 

. A, sjjUJI ^Lo SsUi)!U A, ,Js- J.,^.,„ iyiJl li» j^s ioUll i^JI i.Ljj 
At = A{ +rAi 
A 2 = />(l+r)+r[/>(l+r)] 

P(l + r) J,UI JJ^j 

A 2 = [P(l+r)][l+r] = y(l+r) 2 

A, = />(l+r)' (11.7) 

iL_JI m olyi SJt- (r/m) SJJli i^Jb-j jjj :L_JI ^ m oljx SJit v_~^»y S^^JI SJjUil cJlS" IS) 

. jls r ol_ji-)l y> sJs- il^ ^ ^ j^j 

-4, = y (l + £)"' (/AS) 

. m->°o Oli 5j*i_« iiva; v.™^' S^j^JI iJ^Ull OilS" lilj 

/ r \ ml 
A,= \m\^P + 
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( iuUijlP jDlj J-J^M JljJJl ) ji* (^ibJl J-*i!l 



lim[l+JL]" = « 



1.4 ,*_s!l y,j 



A, = Pe" (11.9) 

t = 5 olj^-. j^^- i-u! r = 6% SjJli Jjl« jl* j^ji 1000 P /t Is^ill : 9 Jli» 

. oLii! ^ ... fl y>6 t _ y lp (d) . l>_^ (c) . (£9^- £p (b) . (a) o-AjUll ^-^-^j" 

EXAMPLE 9. The value A of a principal P — $1000 set out at an interest rate r — 6 percent for time I — 5 years 
when compounded (a) annually, (b) quarterly, (c) monthly, and (d) continuously is found below. 

. i^Sii jijjji y.aij s^uji as) [/] ^i^iJi pj^-jj (/;.7) ^ i_.uji ^jii, (a) 

A = 1000(1 + .06) 5 

A = 1000(1.33823) = $1338.23 

(iy— £p iJb'U) m = 4 (77.8) |jS jijol (b) 



A = 1000 



K)* 



A = 1000(1 + .015) zu 

/t = 1000(1.34686) = $1346.86 

. (i*A SJJli) (11. S) Jm=l2 jvyeiU (c) 
I 06\ 12(5) 

M = .ooo(. + f) 

,4 = 1000(1 +.005) 60 

/I = 1000(1.34885) =$1348.85 

. ilu^xJI iJjLiil (11.9) j.J^_J l^-ij (d) 

/I = 1000e <06)5 = lOOOe 0 ' 3 
A = 1000(1.34986) = $1349.86 

11.34 J\ 11.32 ^^^1 JjL-. Cii >llj 11.31 J\ 11.24 JjUJI Ci.i >l 
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OliUl^tfS^ j*Jl O^JUwjjASj 11.9 
Estimating Growth rates from Date Points 

4iU jajil J^sU- coli JSLi ii^>- Jj«j'l!l ji oUJI ji j-lyVl ail-J oliLJI c~i^i lil 

CJLS" lil iU^i . J_j5II oHjUJI f Lti J^- SlIjJI y.Jia-j ^-Jl o^j^ ^LS jSUj 

j-LiVI *i— J (=0 j-ijy , 1993 flp ^ j'ifji OjJL. 98.6 j 1983 j.U yi^ OjjK 48 ^jLj' ti^JI J_^>i 
S = Pe" Vatll S-.VI illJJI iJ^J^ oUUI J>U ^ ,j~si!l JT lijj . 1993 ixJ f = 10 j 1983 

. e (t "=l oL ill* 

48.0 = /V (0) = P (11.10) 
98.6 = Pe r(m QUI) 

. £^ jiAiji jU-ij (77.7/) ^ (iv.io) ^ = 48.0 ^ ^i^ty 

98.6 = 48.0e ,0r 
2.05417 = e' Br 

. ibUJI JJA ^juJAS ^jli^UI JU-lj (77.3) flJii^ly 

ln2.05417 = lne !0r = 10r 
0.71987= lOr 

r = 0.07199 ss 7.2% 

S=48.0e 0072 ' 

. 11.39 JJ 11.35 Jsl_Jlj 10 JliJI jtil . 7.2% ^» ^~JI ^j^l j»JI Jj^c jls r = 0.072 £.j 
■S = />(1 +r)' SWju _^-dJ S^Lse* i^Vl 3)Ij)I01» iiUI JUJ1 ^5 aJLo^l oU^UJI oJ^i lij : 10 JlS* 

. OliLJ! {y> o^iLa jjjij' 01 

EXAMPLE 10. Given the original information above, an ordinary exponential function for growth in terms of 
S = P(l + r)' can also be estimated directly from the data. 

48.0=P(l+r)° = /> y//2) 
98.6 = /><l+r) 10 

. jijiiJI jU^lj UU3) J (11.12) P = 4S.O 
98.6 = 48.0(1 +r) 10 
2.05417 = (l+r) 10 

log2.05417=101og(l+r) 
4(0.31264) = log(l +r) 
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log(l+r) = 0.03126 

. (11.11) J\ 4;Li. JCiy 10 SbUJI ,y> 

l+r = 10 0(81M = 1.07463 

r = 1.07463 - 1 = 0.07463 7.46% 

S = 48.0(1 + 0.0746)' o~>«=> 

. 7.46% ojJ3 Jju«aj J^SlI 01 Lj^. i-i*3 

Graphs jiy^^ 

JljjJi .ijJ ^LJI p—jll J±. ^ a> 1 £. SJUI i^SlI JljjJI Jfl J,.^ ilj*) ^jlkJI .11.1 

(3) j (0, 1) iL&JU jai ll^s- (2) j \'ji^> jjLjr JljjJI 0t (1) lil—i; j-Lay JSLiJI ^^ji 

11.1. Make a schedule for each of the following exponential functions with base a > 1 and then graph 
them on the same grid to convince yourself that (1) the functions never equal zero, (2) they all pass 
through (0, 1), and (3) they are all positively sloped and convex: 

(a) y = 2* (ft) y = 3' (c) y = 4' 




(11-3) JSLi, 



JljjJI 0J4I JYJ>\ ^jJI Ji. ft j,j 0<a<l 4JUI JljjJI y> J£! J.>Jb>- sljitj -U-2 
(3) j (0, 1) SkUl yii lL»^- (2) j fjL* ^jLj H JljjJI jL (1) JSLiJI ^ Js- 

11.2. Make a schedule for each of the following exponential functions with 0 < a < 1 and then sketch 
them on the same graph to convince yourself that (1) the functions never equal zero, (2) they all pass 
through (0, 1), and (3) they are all negatively sloped and convex: 
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w y = (!)*- 2- 
(*> 



(6) y = (!)' = 3 



W 3- = (*)* = 4- 



<U-4)JSLsJI >l 
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(11-4) 

k < 0 e—.- y = «*" JJbJI iUJJI J^SlI JljjJI y, JS3 VjJ,,. o-p JjljbJI jl 1,-UJI 3^11 f lj^U .11.3 
l+ry LLu- (3) j (0, 1) yj iL^ (2) . ^Lj H JljjJI (1) ji 

11.3. Using a calculator or tables, set up a schedule for each of the following natural exponential functions 
y = e ix where k > 0, noting (1) the functions never equal zero, (2) they all pass through (0, 1), and 
(3) they are all positively sloped and convex: 

(a) y = e° s *, (b) y = <■', 




(11-5) JSLill J»\ 



(11-5) j£i 



.Sjl-; K JljjJI (1) ji Ji^Vj kOi^ y = e b JJUI i^l Ml JljjJI ^ J53 VjJ>~ jjb- .11.4 

■ ^i-^J J^l iJt- lW ^j (3)j (0, 1) *UJL lL^- (2) 

11.4. Set up a schedule, rounding to two decimal places, for the following natural exponential functions 
y = e tx where k < 0, noting (1) the functions never equal zero, (2) they all pass through (0, 1), and 
(3) they are all negatively sloped and convex: 

(a) y = <r°5* (A) y = e-' (c) y= e - 2 * 
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(11-6) JSjJI jtil 



(11-6) J£a 
(•— 'jlj OjS" .11.5 

5iljx« y, a> 1 £» SJIjJI (vijUyi (2) , (a) Jlk y. (b) oij (A) y~ (a) jLUi (1) ji 

11.5. Construct a schedule and draw a graph for the following functions to show that one is the mirror 
image and hence the inverse of the other, noting that (1) the domain of (a) is the range of (b) and 
the range of (a) is the domain of (6). and (2) a logarithmic function with a > 1 is increasing and 
concave: 

(a) y = 2* (b) y = log 2 x <— ► x = V 



(«> 



(») 



(11-7) JSLiJI >1 
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(0. 1) 
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(11-7) J^S 

jl p_f JjJ^JI ^.jSil JjIj>JI ji V-UJI Sl^l .JiiiJ y = lnx (A) . y = c* (a) : lit c-Lti lij .11.6 
SJIjJI jLk j! (1) J^Hj . jji-Vl SJIjJJ j-jSU* ^ JljjJI lsJ^I ji jw-jd 3 b JS3 VsJH 
0 < j: < 1 JJU. In* ji (2) , (b) 3U1! jlk j» (a) SJIjJI ^Jld oij (6) SJIjJU tJJj y> (a) 

. Ji-V iua^j Inx oi (3) x> 1 IL-jJL 
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( l^.jlt jUlj J^Vl JtjJJl ) j^p tfiUJl J-aiJl 



H.6. Given (a) y = e* and (6) y = In*, and using a calculator or tables, construct a schedule and draw a 
graph for each of the functions to show that one function is the mirror image or inverse of the other, 
noting that (1) the domain of (a) is the range of (i>) while the range of (a) is the domain of (6), (2) 
the Inx is negative for 0 < x < 1 and positive for x > 1, and (3) the In* is an increasing function 
and concave downward. 



W y = < 



(6)y = lni 



0.13534 
0.36788 
1.00000 
2.71828 
7.38906 



0.13534 
0.36788 
1.00000 
2.71828 
7.38906 



(11-8) JSLill p\ 
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Exponential-Logarithmic Conversion >Ul Jj 

: Siiis^Ji s_.S» l*i_^> j\ yui oL^jii^Ji J^- .11.7 

11.7. Change the following logarithms to their equivalent exponential forms: 

(6) log4 64=3 
64 = 4 3 



(a) log, 49 =2 

49 = 7 2 
(C) log 9 (i) = -l 



= 9- 



(e) lo g64 8=i 

8 = 64"2 
Cf) log„y=5x 



W log 2 (£)=-5 

CD log«,3=i 

3 = 81" 4 

(A) log 2 y=4AT 
y=2 4 * 



: V^O, iuj Jljj JJ iJUl VvJJI oU^jli^UI J_^_ .11.8 
11.8. Convert the following natural logarithms into natural exponential functions: 



(a) In 24 = 3.17805 

24 _ e 3. 17805 

(c) ln44 = 3.78419 
44 = c 3 ™" 
(<•) lny=-8* 



(6) ln0.6= -0.51083 

0.6 = e-°- 5m3 
W ln4.2= 1.43508 
4.2 = e ,A35m 
lny=5f-3 
y = e 5 '~ 3 



GO 
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( <L«jjjt£ jUlj iLwity Jlj^Jl ) (^Jl^j! UaiJl 



: i^UjJ ^ J\ sJUl s^Vl Jj^ .11.9 

11.9. Change the following exponential forms to logarithmic forms. 
(a) 36 =6 2 (ft) 125 =5 3 

log 6 36 = 2 log s 125 = 3 

(c) J = 2 " 2 «' 2 ', = 3 ' 

log 2 (J) = -2 log 3 (^) = -3 

(c) 3=81"" (/) 12= 144 " 2 

logs! 3 = 1 log l44 12 = \ 

(J) 64= 16 3 / 2 (h) 27= 81 3 ' 4 

log 16 64 =| log,, 27= I 

: i£sl£. S^jjUjJ aJUI i—SlI j-JI Jjp- .11.10 

11.10. Convert the following natural exponential expressions into equivalent natural logarithmic forms: 
(a) 3.5 = e'' 25276 (b) 26= e 3 - 2m0 

In 3.5 = 1.25276 In 26 = 3.25810 

(c) 0.3= e- 1 - 20357 (d) 145 = e 4 97673 

ln0.3 = -1.20397 In 145 = 4.97673 

(C) y= e (l/4)> (f) y =t ,9-r 

lnv = ^r lny = 9-( 

: isslSUH SA^I >(«) J5U- j* a jl y ji x J ^-sJV, Jkll J* .11.11 

11.11. Solve the following for x, y, or a by finding the equivalent expression: 
(a) y = log 20 400 (b) y=log 3 <i) 

400 = 20? ji = 3' 

y = 2 y = -3 

(c) log 2 x=4 (d) lo g256 i=| 

x = 2 4 * = 256 3 ' 4 

v - • 16 j = 64 

(c) log„49=2 (/) log„125=3 

49 = a 2 125 = a 3 

a = 49" 2 ' a = 125'/ 3 

0=7 a=5 

(«) log„9=| (A) log„32=§ 

9= a 2 / 3 32 = « 5 ' 3 

a = 9 3 ' 2 a =32 3 ' 5 

a = 27 a = 8 
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Properties of Logarithms and Exponents tj^^j OUsjjIpjUI j^sJUa?- 

. U^i J-^^S" jt J-Jaf ji J-jaj.^S' aJbJI j^vJI JjLif J^l oUijlijUl jalUai- pJi^J .11.12 

11.12. Use the properties of logarithms to write the following expressions as sums, differences, or products: 
(a) log„(23x) .BO... log.(69* 3 ) 

log„(23.t) = logo 23 + log a .v >og a (69x 3 ) = log a 69 + 3 log a x 

(c) log,,* 4 }. 5 (rf) lo go « 2 u- 3 

log„ *V = 4 logo x + 5 log a y loft, K 2 iT 3 = 2 log a u - 3 log„ v 
M log,(3x/8>) 

logo(3jt/8y) = log„ 3x- log„ 8y 

= log„ 3 + logo x - (logo 8 + log„ y) 

= logo 3 + logo * - logo 8 - l°8o y 

V) logoto'//) («) logo^ 

logo to'//) = 9 log. x - 4 log, y logo = $ log. * 

j-jJof jl jy_«j>»^S' SJbdl ij»;JJI ij*ijli._jUI Lbf J>-i oLsjjUjUI j^iUii- .11.13 

11.13. Use the properties of logarithms to write the following natural logarithmic forms as sums, differences, 
or products: 

(a) ]n49x 6 (b) lnx 3 ? 7 

In49x 6 = ln49 + 61nj: In* 3 ? 7 = 31n* + llny 

(c) ln(x'/y 2 ) (d) ln0x/&y) 

Into'//) = 9 In x - 2 In y hi(5x/Sy) = In 5* - to 8j> 

= ln5 + lnjr-(ln8 + lny) 
= ln5 + ln.t-ln8-ln}> 

(e) Inv^ . (/") lnto 4 -V30 

ta^f=ilnj ln(^ 4 .7y)=41nj: + |lny 

« f « 

ta ^ =to 8 + ih,,-I ta , ,„^=.(5to,-3,„,) ■ 

. a*fc j a . b>0 ji Cijsi. SJUI iL-^ 4*s*>» J^-i fJAa-l .11.14 

11.14. Use the properties of exponents to simplify the following exponential expressions, assuming a, b > 0 
and a^b: 

(a) a'- a y (b) a 1 ' -a 9 ' 

a* -a y = a x+y a lx - a 9y = iP xJr9 t 
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(c) 5* •-- - W p 

0) (O (a*) 5 '' 

V^9* = (a 9 *)'/ 2 = aW 2) * (a*) 5y = fl 5x: ' 

: 5Jk)i Sj^jJJI 1^ 11 -H- 15 

11.15. Simplify the following natural exponential expressions. 

(a) e 3 '-e s y (A) (e 4 *) 3 

e 3 * ■ e % > = e 3 ' +8: ' (e 4 *) 3 = e 12 * 

f_ _ „'*-4jt 3-r £ ,2x~tx _ .-(k _ _J_ 

: XJbJl ij^JsJI V^jLc->UI ^-^Jl .11.16 

11.16. Simplify the following natural logarithmic expressions: 
(a) In6 + Inx 

ln6-f In* = ln6x 
(i) In* 7 -In* 2 

In* 7 - tax 2 = In = tax 5 = 51nx 

(c) Inl2 + ln3-ln4 
Inl2 + ln3-ln4 = ln( 

(d) In5-ln2* + ln8 

In5-ln2x+ta8 = ln^^j = (?) 

(e) ±ln36 

^In36 = ln36'/ 2 = ln6 
CO 41n(i) 

41n|=l„(|) 4 = ln,! r 
0?) jln49 + 31n4 

{ ln49 + 3 ln4 = ln49'/ 2 + ln4 3 = ln(7 ■ 64) = ta448 
(A) 21n9-±ln81 

21n9 - I In81 = ln9 2 - ln8l" 4 = ln(^) = In 27 



•m- 



11.17. Simplify each of the following exponential expressions: 
(a) e 21 " 



SJUI J^l j^l ^ JS" j^J-\ .11.17 



From (//.2), 

(6) 



(</) e 31n»-81 n , 



„ta«' _ v 2 



gSbij:-81lljr _ £ _ ^_ 

: x j\ -i^jii yui s_-Vi JIjjJI >J n.5 ^-iii j> .n.18 

11.18. Use the techniques from Section 11.5 to solve the following natural exponential functions for x: 
(a) 7e 3 * = 630 



In e" = In 90 
3* = In 90 



(J 1.3) y 



ln90 = 4.49981=4.5 . 1.7.10 ^1 J U-^i US' [In7| j-bUJI J^l r » «„UJI il^l 90 ijJI Jio 
3* =4.5 



(ft) 3e 2 *+ 12 = 4018.29 



(c) ±e* ! = 2.37194 



e 2x+i.2 _ 1339 4 3 
uie 1,+ '- 2 = to 1339.43 



e 2 ** 1.2 J S™JL. JJUj 



2l + 1.2 = 7.19999 « 7.2 ,^^1 ^jlijUl ii-Lj 

VI -3) j* 

e 2 * _J U ^J^J Lj 



21 + 1.2 = 7.2 1 = 3 

e"* =9.48776 
J 2 = 2.25 
J = ±1.5 



: ^1 i—Ji, aJbJI ij^JJI J^_jU.jlJI JljjJI J»J 11.5 j> .11.19 
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11.19. Using the techniques of Section 11.5, solve the following natural logarithmic functions for x: 
(a) 7]nx-2.6 = 10 - - •- 

. Inx J i^^JL jljJUjt J^jj 

71n* = 12.6, In j = 1.8 

* = ,»■« (11.2) j. 

. 1.7.12^1^5 L^i UT^Ulia^l flji^Uj 
* = 6.04965 ss 6.05 

(h) ln(x - 1.51) 3 = 1.2 



31n<*- 1.51) = 1.2 



ln(x - 1.51) =0.4 



to(«-l.5l) _ 0.4 



1.51 » 1.49 (11.2) tf, 

* = 3 



(c) In Vx + 2.24 = 2.14 



Jln(.r+ 2.24) = 2.14 
In(x + 2.24) = 4.28 



e M-t+2.24) _ e 4.28 

jr + 2.24 =» 72.24 
*=70 



("■2) j»j 



Derivatives of Natural Exponential and Logarithmic Functions 

: (ii.5) j iijR-jJi sjipUII j-iji^L sjui s^^jji JljjJI j^u .11.20 

11.20. Differentiate the following natural exponential functions, using the rule found in (11.5): 
d/dxle><*>] = «*<*> • g'(x). 

. f(x) = e 6x .6 = 6e s * (11.5) g'(x) = 6 . g (x) = 6x ^ y, f (x) = e 6 " (a) 
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. / = e* . -8 = -8 <f St (11.5) J>J «' W = -8 . g W = j-^j; y = e - ** (*) 
(c) f(x) = e i *> (d) > = c 4 *-9 



/'(*) = fa 



= 6xe *> = 4e^ 

= -15 A 7 -'' = |x 3 e <" 2 >'" 

: Jtlyll <y is-y^U, j-l-li^L SJUI JljjJI j^u .11.21 

11.21. Combine rules to differentiate the following functions. 

(a) /( J ) = 7xc 2 " (») 7-2*V 

o>JI iAeli (.Ijiis-L / = 2x 4 (5e 5jr ) + c 5 *(8A: 3 ) 

/'(*) = 7x(2^) + ^f?) = 10* V* + 8x V* 

= 14J6 2 * + 7c 1 " = 2x i e Sx (5x + 4) 

= 7e J »(2j; + 1) 

(c) y = (e- 4 ') 3 

. ioUJI JjiJI Sib 0 
/ = 3 ■ (e" 4 ') 2 ■ (-4<T 4 *) 
= -12(e- 4j: ) 3 = -12i!- ,2j: 

(«/) f(x) = (e 4 ' + e- 3 'f 



f'M = 5 ■ (e 4 * + c- 3 ') 4 • (4e 4 * - 3e" 3 ') 
= (20e 4 * - lfc-^Xe*" +<r- 3 *) 4 



W /« = • 



. Sa^ Jill g-jU- O-Xf-U ^Ijl^Cu-lj 

(1 - 9j:)(-9e- 9 ') - ie~ 9 ')(-9) _ Mxe' 9 ' 
(1 - 9*) 2 ~ (1 - 9a:) 2 



(e 7 * + l)(7<r 7 ')-((- 7 * -l)Pe 7 ') Me 7 * 
(e 7 * + l) 2 "~( c 7 * + l 
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: (11.6) J i^^JI SJi^UIl f U^.L 3JbJI vUJI i^jli^JI JljjJI J^,li .11.22 
11.22. Differentiate the following natural logarithmic functions, using the rule found in (1 1.6): 
d/dx[lng(*)] = -Iy.g'M. 

• /=^5-( 21 * 2 ) = 3 *"'=f V'-<S)J*3 g , (x) = 2lx ! , g « = 7.t 3 j^ijj y = ln7x 3 (a) 
• 3 '' = 4^9 (4) = 4lT9 ( ;/ - 5 )j»J «'W = 4 . sW = 4x + 9 ^ y = In (4* + 9) (fc) 
(c) )> = ln(8x 2 + 3) (d) y = lnd 2 + 7x + 15) 

_ 16* 2x+7 
8* 2 + 3 . ~^ + 7jc + 15 

(e) )> = lnl8.r (/■) y = ISln* 

1 , .„ 1„. 18 



(«) L.T J^LiJI ijUe J*. ^ ^jtijlJI Jila c-li jljii. o! tJ-S" Ji^V : SJi^iU 

: j^iyii ^ i*^^ yui JljjJI .11.23 

11.23. Combine rules to differentiate the following functions. 

(a) y = ln 2 * = (ln;t) 2 

. iaUJI 6J&\3 pljLi^U 

, s /l\ 21n* 

= 2(lnjr) ( - I = _ — 

(b) y = ln 2 4* 3 = (ln4jr 3 ) 2 

. iaUJi < Syd\ oJlpIj ^l-Li^L 

/ = 2<ln4,')(^)(12* 2 )=«!!^ 

(c) y = ln 2 (21* + 8) = [m(21;r + 8)] 2 

(d) y = ln(9jr + 4) 2 # [ln(9;t + 4)] 2 

• (H-6) J ^.^ily «'W = 2(9^ + 4)(9)= 18(9x + 4) , g (*) = (9* + 4) 2 ^ 

y =(97W [18(9jr+4), = 5IT4 

(e) ;y = ;r 5 ln;t 3 
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/ = * 5 (i)(3* 2 ) + ta.i 3 (5 J r 4 ) 

/ = 3x* + 5jr 4 hur 3 = 3x i + lSx*Mx = 3x 4 (l + 5ta;c) 



GO y=; 



fe) y=« 2 'ln3jr 



ln*(l)-jr(l/jr) Injc-l 
(In*) 2 ~ In 2 * 



/ = e 2x ^-3^ + (ln3jr)(e 2 '-2) 

= (* ) + 2fl * '" 31 = {x + 2 3;t ) 



Interest Compounding S-S" j*Jl 3 JJLcJl 

t UoJU* (r= I) Si- SO*) r= 12% SJJli J.W. y>ji\ yij.> 100 /> jJ-J A 3^Ji)l J^j! .11.24 

SJUL^aJI Jjuw j*A (e) . j ft v,...,a y\f- (d) . t^^i— (c) . «_i*ai (ft) . U^Jl-i (a) o_UU)l 

I. 7.11 i^-JI^ US' i-Ml V L*J i-U!l 3^1 f lji^.t . J~.il iJiUII J-buj ^Vl 

.1.26 J) 1.23 Jsl—Jlj 

II. 24. Find the value A of a principal P = $100 set out at an interest rate r — 12 percent for time r = 1 year 

when compounded (a) annually, (A) semiannually, (c) quarterly, and (d) continuously; (e) distinguish 
between the nominal and the effective rate of interest. Use a calculator for exponential expressions, 
as explained in Section 1.7.11 and Problems 1.23 to 1.26. 

(a) Ql-7) y A = 100(1 + .12) 1 =$112.00 



(») 



(.11.8) y. A = 100 ^1 + T j 

A = 100(1 + ,06) 2 



(11.1 



■■ 100(1.1236) = $112.36 

T 



'( 1+ t) 



A= 100(l+.03) 4 
A = 100(1.1255) = $1 12.55 
(d) (] J.9) 4 = 100f< alJ ><'> = 100> » 2 

A = 100(1.1275) = $112.75 

Uwll SJJUI U( . 12% ^jLoj JjbJl ^ ^» JUiai Jju. ols SiLJI gjVl oHUll J (e) 

i_ — L».up 12.36% j_» ,_yUji)l S-b'Ull Jju«i . ijislill uL> UJ> j^JcS ^ i~^SUll 
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^1* SJJlill ^—^i- Uj^- 12.75% j gj 5J3UI y^i- Ujop 12.55% j iJiUJI 

Uj^p (( = 6) ol>- is- SJaJ r = 8% SX'U Jju» j» jiyi jUji 3000 .jji /> J^*J A i»J Jb-jt .11.25 

. ^ (</) . (e) . ^sy- i_i^>; (6) . Jji- (a) sjjUJI ^.....^j 

11.25. Find the value A of a principal P = $3000 set out at an interest rate r = 8 percent for time t = 6 
years when compounded (a) annually, (b) semiannually, (c) quarterly, and (d) continuously. 

(a) (11.7) A = 3000(1 + ,08) 6 

A = 3000(1.5868743) = $4760.62 



(« m = 2 £ . , (.11.8)^ A = 3000^l + ^ 

A = 3000(1 + 04) 12 

A = 3000(1.6010322) = $4803.10 

(c) m = 4 ^ .(11.8) j. A=mt>(\ + ™\ 



A = 3000(1 + .02) M 
A =-3000(1.6084373) = $4825.31 
<<0 Ql-9) j» A=3«X>e< 008 > <i = 30<Xk 048 

A = 3000(1.6160744) = $4848.22 

. 11.25 SJL^JI ^jj UJ Usj A Ju-ji , t = 3 . r = 9% . P= 10000 : Ot c~Ui lij .11.26 
11.26, Redo froblem 1 1.25, given P = $10, 000, r = 9 percent, and / = 3. 

(<0 A = 10,000(1 + .09) 3 

A = 10, 000(1.295029) = $12, 950.29 

<*> /i = 10,000^1 

A = 10,000(1 +.045) 6 

A = 10,000(1.3022601) = $13,022.60 



A = 10, 000 



(»?)' 



A = 10.000(1 + .0225)' 2 
A = 10,000(1.30605) = $13,060.50 
W) A = 10, OOOe' 0 - 09 ) 3 = 10, 000c 27 

A = 10, 000(1.3099645) = $13, 099.65 

. r> 1 Uj^p S-UUU jjljj JUiJI sjlsUJI Jjbu ^L^- Si^ j^j] .11.27 

11.27. Find the formula for finding the effective rate of interest r, for multiple compoundings when t > 1. 
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( 5-«J jli jilt j 5_^Vl JtjJJl ) jiP cSibJl J-AflJl 



: its' LuSUi (11.24)(e) ilL~JI J J*Ji\ 5A3UJI Ja« jj-ii ^ 
P(l+r,)' = />(l + ^)"" 

. jji. JS3 f jiJI ji-Lj 7> ^ jjj^l 4*-Jb 
l+r, = (l + ^)" 

r« = (l + £)" - 1 C/7.M) 

/><l+r«)' = /V" 
<l+r,) = e' 

r,=e r -\ V US) 

JbJJI sjjUI J-bu j^-ji , 11.25 ULJI ^ US' r=8% ^ H\ smUII J.U* 61 c-Lt-t la) .11.28 

P J-^Vlj / . Ji-^'Jj . Jls- (c) . tfjL* £Jj (fo) . tiai (a) SJSUJI 

. p*. -J (77.75) j (77.74) y 

11.28. Given a nominal rate of interest r = 8 percent, as in Problem 1 1.25, find the effective rate of interest 
under (a) semiannual, (b) quarterly, and (c) continuous compounding. Note that in (77.74) and (77.75) 
time I and principal P do not matter. 

(o) (.11.14) j. re = ^ 1 + ^"_! 

r, = ^1 + ^^ -l=(l + .04) 2 -l 
r. = 1.08160 - 1 = 0.08160 = 8.16% 



( 1+ t) - 1 =<' + 02 ) 4 - 1 



r, = 1.08243 - 1 = 0.08243 « 8.24% 
(c) (11.15) y> r,=/-l 

r, = e om - 1 = 1 .08329 - 1 = 0.08329 « 8.33% 0^-3*^ ^3 

^jAt- (c) . !jy. ,„ (6) . tjjx*. (a) : SJjLiJl ,_.„,^; U.us lJ l«iJI ijaUJI Jjju J^-ji .11.29 

. r = 9% 11.26 SJUJJ ja^_« 

11.29. Find the effective rate of interest under (a) semiannual, (b) quarterly, and (c) continuous compounding 
for Problem 1 1.26 where r was 9 percent. 

(a) (11.14)^ r« = (l + i)" - 1 

r " = ( 1 + ir) -> = <l+.045) 2 -l lt^O-IIu 
r, = 1.09203 - 1 = 0.09203 = 9.20% 
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*-.(j + ?) 4 -.-o + . 



.0225)* - I 

r, = 1.09308 - 1 =0.09308 * 9.31% 
(0 (11.15) y, r, = e'-\ 

r,. ,<"»-. 1 w ^.«ci'o. 
r, = 1.09417 - 1 = 0.09417 as 9.42% 

1 6% ojJS Jj^ SJiU Jj»j ^ J^U, ^fi P j» ^ \#y*~>. ji\ (t) oI>lJI JJP ^ .11.30 

11.30. How many years ( will it take a sum of money P to double at 6 percent interest compounded annually? 

A = P(\ + .06)' 

A u^J^^i) . A = 2P jli JjiJI oieUiar 
2P = P(l + .06)' 

2 = (l+.06)' P Js. jj>JI 3^_i 

ln2 = (lnl.06 1 /"sJ»H f>J*j&\ JU-L 
0.69315 = 0.05827; 

r as 11.9 Ji- 0.05827 ^Ip t»~i!L>ji 

y—. 12% SJlli Jj*. .up oU^f 33U jJL ^ ijidl jJu l^Jk, ydl (») oljiJI ij* ^ .11.31 

11.31. How long will it take money to treble at 12 percent interest compounded quarterly? 

a = p { 1 + t) " = P0 + 03)4 ' U' Vy 

.JL«»si if jA~»JI jJl lil 

3 = (1 + .03)*' 

In3 = 4/lnl.03 ..r^ 1 " 11 r^J^^' -^-^J 

1.09861 = 4(0.02956)( = 0.1 18241 
t as 9.3 <u*u 

Discounting j»-ms?J1 

jw^iJI SbU* js-jt . J^i^«Jt ^ pJU_, A jyJI ,y jjuAl P yUll JjJisjr iuUc j» |t ^L>«ll .11.32 

■ • j=J ,j1p (c) . SiJ^ca (fe) < (a) SJLS LaJ I U~»- 

11.32. Discounting is the process of determining the present value P of a sum of money A to be received in 
the future. Find the formula for discounting under (a) annual compounding, (b) multiple compounding, 
and (c) continuous compounding. 

lSj^JI i_>l_*JI JJU j (a) 

A-f(l I r)' 
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( J^jl* jUlj i-^l JljJJl ) jiJ- LilSbJl J-aiil 



i_jl_^JI oly> JJUi' JJU- ^ (6) 

P = a(\ + ~y"" Ul-17) 
i_jl_sJI SJU- ^ (c) 

A = Pe" 

P = Ae~" ill -IS) 

li| 6% SJJL_iJI Jjuo d^i l*x* 0^1 ,>« oty- 4 Jbu ji-ib. jjlji 1000 ji-J SJLJI Iwiil Jbrji .11.33 

. ^v.Mfl js*j ^Js- (c) . ^^i- £j (6), . Lr^Uo (a) cijjlill l_jL-^ 

11.33. Find the present value of $1000 to be paid 4 years from now when the current interest rate is 6 percent 
if interest is compounded (a) annually, (A) quarterly, and (c) continuously. 

(a) (11. 16) f = A(l+rj-' 

P = 1000(1 + .06)-" JnjF^^i 

\±\ j- Ui<JI -Ui*ii fi 4 |»SJI Ji-JJ [/] ^IsiJI iuvu ^ i_-UJI SJUl ^ 1.06 p*J\ JJ-JJ 

. 1.7.1 1 ^ L^-jJl U5" [=1 j-bi«JI .Wu l^-ij i_JL. J*»J 

/> = 1000(0.79209) = $792.09 
(ft) (11.17) y, P = A () + ?-)-"" 

/ 06\~ 4(41 

p = iooom + ^J = ioooii + .oi5)- 16 ^.y^hs 

P = 1000(0.78803) = $788.03 
(O (11.17) j, p ^ Ae -r, 

P = lOOOe- 10 - 06 ' 141 = 1000c" 0 24 oKjo^kj 
P = 1000(0.78663) = $786.63 

ollLjJ! J 5% iJb'UJI Jj*. jjA Uto ol>^, 8 jsju. j'Jjj 1500 j^J SJUJI Sa^I J^ji .11.34 

. 11.33 Jlj-JI ^ SijIjJI 

11.34. Redo Problem 1 1.33 for a present value of $1500 to be paid in 8 years when the current interest rate 
is 5 percent. 

(a) P = 1500(1 + .05r 8 

P = 1500(0.67684) = $1015.26 
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P = 1500(0.67198) = $1007.97 
(c) P = !5QOe- <0 ' 0 ? (8) = 1500.T 04 

P = 1500(0.67032) = $1005.48 

Estimating Growth Rates from Data Points OUUl Jslii O^Juw jjJiJ 

^1 S-U. ^ otTI^I Ji. .yjJI JiU- ^ JSLi, y^i ji\ olsUI lli^.^ oJ^i li) .11.35 

Sj_i UIjT c.LS'ljXi-ifl _^ (a) . 1933 f U ^ OjJu 11.1 j 1988 ^ o^U 6.25 ^JLi' 

. olfljii^U G tf^UI ^_JI Jj*. Jb-ji (f>) . S = 5 0 c r ' 

11.35. Given two sets of points from data growing consistently over time, such as subscriptions to a magazine 
numbering 6.25 million in 1988 and 11.1 million in 1993, (a) express subscriptions as a natural 
exponential function of time S = Soe" and (6) find the annual rate of growth G in subscriptions. 

<»-» S = S 0 e" J-W-L, oLiUl jai ^ai pi . 1993 Si_J ( = 5 j 1988 ^L-Vl Si_i ( = 0 (a) 

. e°=l jifUl 

6.25 = J 0 e' <0) = S„ (1119) 

11.1 = V' (5> (7/.20) 

jljiJI jU^-lj (77.20) ^ (77.79) ^ S 0 .y, ^j^lj 
11.1 =6.25e 5r 
1.776 = <" 

lnl.776 = ln€ 3 '=5r 

0.57436 = 5r r = 0.11487 «s 11.5% 

S = 6.25c 0 " 5 ' 

S-iU 5_r. (77.3) ^ S ;L-JU ^jlfcjUl ji-Lj 

InS = ln6.25 + ln<r 0 " 5 ' 
lnS = ln 6.25 + 0.1151 

lit} IjljJU In 6.25 ut; lljLc ifc^JI jj-L, 

<J 

C = ^(InS) = 0.115 = 11.5% 

0j-U 6.71 1985 (.Ls ^ jH j4 jjA* 3.40 ^ ^jJIJ^U- fta* JS^i, c^i * i—>J .11.36 
. uS^i-JI J J« -i^ji (ti) i n=m s e" l^A, i^i Jibs' ^lyVl (a) . 1993 f U- ^ 
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11.36. A firm's profits 7r have been growing consistently over time from $3.40 million in 1985 to $6.71 
million in 1993. (a) Express profits as a natural exponential function of time jr = jiqc" and (b) find 
the annual rate of growth. 

. 1993 ii_J f=8 j 1985 ^.L-Vl (=0 ^>y. (a) 
3.40 = hoc" 0 ' = jr 0 

6.71=10^" (11.21) 
jljiJi jLtfii-lj (11.21) ^ 7To = 3.40 jjiv.jjciJLj 
6.71 = 3.40e 8r 
1.97353 = e 8r 

0.67982 = 8r I -^J 

r = 0.08498 w 0.085 
7T = 3.40e ft08 * 

. 8.5% ^» Jju« (6) 

? rOlSLJI j^jjj*. j» U . 1993 f U J 63.9 J) 1987 f U 0jJi« 54 ,y /> SJjjJI OlSL* .11.37 

11.37. A country's population P goes from 54 million in 1987 to 63.9 million in 1993. At what rate r is the 
population growing? 

< = 0 ju* SJIjJI *»J Ot IS.UI JiL-Jl j» Jas-"Jj . 1993 Ii-J t = 6 j 1987 ^L.'il U| = 0 

. SJlsJI ol>_JI J SIIjJI ^L.t y. 

63.9 t= 54/ (6 > 
1.18333 =e 6r 

0.16833 = 6r Vj-T jljjuJI 

r = 0.02806 « 0.028 l _ 5 «~taJ I Ifcjl) I ji- Ij 

/> = 54e»" 28 ' 

. 2.8% _j» oli-JI j»i J.U* oli |W jjj 
1 olji- 8 J*; iUJI j« ^ji-i. U jtjkio U . 3.2% Jj*«j ^Uiy T U 3jj ^ ili .11.38 

11.38. A country's timberland r is being cut back at a rate of 3.2 percent a year. How much will be left in 
8 years? 

T = T a e-° m2 <» = Toe- 0256 
T = 0.77414r 0 w 77% 

JU U jljJU L. j_UijS)l oi» o_^,l lils . S^JI ^ 1.8% Jj»«j JS'bj U SjjS ^ L S^ljj jiji .11.39 

? Si- 15 Juu S^ljjil ^j'lll 

11.39. A village's arable land L is eroding at a rate of 1.8 percent a year. If conditions continue, how much 
will be left in 15 years? 

t = ioe- M18 (' 5 > = t oe - 0 - z7 
Z.=0.76338i 0 «76% 
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( i^jj. jUij yjl Ji jail ) j^c <j 3 \*<S\ Jxull 



Exponential-Logarithmic Conversions jUtj 3L->Vl jnJl 

: ialS^JI i^l JI iJUll oU^UJJI 6y .11.40 

Convert the following logarithms into their equivalent exponential forms: 
(a) log 13 169 = 2 (6) log 5 125 = 3' (c) l og6 (^) = -2 

(d) log 8 ,9=£ (e) log4(^) = -3 (/) log 16 2=J 

: ial&JI ^JJl J^Ml J\ jJbll J,.,, hi I oL^,_,lijDi J^. .11.41 

Change the following natural logarithms to their equivalent natural exponential forms: 
(a) In 13 = 2.55495 (ft) In 5.8 = 1.75786 (c) In 0.4 = -0.91629 

(d) ln62 = 4.12713 (e) tay=2.35r (/) lny = 7-9r 

: SalS^JI i^jlijlll 1^ J\ SJUil -i^JiS Jy. .11.42 

Convert the following exponential expressions to their equivalent logarithmic forms: 
(a) 64 = 8 2 (ft) 81=3* < c ) J=2" 3 

(d) 7 = 49'/ J (e) 4 = 8 2 " (/) 216 = 36 3 ' 2 

: JsiKJI ^j^jUl J J iJUl VwUI S~-'"!fl JomJI Jj»- .11.43 

Change the following natural exponential expressions to their equivalent natural logarithmic forms: 
(a) 6.7 = <.'« n " (ft) o.2 3=<r 1.38<>» (c) m = e 4.S0402 

(d) 43 = e 3 ™«> («,) y^oo* (/) y = e *+s 

: Jj«~»JI J.U*JI ji ^.i^JJ JUI ,>»,/,> .11.44 
Solve each of the following for the unknown variable or parameter: 
(«) y = log„121 (ft) y = log 3 (^) (C ) !og 3 * = 5 

w iog64* = j w io&9=f </) iog.(i) = 4 

Properties of Logarithms and Exponents ( _ r >--Vlj OUujIp ^aSL&p- 

: Jv»U ji c > ji £y*~A J\ SJUI S^jlfcjUl Jj*. .11.45 

Convert the following logaritnmic expressions to sums, differences, or products: 

(<>) y = log a 38x 2 (A) y = l 0& ,xV (c) y = log„(7x/9y) (d) y = log, Or 5 /? 3 ) 

: u>Jtfl> ji c > jigj»^ JjiJUJI ij^l i^U-jUl Jj^JI Jjp- .11.46 
Convert the following natural logarithmic expressions to sums, differences, or products: 
(a) y = l„(i!£j y==]n ^ 

W y = mg H ,.„^ 

Simplify the following exponential expressions: • j*as£-\ .11.47 

(a) (ft) y= ^L <c) , = (B J. ) 2y ((/) v = ^ 

Simplify the following natural exponential expressions: ; JJU| i^JJI j^Vl i^JI .11.48 
(a) y = (^)-'/2 (ft, y = !^ (c) y = v ^57 ^' y S£L~ 

Derivatives Ol&uUJl 
: ajui i^jji iu-'vi Jijjji js" j^u .11.49 
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11.49. Differentiate each of the following natural exponential functions: 

(a) /(*)=*-»* (A) (<0 /W=7c 8 - 3 * ! 

(d) y = 6e 4 *'- 17 («) /(r)--|«W»"* (/) y = -\e 5 -*' 

: sjui s-^JJi s^u-jiJi JIjjJI ^ Js" Jj»u .11.50 

11.50. Differentiate each of the following natural logarithmic functions: 

(a) y = !n(2* 2 -5) (ft) /OO^Hn 17x (c) y = In 9x 5 

W) /fct) = ln tt 3 +4x 2 -9;r+16) («) > = 31nSi 4 (/) f(x) = 2 In (5jt 3 - 4) 

: JtljiJI ,y> itj*^ iJhll JIjjJI J^ti .11.51 

11.51. Combine rules to differentiate the following functions: 

(a) /(*) = (e- 31 ) 3 <») y = 7i« 4 ' 

(c) /W = ( e 3l +e 2 *) 3 (lO y=57^7 

(e) /(*) = In (3* - 7) 2 (/) y = fa 2 In x* 
(«) /<jr)=ln 2 5*< (A) J. = 

Interest Compounding 5-T j*Jl SJiUJl 

. \ly- (a) iJjUil i t ,„.-j Uju* iiJ^Jl J^Vl jJl_J SJUi_JI i^Jiil JJlsJI *U-Ml ,>» JS3 iJu»- 

. ^^7 ,, ^ (d) ( lC^x— £p (c) * '-fl-^' (A) 

11.52. $1000 at 8 percent for 5 years. . olji- 5 SiJ 8% SJUli J-u«j j>j\ 1000 »_,JS jJuj .11.52 

11.53. $2500 at 6 percent for 4 years. . oly- 4 SjuJ 6% SJJli Jo*»j 2500 .jjS ji^. .11.53 

11.54. $500 at 12 percent for 6 years. . olji- 6 io*J 12% soils J-Um jSt j'ifji 500 jAj .11.54 

11.55. $10,000 at 9 percent for 8 years. . cAji*. 8 SjuJ 9% SJu'li J-U~ jijj'i j%5 10,000 (J JS jJ~« .11.55 

9 i_, „-»i 8% SJlili Jjuu JiC ^itLii ^ ijiJI jjuj l$Jki ^r" (') olj^Jl .11.56 

11.56. How long will it take money to double at 8 percent interest when compounded semiannually? 



t i..,.^ 9% SJJls Jjuu .to jJu iydl ^ jJu» l^lUa j&\ (t) olj^JI iJp .11.57 

11.57. How long will it take money to treble at 9 percent interest when compounded annually? 

Discounting |t-«anJt 

•j 10% 4_,jU)l SJu'UJI oils' lij ol>L- 8 Juu £9Jl~. 5000 jJu»j SJUJI ^1 iJb- .11.58 
. ^Js- (d) . gj (c) . csy— (A) . Ij^- (a) 

Determine the present value of $5000 to be paid in 8 years time if current interest of 10 percent is 
compounded (a) annually, (b) semiannually, (c) quarterly, and (d) continuously. 



. 5% i_,UJI SJLSUJt OjSi' U-Us olj^. 4 JbujiJO yijj 8000 jJLJ .11.58 SlL-JI J=- -ipi .11.59 

11.59. Repeat Problem 11.58 for $8000 to be paid in 4 years when the current interest rate is 5 percent. 

10,000 ^LJ SJUJ1 ±rj\ . ^y*. y-^jj 6% ^jUJI SJJU1I Jj^« oi c-k»i lil .11.60 
. ol^-. 10 (d) . olji- 5 (c) . olji- 3 (6) . it- (a) jjjj 

11.60. Given the current interest rate of 6 percent compounded annually, find the present value of $10,000 to be 
paid in (a) 1 year, ib) 3 years, (c) 5 years, and (d) 10 years. 
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( JjaJjIp jUl j S-aty Jlj-Ul ) ji* i^ibJl J«aill 



10,000 j_UJ J_)U1I i_«-Jul jUfji < jji. Oai 7% lSjUJI sjulill Jo.. 01 oJapi IS) .11.61 
. o\j^ 10 (</) . olji- 5 (c) . oI>l- 3 (b) . Sjl^ (a) -U; ^jjb yslja 

11.61. Given the current interest rate of 7 percent compounded semiannually, find the present value of $10,000 to 
be paid in (a) 1 year, (*) 3 years, (c) 5 years, and (<i) 10 years. 

Growth Rates yJ\ OtJ** 

^ (a) . 1993 fit j^jj OjJu 32.27 J) 1987 f U jUjj jj-L. 23.2 ^ JTyiil oU~» culj .11.62 
. G oU~J! ^j^JI jajJI Ja« jjb- (ft) . yijSS 'L^A, S~.i ill-iS" S oU~JI 

11.62. A company's sales have been growing consistently over time from $23.2 million in 1987 to $32.27 million 
in 1993. (a) Express sales 5 as a natural exponential function of time /. (b) Indicate the annual rate of 
growth G of sales. 

. 1993 fU jiji Cij-Jj, 616.18 J\ 1985 f U jij> Oj-U 345 y> TR i£ ^iii J&\ ilj .11.63 

. il J i'in Ja« (b) . 4~,Ml illjJI (o) 

11.63. A firm's total revenue TR, growing consistently over time, has increased from $345 million in 1985 to 
$616.18 million in 1993. (a) Find the exponential function and (f>) indicate the growth rate of revenue. 

13.82 £JL»j 1997 fU ol_«~<JI OjJi jSj jUji OjJu 8.9 J\y 1993 j.U Lji'U-j ST^ .11.64 
. JJaiiJI jaJI Jjou (6) j ,;.1&)I ,J i_.Sfl SJUI (a) . j^jj 

11.64. A company with 1993 sales of $8.9 million estimates sales of $13.82 million in 1997. (a) Determine the 
exponential function used for the estimate and (b) indicate the projected growth rate. 

^j^iJI II (t-~- ^->-ji • ii-JI ^ 2.65% Jji*»j y^_j 4-> i jjJu 44.35 l» SJji al£- jl*. .11.65 

. a^. 5 Jju 

11.65. A country's population of 44.35 million is growing at a rate of 2.65 percent a year. Find the expected 
population in 5 years. 

j-»jJI _,j_s lil j'slji OjJj 48.25 ijUII U"U1 SfjjJ olji- 3 Ju^ ik^JI il^l ^j^-a _y» U .11.66 

? jov.-n J5Lij 8.6% Jjl**j 

11.66. What is the projected level of revenue in 3 years for a company with current revenues of $48.25 million if 
estimated growth under continuous compounding is 8.6 percent? 

cuJjII ^ jj_Ju 1.25 ^ Jb_^-, 4_jU~<JI JjIjj oi ^Li^, - !!! J^i i^ij i~.Sll SJIjJI j-lji^U .11.67 
? L cjLi^,'il 4^yil ^$jJI Jjju) U . oly— 5 J}U- o^l* 1.73 jaI^II 

11.67. Using an exponential function a consultant suggests that a newspaper's circulation will increase from 1.25 
million at present to 1.73 million in 5 years. What growth rate is the consultant assuming? 

15% JL-lp y^j, Jjt^, Si^s cJlS" lil olji- 3 Jbu ^uJ ^ Lo ytfja jjjj 3.8 pJI i^Ji i3T .11.68 

1 4J-JI 

11.68. What will a machine worth $3.8 million today be worth in 3 years if it depreciates at a continuous rate of 15 
percent a year? 
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yuy.jjujij*. 



11.47. 
11.48. 



(a) 169 = 13 2 

W) 9 = 8l" 2 

60 13 = ^ 56495 

(rf) 62 = e 4.12713 

(a) log, 64 = 2 

60 log4 9 7=J 

60 ln6.7= 1.90211 

(<i) ln43 = 3.76120 

60 y = 2 

(d) jr = 25! 



(*) 125 = 5 3 
W A =4-3 



(/) 2=16 l/4 



(6) 5.8 = e'' 578 « (c) 0.4 

(«) j,= e "» (/) y = e 7-* 

(A) log 3 81=4 (c) log 2 £ = -3 

60 log,4=J (/) Iog 36 216=| 



(i>) ln0.25 = -1.38629 
(e) ln;y=0.06r 



(c) In 122 = 4.80402 
(/) lll)r=» + 8 



(e) a = 27 



(c) 1 = 243 
(/) 0=64 



(a) y = 10&.38 + 2 lo&jr (6) j. = 2 log, jr + 4 log, y 

60 jr = log. 7 -Hog. x- log, 9 -log,}. (<() y = 51og,jr-3log,>. 



(a) }> = 4lnjt+21nj>-51n2 
60 >■ = "jinx - Jlny 



(») y=\lnx 

(rf) y = {-(7ln:r-51ny) 



60 y = a 5,+8 )' (« j^a 2 *"" (c) j, =«&»)■ (fl y = a C"»* 



60 y- 
60 y* 



(a) /' = -9e-«* 

w> y = 72iV* ! -" 



(o) / = 
60 /' = 



2x 2 -5 

3a: 2 + 8jc - 9 



(6) y=e"- s ' 
(d) y = f 7 * +4 ' 

(6) / = 15 A 5 *' 
60 /' = -A"*' 

(6) /'(*) = j 



(c) /'(Jt) = -42jt 8 " 3 ' ! 
(/) /=|x« 5 -'' 

(c) / = I ' 



11.51. 


(a) 


/'(*) = -15e- 


5* 




(f>) 


/= 


2S™ 4 »+7f 4 ' 








60 


/^(Oe^-MSe 21 )^ 


'+C 2 *) 2 


60 


y = 


12xe 6 * -Me 6 " 

(2AT + 1) 2 








W 








(/) 


y= 


8x(3 + 21n.r 3 ) 








te) 


,_ 81n5x 4 






<*) 


y = 


r'Onx-d/jc), 
ta 2 * J 






11.52. 


(a) 


$1469.33 


(») 


$1480.24 




<<o 


$1485.95 


60 


$1491.82 


11.53. 


60 


$3156.19 


(« 


$3166.93 




(c) 


$3172.46 


60 


$3178.12 


11.54. 


(a) 


$986.91 


(*) 


$1006.10 




to 


$1016.40 


60 


$1027.22 


11.55. 


60 


$19,925.63 


(6) 


$20,223.70 




(0 


$20,381.03 


(d) 


$20,544.33 



11.56. 


8.836 










11.57. 


12.748 




■- 






11.58. 


(a) $2332.54 (k) 


$2290.56 


(c) $2268.85 




$2246.64 


11.59. 


(a) $6581.62 (i>) 


$6565.97 


(c) $6557.97 


(<0 


$6549.85 


11.60. 


(a) $9433.96 (6) 


$8396.19 


(c) $7472.58 


(<0 


$5583.95 


11.61. 


(a) $9335.11 (i>) 


$8135.01 


(c) $7089.19 


W) 


$5025.66 


11.62. 


(a) S = 23.2c 0055 ' 


(« G = 


0.055 or 5.5 % 






11.63. 


(a) TR = 345« 00725 ' 


(6) G 


= 7.25 % 






11.64. 


(a) S = 8.9« 0 "* 


(b) C=l 


1% 






11.65. 


50.63 OjJ- 










11.66. 


$62.45 lijJU 










11.67. 


G = 6.5 % 










11.68. 


$2.42 OjJn 
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Integral Calculus J^l&lt uL^ 

Integration J-^sIl 12.1 

01 LL_ji J_a!j . JljjJI _^Ju' Jj_ju> u—Sj i^i-ilj J-^»Li=li c_>L-»J yiUJIj j^UI Jviill ij^yii- -li) 

SJIjJI j~ju Jxju .JyO U SiU jUta'ilj SjbVt . SJIjJJ iixiJI jUo.1 IjUp y J-iUJI 
^ i-U^I SJIjJI iUoJj J->LiJI «JU* ^ f LJi!l uj . F(x) iJU-SlI SJIjJI j>U,J y)J ^ts-ij F" (x) 
. F'(x) J^ISj jl Si^Jl ^jSUaj F(jc) il^j^t aJIjJI i'j Jjil£x)l jl J^>UJI ^j^jw ^ys—i Si^*JI 

: ^ U5" CLiljj -Uf- SiLi^JI ^^Sow jli /(*) = F' (x) £*>y. '. 1 J^* 

EXAMPLE 1. Letting f(x) = F'(x) for simplicity, the antiderivative of f(x) is expressed mathematically as 

J f(x)dx = F(x) + c 

f(x) j jjUsai i>y* . x jJgaU a-jji, ^ /(*) j.isj *it sJiUJi ^ j-jVi cjWJI !>j 

. 3 Jl£»JI j-uu. Oj- ^cJJIj . JjlSill coU ^—i' c j (integrand) JjISUI t( «_ i' 

Rules For Indefinite Integral J^Jl j-p J-»l^sJ' ^J 8 12 2 

J-eJ . J-^LiJJ e^UJ! J^l^l ^5ou ^Ua)I J^)U- iJb^JI ^j- Jal&JI J^ljS J^i>Jl pj" JJiJ 

JoLScJI j_tlj3j . JaLSUJI ifjLj 01 J^lsai ifci* oi LJU= -tpl^iJI »jj> Ssi Ji^JI J4-JI 
. 12.3 J J 12.1 ^ Jjl-Jlj 2 JliJI J sJi^JI 
>» k Ojlill J^Ki- : (1) 5-JLS>U5t 

^« . (1 dx) <& y.L^ . jb-yi j^isi- : (2) Sjjstfli 

y dl = AT+C 

if^SlI S-l*lS *~jr (n#-l ci~^) l" tfjiJI SJb J*ISj : (3) 3o*U!l 
J x »dx = ^x" +, +c (»#-l) 

jt* 1 J.IS; : (4) SapUIi 

j x' i dx = \nx + c (x>0) 
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. SJLJI iljpbU S^-JUs . (v^jU-j! 1$) iui bH ii3si> y?^.. x>0 iyJI o\ 

J r x- 1 <£r = taUc|+c O^O) 

j« vv-Ul v-Vl awl : (5) »Ji*Ult 

aijJ! J^lSj J Lj^i. coldl jjLj 3b ^ chilli : (6) 3J*li)t 

y k/Mdx^k j nx)dx 
y [/m± y /w</x± y gwd* 

sjiail J*lSi- JL ^L* sJIjJI UL, J*ISS : (8) jJlptfll 
J-f(x)dx = - J f(x)dx 

EXAMPLE 2. The rules for indefinite integrals are illustrated below. Check each answer on your own by making sure 
that the derivative of the antiderivative equals the integrand. 

(a) J9dx = 9x + c (l SJipIs) 

(*) fx 4 dx = JL-x*** +c =lx>+ c (3U*B). 

J 4+1 5 

(c) j*x 3 dx = *jx'dx (6!J*li) 

= 4^I J t 4 + c,) (3!J*li) 
= x* + c 

J-JjVl oil— »JI ^ aUUj- ^SUj 4>li ^SjUi-l Ojl? c ji UJltj 4c] = c oij ijUd-l cJy c j c, 61 

(<0 j(.2x 1 -x + i)dx=2fx 2 dx-fxdx + fdx (8 < 7 , 6 SApli) 

= 2(^ 3 )-i-r J + ^ + c (3.2iJu»B) 

2 , 1 , 

= -at 3 --j: z +j-+c 



J 12*-'<ix=i2 J x- l dx 
= 12taM+c 

y -4+1 3 



(6 

(4 8J*lii) 
(3 SJ*ls) 

(5 SAtU) 



,yV H jj^^Sl *"(*) = /(,)=_± SJs^JI^ F(x) = -±x+k aijJI Oi* JliJI J~. Jui . iinJI 

i2iUjl jj.ji" Oj& ji J-(i)<& ji Jsiljil ,>» *;la U~JI U-ie lijj . Jt J i^JI ^1 y> 

J— e J-«lSiJI OjIS ois lijjj . _,Ui« JaiS ^iitJI l^^o ^ ^Ji^y JIjjJI ^ ^Ij; sjs. 

J-i»sll Olj . J^>LiJI jj.ljj J^U- 5_ixiJl j_« ju^l .uSJj iO^S/l UIjJI l>j>- Coli 
oUta^J! SiiU ^ SjL*. . jj-c&l c->- - ff(x)dx = F(x) + c jj^JI jj. JjlSid) ^Ul 

c ji* otj . (ji^l iJ»J c oli JiJ^ly . /(*) j* .t -u* U+u ^'V ^UJI Jj ot *s=-li <>« ijljiJI 
c =5,3, 1,-1 ^/ -^<fa = -li+cij»»JI jj, J^IS^U (12-1) JSiJI ^ IJl*j .,y*l»JI Ji,. 

EXAMPLE 3. Fromthe rules of differentiation, we know that functions which differ only by a constant k have the same 
derivative. The function F(x) = -\x + k, for instance, has the same derivative, F'(x) = /(*) = -\, for any infinite 
number of possible values for *. If the process is reversed, it is dear that J -(\)dx must be the antiderivalive for an infinite 
number of functions differing from each other only by a constant. The constant of integration c, then, serves to represent the 
value of any constant that was part of the original function but precluded from the derivative by the rules of differentiation. 
The graph of an indefinite integral / f(x) dx = F(x) +c, where c is unspecified, is a family of curves parallel in the sense 
that the slope of the tangent to any of them at x is fix). Specifying c specifies the curve; changing c shifts the curve. 
This is illustrated in Fig. 12-1 for the indefinite integral /- \dx = -^x+c where c = 5, 3, 1, and -1, respectively. 




(12-1) J^A 
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Area Under a Curve (^anijl C-*«3 &-L~Jt 12.3 

.(12-2)(a) JSi)l lJ ix=fc j x = o )'=/(*) Ji« ipUS! ^ ^/^uJI o^i' i^UU) I*-* J^-y V 

. (12-2)(6) JS^JI ^ j-JI j~JI J* aijj jjfMl i~2lJ LjUs.'^ JJ=— Jf ^J 1 lijS* £-s~i 

tij-, (Riemann Sum) uUjj Jy*!"* i iS-^b f/fe)^/] O^ LUs~J I ol=-Lj ^j*^ 0^ ,j*S 

ij_p jljIjs (A*,) oU~Jd! o yU« US' . ,^^1 J! _ U1U. ly.-xi? *SJj - jJi. 

jij (Ax, = dx, = dx) jji^p (jtji iv^-a- JS < n->~ Vj^' oUj-isll :>-i* Jjljl liU 

: Jb. US' lliLu U>c- jjjjtdl jSU A ,^^^11 c-~- i-U^J! 

A= Km £/(*,) Ax, 
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(12-2) JS^p 

The Definite Integral aJ*«Jl J-»l&N 12.4 

J*LS3 r £« JSLi j-mII jSUi (12-2) JSLiil J jl\ Ji. !_^_» 3IjJ ^Ul ^1 o»J S^UJI 



jf fix} = fon £ fW* x < 



(.Iji^^U o_h.-lB- j-SU+ LS Ji : Jb- s-t-t j_» jj^J! JjlSJI ols . 3 JUJI ^ \~> US' /(*) SJUU oUi^JI 



The Fundamental Theorem of Calculus J*l£sU V^V' A^' 12 5 

b J\ a SjxiJI j Ffcc) ij« :,.,M SllJtll JjlSid) IjJtJI ji SjUU-j i^UVl ijkJI 

F (x) + c J_iui*JI j.j-S^j ^pii CaSU B JjISoU yltMl -x=JS Jt^ l>ii. fW*' *fci«JI lSJ 1 —' 

: SJUI Ij^LjJI U^l *i>JI ii-t-j 
J* /(*)«/* = F«[ = F(6) - F(a) 

5 j 4 ik.Ml Sj-JL Jljdl ,> I*; jij-cJI 6 j a oi [....]' jt f a j\ £ jijll SJ~. 

. 12.5 j 12.4 JjUJIj 

EXAMPLE 4. The deflnite integrals given below : JL U5" aliji MJmJI oiLilSjll jt-ia. ^ AS) : 4 sJVSfl 



f 6 /" 3 
) j 8xAc (6) J I6x 2 + S)dx 



(a) /" 8* <ta = 4jt 2 1" = 4(6) J - 4(2) 2 = 128 

h 

(ox 2 + 5)<te = [2* 3 + 5*], = [2(3)' + 5(3)] - [2(1)' + 5(1)] = 69 - 7 = 62 
0 SjijJI (12-3) J_SjsJI ^j^JI o~ IU-l_»JI Jb.J^J .liii »Jb~JI f JA*-l : 5 Jti» 

EXAMPLE 5. The definite integral is used below to determine the area under the curve in Fig. 12-3 over the interval 
0 to 5 as follows: 

A = Wxdx = 5x 2 ^ = 5(5) 2 - 5(0)2 = 125 _ 0 = 125 
A = \hw = ^vx = J(50)(5) = 125 




Properties of Definite Integral iJLs^Jt J-.t£dt joSla* 12.6 

y f(x)dx = - J" f(x) dx (12.1) 
. I>*> ijjL- jj^JI J.lSil) i^jJI a^jiil jU J.l£J) ^iiVl J>JI J.l£dJ ^'Hl Otf lil .2 

y /(ac) = F(a) - F(a) = 0 (12.2 ) 

jf = £ f(x)dx + J f(x)dx a<b<c (12.3) 

. j-M-dl c > ji £~;J jj^JI J*l£JI jjU JliUu jjj^ ^iJ^, .jO.lSi- j-> /\ 01 .4 

£ f(x)dx±£g(x)dx = J* [f(x)±g(x))dx (12.4) 
. JJU1) ij^JI J^l ^ Lj^a. o-Ull 3b cobJI ij^JI J.lSi!l .5 

£kf(x)dx = k j" f(x)dx (12.5) 
. 12.7 j 12.6 JjL^JIj 6 JhJI >;l 

EXAMPLE 6. The following definite integrals are evaluated to illustrate a sampling of the properties of integrals 
presented above. 

1. J3x , dx = -^3x"dx (l 5J*IS) 
y Jx 4 rfx = |l 5 |' = |(2)5- 3(1)5=18.6 
- jf 3* 4 <ij: = -f.^ = _ [3 (1) 5 _ 3 (2 ys] = _ ( _, g 6) = , g g 

2. yV + 4*)d,=0 ( 25JlpU ) 

y (3i 2 +4^)rfj = (i 3 +& 2 )|* 

= [(4) 3 + 2(4) 2 ] - [(4) 3 + 2(4) 2 ] = 0 
y 8j:dj: = 4i 2 |^ = 4(5) J -4(0) 2 = 100 



J »xdx = 4.r 2 |*=4(2) 2 -4(0) 2 = 16 

jf 8xdjt = 4.c 2 |* = 4(5) 2 -4(2) 2 = 84 

16 + 84= 100 H o"J 

Area Between Curves OL»*iJt 3*-L~Jl 12.7 

. iil Jl iJLs^aJl JjalSUI ^j^JL^ii- (4) oJf-Ull Lft^Juti* ^jSvaj. ji^l jl ^...i-^Lo ijikloJI is~L~o 

. 12. 15 J) 12.8 ,y JJl_JI iJluj 7 JliJI J i~o ii>JI 0.U5 

. 3> 2 = + & jj, = -0.25* + 12 Ji« j~)t-i!l A SikjJI j|j Jjl£Jl ^U^i- ^1 Ji^L : 7 Jli* 

: J._ US' o^-j *=6 J\ x = 0 ^ 
EXAMPLE 7. Using the properties of integrals, the area A of the region between two functions such as 
y\ = -0.25.* + 12 and 72 = -x 1 + 6x from x - 0 to x = 6, is found as follows. 

. (12-4) J£i)! J US' Jyijjl S^l_Jl JiJiij JljJl) &U liki^ (a) 
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A = / (-0.25i+12)rfjr- [ (-x 2 +6x)dx 
Jo Jo 

A = J [(-0.25* + 12) - (-* 2 + 6»] rj* (12.4) f Iji^ly 

A = f (x 1 - 6 - 2Sx + 12) <fx 

A = ^jr 3 - 3.125* 2 + 12*^ |* = 31.5 — 0 = 31.5 
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. 12.15 J\ 12.8 JiUJI >l 

Integration By Substitution ^fcjjasJU J^t^sJt 12.8 

y 20x'(x s + 7)dx 

- u ^ SJIj5"/ (jt) J*L£. ^ j~«JL)j . i^h^Ij J»I£JI ails tin/ (fa SIUI ,j* ii^iaj u 

(jlt J-<*>u bils x Jl S_Jlj JjliJUj du/dx ^ illjJI ti* ii^j 

//»*-/{.£)* 

J f(x)dx = Judu = F(u) + c 

. 12.23 J\ 12.16 JiUJIj 

EXAMPLE 8. Integration by substitution is used in the steps below to determine the indefinite integral 
j 20x 4 (x 3 + 7)dx 

• OjLJ vJj— *• y-» du/dx l^^tciaj m iCji-i ilb i-j^ J«?U- ^1 *L>j» ^SUj JjISCJI oi y l J5»u .1 
. tt = at 5 +7 Uj»j iilLJI iA^JJI SJ^jb J^'l! lijjy, Jiu_JI UjJt« ^1 illjJI ^cjL-i- tt j-i! (a) 
" ^ ^jxi W . dx = du/5x" : dx J\ tjfr J^i (c) . duldx = 5x' : u J^U' (6) 

y 20x*(x 5 + l)dx = J 20x 4 u-^= J 4udu = 4 j udu 

. « :L_dl ,>l& -2 

4 J »d« = 4^i( 2 ^=2ii 2 + c 
. a J\ 4™Jl ^ + 7 ^iycJt; ajL^Sil SiLaJJ JjJbJI JJ S^tf iy, Jy^ .3 
J 2<k 4 0: 5 + 7) dx = 2u 2 + c = 2(x 5 + 7) 2 + c 

. i»U)l 5Jb SJtlii fLlis-L J*,uk!l JJI ,y ji^i- .4 

£ [2(i 5 + 7) 2 + c] = 4(jp s + 7)(5x«) = 20x' , (x 5 + 7) 
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i~_Jl ii jij^ljj . dx = du jf (i« ldx = 1 jaj u=x+ 6 ^ii . / 3x(x + 6) 2 dx J*t&' 3Jb- : 9 Jli» 

. JjISUJI J <fc J) * J x + 6 J! 

EXAMPLE 9. Determine the integral / 3x(x + 6) 2 <*jt. Let u = x + 6. Then rfu/rfx = 1 and dx = du/l = da. 
Substitute u for x + 6 and du for dx in the original integrand. 

J 3x(x+6) 2 dx = J W</u=3 J xu 2 du 

. aj^iu j.isai f ij**.i ^ j, ^.^i J.ISUI ,1^1 jsu,. * r * 

Integration by Parts «tfj*sltj J-»l£sJl 12.9 

.«-*■ j- 5 45 b * J! J-siLiJJ iLili Jlj- 5 5 jrjLi- jl J»«^ j* JjISUJI jlS" lij 

. 9.7.5 J v^JI o-u-Ui ,yi . J^ilidl uL> Vj-^ 1 ' J-o^ J^^' 
£ [/to ■ «tol = fix) ■ g'(x) + g(x) ■ fix) 

'. I J\S- J-rfX>o 4ii*i*JI J-slSi' ii-Lj 

/(*)•*(*) = J [/<*)•*'(*)] dx + J [g(x) -fix)] dx 

: j~.SH j>)i ^ JjSJI ,>isyi l^r J-i r - V i 

f [/to ■ g'M] dx = f(x) ■ g(x) - J [gW ■ fix)} dx (12.6) 

. 12.27 J\ 12.24 j, JjL-JIj 11 j 10 tli.Vl jtil 

. JbJ»J .liit Si^U J^lfcJI fji^l jJi! : 10 Jli» 
EXAMPLE 10. Integration by parts is used below to determine 

J 3x(x + 6) 2 dx 

fix) ^ i-Vl aijJI Oj& ui i.U sj^US-j . (12.6) J ii-JI J) J^ISUJI J^i; .1 

uJllj g ix) = /U + 6) 2 j/W = 3 jli g'(x) = (x + 6) 2 j/(x) = 3x j^jo . g'M _y» sji^JI jJIjJIj 
. 12.2 ^Jill ^ (3 SJLtLill) ik—JI SJL&Ui flji^-L JjlSj- of jSU^. 

«W = |(jr + 6)'+c, 

SJiU^JI J fji^j V g'M oi St^5U £. (12.6) yi g W j/M j/W J I ^.^JL. .2 

J 3x (x + 6) 2 dx = /(x) ■ g(x) - j [g(x) • /'(x)] dx 
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= 3x £lfc.+ 6) 3 -fccij - ^ |j(x +6) 3 +c, j (3)dx 

= x(i + 6) 3 + 3c,x ~ f\<* + « 3 + 3ci] dx 

. jii^cJl; fS"fj"j\^i\ JaKslI ljUoJ (3) S-lpUJI .3 
J 3x(x + 6) 2 dx = x(x + 6) 3 + 3c, x - i(x + 6) 4 - 3c, x + c 
= x(x+6) 3 -j(x + 6) 4 + c 

. J.rtVu.^U J iiL-<JI Ja- J — Lj" Jj I _ r i^> L^jL-j' 

. i»U)l ^jjill SJIi sj^lij ij^iJI SApUs j-j^i^lj y (x) = x (x + 6) 3 - ^ (x + 6) 1 +c J=Jt j» L ji»«j' .4 

■ >JI J^l* 

/<x) = [jr • 3(* + 6) 2 + (x + 6) 3 ■ 1] - (x + 6) 3 
y'(x)=3x(x + 6) 2 

r IJix_Lj /'(x) = 5 OS» fS g' (*) = <r» j /(,) = 5x j-ii : JI. /Sxe 1 ' 9 dx mm* : 11 JtU 

. (12.6) yljijjMllu g (i) = /< , - , A=<'-' , (5) SJlcUJI 

EXAMPLE 11. The integral / Sxe*" 9 dx is determined as follows: Let f{x) = 5x and g'(x) = «*-»; then /'(x) = 5 
and, by Rule 5, g(x) = / e'-'dx = e»-». Substituting in (/2.(S), 

J 5x«'"» dx = /(x) ■ g(x) - j lg(x) ■ fix)} dx 

= 5x ■ e*-» - j «*-» ■ 5dx = 5xe'-» - 5 j e"* dx 

. Jjl&JI v^oU /'ii- £• ijli iy (5) S-itWI j-ky 
J 5xe*-» dx = 5xe- 9 - 5e'-« + c 

■ J"!' Cy J" W = 5xe"~" - 5e*~' + c ^ ft ^ j 

/(x) = 5x • «*"' + e*-' ■ 5 - St'" 9 = 5xe*- 9 

Present Value of A Cash Flow <sJ*i jiasl 2LiUJl i»JJ( 12.10 

L*.up JJii_-Jl ^ IjJic J*>=™ ^1 /I jjiJI £_j~~J P iJUJI i»jai ji (11.18) ibUJI J 
U-Jp J-*~ ^1 ajiJI) JLiiwJI Ji-jJI jU yUJl i^ilU . P = Ae"" y. y^, JSLi, 5JJUJI V U» 
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H = jf A,-* = A J* e~" dt = A [-le-'l = (.-) [ 



- rm ) —7 (•-"-«) 



ft. 

SJJUJI Jj_>u> jjS^. LsJjp olji- SJuJ JS" jij; j-jji 10,000 jUJ SJUII i«— aJI (a) 
J-J* j'slji 3000 j-JLJ i—^-lj (ii) . (12.7) fl-Ai^lj olijl S;^~j JSLsu i_ 

. ol 4 S-uJ i 

EXAMPLE 12. (a) The present value of $10,000 to be paid each year for 5 years when the interest rate is 
compounded continuously is calculated below, using (12.7), as is (b) the present value of $3000 at 6 percent ir 
4 years. 

(i _ «;-o-o8(S) = ,25,000(1 _ ,-»■<) 

: 125,000(1 -0.6703201) =$41,209.99 



12 Jb> 

8% 



P* = - 



(« 



/>„ = |222 ( i _ «-«•««>) = 5o,ooo(i - 

P„ = 50,000(1 - 0.7866279) = $10, 668.61 



Consumer's and Producer's Surplus gajl JaS\ij d lift^J t ^afti 12.11 

U^ii yj 0jSV__JI yj^. ^1 iil^JI jU-Vl (l2-5)(a) JS^iJI ^ US' P=f(Q) yJJJI «Jb 
^_iJo t ^Stlft - .- ...ftll £_-a>- j»Ls (Qq, Po) -Up Jj^-JI 03UJI ti^i • 4*UJ! iii^> oUaS" JjU« 

^JL-ajs-I LJ -ip Jj— UaJJ . Uj . Ua . 7 ,...,...» yu- iwUJI *lj-i 0j^i> U>t5* ^.iJi J^SIU^JI 0U yt«JI ^^^4) 

Jd^l jiili = / C ° f(Q)dQ - QoPo 
Jo 

P p 



(12.8) 





(12-5) j£i 

4^1^. oL-^f 0j=«zuJI jiyv- Uju* <_yJI jU-Ml Ji»i (12-5)(/>) JSLiJI ^ US' P = g(Q) ^yJI S!bj 
Po J-si jU— i jj^j-jJI j-pljJI j***^ ols (fic^o) Jj-JI jjUr li^s . J*1_JI 
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: Ols lliLuj . iUJi^JI S^LwJb jj^j gaJI j,-;.7;,,» ^ISUJI JU^-J ^ jJLj . OjJLj™- 
g^u^U =Qt>Po- J°°g(Q)dQ (12.9) 
.12.11 j 12.40 JiL-Jlj 14 j 13 lUiaVl jiil 

jiili op />o = 29 j Q 0 = 9 vSj-ll OljjJ *i! Ci^Uj P= 110- ^JUI JJb cJ*>f IS) : 13 Jli» 

: ^ US' (12.8) .Iji^-L jju, ,iUUwJl 
EXAMPLE 13. Given the demand taction P = 110 - Q 2 and assuming that at market equilibrium Go = 9 and 
= 29, the consumers' surplus is estimated as follows, using (128): 

iiU«a-JI jilli = f (UO-Q 2 )dQ-(9)(29) 
Jo 

= [U0G-^e 3 ] 0 -261 

= (990 - 243) - (0) - 261 = 486 

jiiLS Op = 81 j go = 3 Jj_JI Ojljl Ju* *ii Ia^xm /> = (G + 6) 2 aii cJ^I lij : 14 JlS» 

: US' (12.9) flJi^l jji gtuJI 

EXAMPLE 14. Given the supply function P = (Q + 6) 2 and assuming that at market equilibrium Go = 3 and 
Po = 81, the producers' surplus is estimated as follows, using (12.9): 

ga«JI ^iSli =(3)(81)- /" (fi + 6) 2 <iG 
^o 

= 243-[J(e + 6)'] 0 
= 243-J[(9) 3 -(6) 3 ] = 72 
. 12.41 J\ 12.28 j5l_JI jJait ttjaaj ijJL*^ oUi-Li' J*-t j,j 

Indefinite Integral iJbwJl j^P J*l£s)l 

^j-SU.tt^i.ji^ jftll Jili-^ili^ JjUll ^ UUI SiO^JI > o^lSiil jLj-jt .12.1 

. J^lSUll ^jUo d 7r . - , M ,.o J I 

12.1. Find the following indefinite integrals. Check the answers on your own by making sure that the 
derivative of the antiderivative equals the integrand. 

< a > / 8d * (1 S4*li) 

j tdx = Sx +c 

<*> J~ 16dx (8jiu.li) 



J -\<$4x = - 1 \6dx = -\6x + c 

(c) j X s dx (3 SJP is) 

W J j;dx (3 iJ*Ui) 

(e) J 2U 6 ^ (6 j 3 SJpIS) 

j 21x 6 <<x = 2l J JT 6 dx=2li -^ 7 +c = 3i 7 +c 

(f) j <35* 4 - 8* 3 ) dx (7 j 6 j 3 

J (35/ - »x 3 )dx = yx 5 - j* 4 + c = 7-r 5 - 2x" + c 
(S)' j -JZdx (8 j 3 8J*IS) 

/-^ = -/^ d ^^ + c = -|^ + c 
(A) J 6«~' "dr (6 j 5 sjpIS) 

| 5 ' dt = 6 (-ij) e" 1 ■* + c = -4 e -' ■* + c 
(i) j20e ,3 *dt (6j5SJ*li) 
y 20 e ' d( = 20 ,1-2* + c _ I6e' "' + c 

(J) \\ dx (6 j 4 iOtli) 

y ^dx = J 2x'' dx = 21n |jc| + c = tajc 2 + c 

12.2. Determine the following indefinite integrals. : SJUI 5iJt>»Jt o>Ul5iJI jjb- .12.2 

(a) y 15e' /4 d( 

y 15e" 4 it = y IS*'" 4 ** = 15 [JLj C <" 4 " + c = «te</ 4 + c 

(ft) y J 2 ' 3 .** 
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(c) 



f- 
J -fx 



w f 9 ? i> 

(«) j ■JT+ldx 



| £ A = 1 9,-" A = 9 (-L) r» + c - -3,~ 3 + e 

y 77+7 dot = j{x + 7)" 2 = ~^{x + 7) 3 ' 2 + c 
= h x + 7) 3/2 + c 



J 7^g^ = y (Jt + 8r'</* = ln|i + 8| + c 

(«) J4(.x-m- 2 dx 

y 4<* - IS)" 2 ** = 4 (at - 18)"' + c = + c 

(A) y(« 3 + 5f" + 3e-")<// 

CoU £ 3 6! 

y (e 3 + 5l 4 + 3t-«) dl = e'l + i>-l e -" +c 

ifijjbJI A^JI ji (coli *) F(0) = i ^sajJI i^iJI c-Ut \i\ JUI ,y JS3 iixiJI ^jSU. .12.3 

. (a*0 C^) F(a) = ifc 

12.3. Find the antiderivative for each of the following, given an initial condition F(0) = k (a constant), or 
a boundary condition F(a) = k (a ^ 0). 

(a) JdSx^ + Ux'^dx 

. F(0)= 19 ^.01 -M 11 'M 

y (25* 1 / 4 + I6x l ' 3 )dx = 25 (j) X s " + '6 ( j) * 4/3 + * 

= 2to 5/4 +12* 4 / 3 +c 

19 = 20(0) 5 ' 4 + 12(D) 4 / 3 + c F (0) = 1 9 Jopj 

fW = 20t 5 ' 4 + 12i 4 ' 3 + 19 

(6) J(16e 2 ' + \5e-*)dt 
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. F(0) = 9 ^JuJI -trill O-Ut lij 
Jc^ 21 + 15t" 3 ')rfr = 8c 21 - 5iT 31 + c 

9 = 8e 2<0) - Se~ m + c F(0) = 9 JLu>j 

9=8-5+c c = 6 e ° =1 j) >i^J 

F(<) = Be 21 - 5e -3 ' +6 f* i>"J 

(c) J{4x-'+Sx- 2 )dx 

■ F(l) = 3 jjjJbJI iyJI c~i*i li) 
J (4j- | +5jt- 2 )<<j=4ln|x|-5x- 1 + c = 41n*- j+c 

3 = 4lnI-Y+c F(l) = 3 J^j 

i = -S + c c = 8 In 1 =0 J | 

fW =41hj:- j +8 (<->' a»J 

Definite Integral i-b-wJl J*t£sJl 
12.4. Evaluate the following definite integrals. : 5JUI sjj»JI o^W&H jJ» .12.4 

(a) J 3x 2 dx 

f> .5 

y 3-t 2 «ii = x 3 | 2 = (5) 3 -(2) 3 = 125-8 =117 

(ft) j'-36x- 3 dx 

r 3 

-36x- 3 dx= \»x~ 2 \ = -^--^ =2- 18 = -16 



y „, -i ,., -ii 3 i« is 



ll O) 2 <1) 2 ' 



A -J* 
(d) J\x~ l dx 

J XlyfUdx 



r 49 jtr r 49 .49 
I *~" 2 <" = 2 *' /2 |, =2V49-2V^ = 8 

^ 3^-'rfi = 3hiJt|* = 31ii8-31nl =31n8-3(0) =31n8 

jf 12VJrfjt = jT 12t l/2 di = &t 3 / 2 |' 

= 8(9) 3/2 - 8(4) 3 ' 2 = 8(27) - 8(8) = 152 
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12.5. Evaluate the definite integrals given below. : Sj-L>~cJI o^LotSiJI jSi .12.5 

(a) J (9x 2 + 4x)dx 

/2 
(9x 2 + 4x)dx = [3x 3 +2x 2 ]] 

= (3(2) 3 +2(2) 2 ) - (3(1)' + 2(1) 2 ) 



j\ixW+*x-W)dx 

J\llx l » + Ax-" 1 ) dx = [6x*» + 6x 2 ' 3 ]\ 



= 6[(8) 4 / 3 + (8> 2 / 3 ]-6[(l)</ 3 + <l) 2 / 3 ] 
= 120- 12= 108 



(c) jf'«' /3 rf( 

(</) f l 20e-"dt 
Jo 

(e) f(5 + x?dx 
Jo 



f\" 3 dl = U'lA 1 = 3e" ! - 3e" = 3( e " 3 - 1) 
Jo to 

f 20«- 3 ' dl = -4*- 5 '|' =, -4c" 5 - (-4*°) = 4(1 - e~ s ) 
Jo lo 

r 2 a 

^ (5 + J) 2 ** = J (5 +*) 3 | o = J [(7)' - (5)'] = J(218) ~ 72.67 



Properties of Definite Integral JA**Jl J^lScdl ^Us^ 
12.6. Show Jj6x 2 + lSx)dx = ^6x 2 + lSx)dx + j\6x 2 + lSx)dx. : ji e-ii .12.6 

y\fa 2 + 18i)<ijr = Qx 3 +9x 2 )^ = 135 - 27 = 108 

f0 „ 
y ^(6* 2 + lSx)dx = (2x 3 + 9* 2 )| ^ = 0 - 27 = -27 

J (6x 2 + lSx)dx = <2* 3 +9* 2 )|* = 135 - 0 = 135 



-27 + 135 = 108 



: o'\ c-jI .12.7 

12.7. jf 5 (5x + ,-'/*) = ^'(5* + x-'^dx + f\sx + x-" 2 ) dx + j"(5x + *- " 2 ) dx. 

f 2S j25 

/ (5x+J:- 1 ' 2 ) 1 fJ^ = (2.5J: 2 +2x , / 2 ) = 1562.5 + 10= 1572.5 

JO ^ lo 

/ (5.r + x-'^dx = (2.5* 2 + 2* V 2 )!' = 202.5 + 6 = 208.5 
Jo lo 

Jf (5l+x-" 2 )dx = (2.5ol 2 + ic , / 2 >| 9 =648 - 208.5 = 439.5 
Z -25 .25 

/ (ir +*-'/*)</* = (2.5x 2 + 2x" 2 ) = 1572.5-648 = 924.5 

/if Il6 

208.5 + 439.5 + 924.5 = 1 572.5 

Area Between Curves Ol.-.-».:Jl ^ i>-L~Jl 

: Si-L^JI Sjsill j oU^JI ^ a^l_Jt jjj (fe) . aJLJI JljjJJ ^iUI JSjsJI (a) .12.8 

12.8. (a) Draw graphs for the following functions, and (A) evaluate the area between the curves over the 
stated interval: 

yt=S-X 2 j >2 = -Jt + 6 x = 2 J\x = -\ \y 

. (12-6) JsXaII >il (a) 
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(12-6) j£i 

^ y, = 8 - j: 2 J5U. ^ sjj^JI ^*JI c^; i~L-JI ^ lyijjl S^L-Jli (12-7) JS^sJ! v (b) 
x Jl * = -' yyi = -x + 6 J5U- sjj^JI ^j^JI c^r S^L-JI tUsli . x = 2 J\ x = -l 

.- jj~JI J.lSiJI ^U- j.|ji»^,L . = 2 

A = J (t-x 2 )dx-j {-x+6)dx 

A = j [(S-x 2 )- (-x + 6)] dx (12.4) 
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/2 , 
(-* 2 +x + T)dx = [-Ji 3 + \x 2 +2x] 

A = 3^-(-U)=4j 

12.9. Redo Problem 12.8, given : 'M (12-8) J vj^ 1 J! £J>^ 12 - 9 

y,=6j V2 = Jt 2 -3 """ I = V! I= " 3 i" 

. (12-7) JjCiJI >l (a) 




(12-7) 



(6) A = J* 6dx-j (x 2 -3)<te = f ^-x 2 + 9)dx 

.4 = +9*]', = 18- (-18) = 36 

12.10. Redo Problem 12.8, given : oJ^i li| (12.8) S)t_JI ^ VJ 1UJI ^jif-jllj .12.10 

y,=5i + 20j y2 = 30-5x 2 *= 1 J\ * = " 2 j* 

. (12-8) JSLiil >>( (a) 
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(f>) (30 - 5x 2 )dx - J (Sx + 20) dx 

A = j (-5x 2 -5x + 10)<ijt 

^ = H* 3 - §' 2 + 10*) \[ 2 = = = 22.5 

12.11. Redo Problem 12.8, given : o-Lti lil (12.8) SJ t — oJ 1 J VJ IUJ1 f^*-^ .12.11 

y, =4x ! - 8jr + 7 j v, = -Sx 2 + 10* - 3 ' = 2 ' = » j- 

. (12-9) JSLiJl >1 (o) 




(12-9) j£i 



(*) A= f (4x 1 -Zx + T)dx- f (Sx 2 + Wx-3)dx 

Jo Jo 

-4= / (9* 2 -18* + 10)<*x 
Jo 

,4 = (3x 3 -9x 2 + 10x)f = 8-0 = 8 

lo 

. SilwJI Sjiill yi oU^JI i-UJI jji (ft) 3 SJUI JljjJJ ,jiUI JSiJI p-jl (a) .12.12 

12.12. (a) Draw graphs for the following functions and (i>) evaluate the area between the curves over the 
stated interval: 




y\=x ^ = 3 * = 5 J\x = 0 

. (12-10) J£aII ^til (a) 



(12-10) JS^ 
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A = j (3-jc)*r + jf (x-Ddx 
" = (^-^)[ + (^-^)|3 



A=*\+2 = 6\ 

12.13. Redo Problem 12,12, given ) c~i*i IS) (12.12) S)L*JI J J\ £j>-J^ .12.13 

yi=o: + 2 yj = 12-1.5* x = 6J\x = 0 l y 

. (12-11) JSLiJI >il (a) 




(12-11) j£a 



(*) A = j[ t (12_1 ' 5,t >-< J: + 2 ']'' I + j[ [C* + 2)-(12-1.5x)]<fa 

/4 = jf (-2.5* + \0)dx + j (2.5* - 10) rf* 

A = (-1.25* 2 + 10at)|* + (1.25* 2 - 10»)|* = 20 + 5 = 25 

12.14. Redo Problem 12.12, given : c~kti lij (12.12) ijL-Jl ^ ,jjlkj| J\ £yrjl .12.14 

y,=6j: ya = 2x 2 - 8* + 12 x = 3 { J\x = 0 c/ , 

. (12-12) JSJiJI jtil (a) 




(12-12) j£i 



(6) /l = jf [(2* 2 -8*+12)-(6i)]d;r + ^ [(6x) - (2* 2 - Sx + 12)] dx 

A = j (2x 2 - Ux + 12) dx + (-2l 2 + 14* - 12) d* 

A = (f * 3 - 7x 2 + I2x) £ + (-fx!*?* 1 - 12*) |' = Sf + 14f = 20} 

12.15. Redo Problem 12.12, given : c-I*4 lil (12.12) 3L»JI J ^jiLJ\ J\ fjz-JU .12.15 

yi = -Jt 2 + 10 yt = -x 2 + 4x + 2 1 = 3^11 = 0^ 

. (12-13) J&ill >il (a) 
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(12-13) JS^S. 

(W A= L [ (_ - c2+i ? )_( - j:2+4jc+2, ] ,,;t+ _( 3 [ ( - jtz + 4;c + 2 )-(- jc2 + io )] d;i - 

(-4* + 8) dx + jf (4x- 8) dx 

A = (-2x 2 + 8*)| 2 + (2x 2 - 8*)£ 
A =8 + 2= 10 

Integration by Substitution JajjxAh JjlScJl 

' Vj-^ J-»l=- J* ifjUa SJUI alljJJ iji^JI jjfc J,l£JI jjjuwJ ^.^cJU J»l£JI .12.16 

12.16. Use integration by substitution to determine the indefinite integral for the following function involving 
a product. Check the answer on your own. 

J&)x 2 (x 3 + 5)*dx 



^^Ls^'^l J^ISUJI jjfl j^-iOl e-i^j ^aj^y^Lj . dx = du/3x 2 dbr jjJI J^tjj dul dx = 3x 2 

. uduldx J\ Sib J\ A\yx~*i 

J 60* 2 (x 3 +5) 4 dx = J 60t J K 4 ~ = y 20u 4 du 

ik~-JI ^^iii SJb ^lAic^-U H ^1 J^l^j A3-Ujj 

J 20a 4 du - 20 • ju ! + c = 4u 5 + c 

i U X 3 + 5 jljUUJL; 

^ 60x 2 (x 3 + 5) 4 <<x =4u*+c = 4(* 3 + 5) 5 + c 

12.17. Redo Problem 12.16, given : c~L*i lil (12.16) S)L-JI Jl £yrj^. -12.17 

y 84x(7x 2 -4) 3 d* 

. J^lSUJL. ,jij.^cJljj . dx = dul 14* ^ duldx= 14* lij u = 7x 2 -4£>j; 

1 84x(7x 2 -4) 3 d* = y SAx.u 3 ^ = j6u 3 du 

j6u 3 du=6- ju 4 +c= 1.5u 4 + c J»l£JI clycljj 

y 84x(7* 2 - 4) 3 i(x = 1 ,5u 4 + c = 1 .5(7x 2 - 4) 4 + c *U 

. iwJdl £jU- JiP Jjkl ji\ iJbJI 3Ij1J iJl^JI ^ J»l£dl JbJ^ jijyislL Jj>1£JI .12.18 

12.18. Use integration by substitution to determine the indefinite integral for the following function involving 
a quotient. 

f 72* 

^ijxJlj . dx = dul 18* |»i ,yj d«/rfx=18*lil a = 9* 2 + 2 j^ijj 

J 4 U - 5 d H =4^«- 4 +c = -«- 4 + c j»tsai flj^b 

/ (J + 2)5 fe = + c = ~ (9j2 + 2) " > + c o^ksi 

= (9* 2 +2) 4+C 
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12.19. Redo Problem 12.18, given : oJ^i lil (12.16) i)L-Jl J ij^lkJI J J .12.19 

i jij^JUj . dx = dul\5x 1 ,yj duldx= l5x ^ lil « = 5j:'-8 

/5^i' ,j: = 5" ,| " l+c = 5 ln l 5x3 " 8 l +c U^U) 

. ji- ^ j^jki' ^yJI JJUI <JIjJJ ij^JI jj- J»l£JI JjJmJ ji/jicJlj J«LSjJI pjiaj .12.20 

12.20. Use integration by substitution to determine the indefinite integral for the following function involving 
a radical. 

J 72* V«* 3 + Sdx 

. uLoMl J»l£JI yi jiijuslly . dx = du/24x 1 pi du/dx = Ux 2 IS) u = 8X 3 + 5 
J 72*V»* J +3<»x = y 72x 2 .VS~2 =3 J u" 2 <iu 

J 72*V8* 3 +5d* = 2a" 2 + c = 2(8x 3 + 5) 3 ' 2 + c J«J«s>kj 

12.21. Redo Problem 12.20, given : c~kM lij (12.20) SiL-JI ^ ^.jiLJI J\ {_yrj^. .12.21 

/ * 

V V6x 5 - 34 

. jiujitsHy . dx = du /30x 4 pi du/dx = 30x" IS) h = fix 5 - 34 ££5, 
/ v^x 5 - 34 / V? 30x« 2j 



J V6x 5 -34 
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aJUI ....J»'', Sj-Vl JMjJJ JJ~JI „fc J.I&J! jU,i ^.j^L .12.22 

12.22. Use integration by substitution to find the indefinite integral for the following natural exponential 
function. 

J 6xt?' 'dx 

. jij^Jljj . dx = dul 6x pi £»j duldx = 6x li) u = 3x 2 £ij> 
j 6xt**dx = J 6»-«"~ = J e"du 

je"du = e" + c >|j!rk} 

y 6xc 3jr " dx = e" + c = e'* ! + c k = 3x 2 ^i^cJ ly . 

12.23. Redo Problem 12.22, given : cJ*4 li) (12.22) 3L-JI J VJ IkJI g^jJlj .12.23 

< jij^ljj . dx = dul 12x s ^ duldx= 12* 5 \>\ K = 2x 6 £*>_}j 

3 y e" <(« = 3e" + c J****" » Wo 

f Xx'e 2 *' dx = 3e" +c = 3e 2 *' +c J*iyd ki 

.* Integration by Parts iij^cdb Jjl£jt 

J-L- l,- 1 * lij^" u^ 1 JljJJI JS3 JJi~JI > J.l£dl jU,.y Sij^l; J^lS^Jl ,.ji«xJ .12.24 

^jjl J-jJI J_j Jiu^d) tjj^i!! JoU- i>-U- ^3 UL lilt JjyUj J ^UJI j« (Jiuj < tJj^J 

12.24. Use integration by parts to find the indefinite integral for each of the following functions involving 
a product. Check your answers on your own, recalling that the product rule is needed to check an 
answer obtained through integration by parts. 

(1) Jx(x-S?dx 

jLi g'(x) = (x-K? j /(*) = * tfyj . g'(x) -i f-uirf jjfMl aijJIj /(x) J _k_oVl JJIjJI 

./W=l 

g(x) = f(x- 8) 3 dx = J(x - 8) 4 + c, 

• (12-6) Ls-Jl ^ «3^TI . 10 JliJI J U»_^ US' l«JUUi jSU+j oi^. c, ^ 
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j x(x - 8) 3 dx = fWjW - J [g(x) ■ f(x)] dx 

^x.^x-Sf-j^ix-Sf-O^dx 
= j(x-g)*^- f ±0c-S) 4 dx 

J *<* - 8) 3 djr = ^tr - 8) 4 - l(jr - 8) 5 + c 
(6) f56x(x + Ufdx 

■ 02.6) J ^j^ly g(jr) = (l)(*+ll) 7 6ij/W = 56 01ig'W = d+ll) 6 j /W = 5& £ J» JJ j 
I" 56*(.r + ll) 6 rf* = 56* ■ i(* + 1 1) 7 - j \±{x + 1 1) 7 ■ 56j dx 
= 8*(*+U) 7 - j 8(* + ll) 7 <i* 

j 56*(* + ll) 6 <i* = 8*(*+ll) 7 -(*+ll) 8 +<: 

■ **- s Z J ^ ^J^' o^ 1 J MI j» jj^JI > J.IS3I jUiV Sij^lj J.isai [.Ji^l .12.25 
12.25. Use integration by parts to find the indefinite integral for each of the following functions involving a 
quotient. 



" Jl 



24* 

ix + iy' 



«(*) = /(* + 7)-'>c/* = -$<* + 7)- : > J\jf (x) = 24 !ilg , W = Cc + 4)"' j /(*) = 24* jvyjj 

/ ^ = /W ■ *(*) - y [six) ■ /'<*)] dx 

= 24* + 7)" 3 j - y £-i<* + 7)" 3 • 24J dx 

= -8*(* + 7)-' + 8 y (* + 7)" 3 dx 

lil 8/(jr + 7)-'</* = -4(A: + 7)- 2 +c -> 
/ (T^4 <" = -M* + 7)" 3 - 4(x + 7)" 2 + c 



(* + 7) 3 (*+7)2 
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• (12.6) yi jij.slly ^(x) = -|( J: + 4r 2 0lj/W = -22 ril^« = fr + 4)- 3 oij /W = -22x t i JJ 
/(^^ ~ 22 * ["J* +4 >"] - / + 4 >" ■ ( - 22) ] * 

= n*(*+4)- 2 - J \\oc.±jxr*dx 
/ (j^' ij: = 11 *( j; + 4 >" 2 + 11 (* + 4 r 1 +< : 

. Js- ^jka- jA\ yui JljJJI ^ JS3 aJ^Jt jj. J^lS^ll jl^J SSj^llj .JteJ .12.26 

12.26. Use integration by parts to find the indefinite integral for each of the following functions involving a 
radical. 

(a) + 
g(x) = f(9 + x) i / 2 dx = §(9 + x)V2 dij f (at) = 30 Til «'(*) = (9 + *)" 2 Otj /(*) = 30a; ^ 

J 30x-J9+xdx = /(at) • g(x) - j [g(x) ■ /'(or)] At 

= 30ar • |(9 + a:)" 2 - j ]l (9 + a;) 3 ' 2 . 3o] dx 
= 20r(9 + xf' 2 -20 j (9 + xfl 2 dx 

ill -20/(9 + at) J / 2 dx = -8(9 + a;) 5 /2 + c jiuycJLj 
y 30atv'9 + a: dot = 20x(9 + *) 3/2 - 8(9 + xf' 2 + c 

J Va7 + 23 

• (12.6) J jiuyollo gCO = 2(a; + 23) ln uij /(at) = 9 li) g' (r) = (ar + 23)- ,/2 oij /CO = 9r j^j. 
jf y=== dx =9x ■ 2(x + 23) 1 / 2 - y [2(a; + 23)" 2 ■ 9] da; 

= 18at(at + 23)" 2 - j \S{x + 23)" 2 da; 

j ;^== = 18*U + 73) m - U(x + 23?' 2 + c 
■ y-Ml JMI <y JS3 iJ~JI > J^LS^JI jUa.y iSj^L J»lSil! r Ji^l .12.27 



12.27. Use integration by parts to find the indefinite integral for each of the following natural exponential 
functions. 
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(a) f(x + 5)e'dx 

: ^.j^JLy s(x) = /<'^ = (" o!j /fcc)=l 015 «'(*) = «" j /(*) = * + 5 

j(x+S)e'dx~U + S)e"- j e* dx 

lit = e* +c j ^jacJtj 

J (* + 5)<r , <fr = (x + 5) e * -*"+<: 

(6) j24x 2 e 6 'dx 
: (12.6) J ^.^Uj «W = i e il otj /W = 48x 6li = J /W = 24j: 2 j^jj 
J 24A 6 * <fr = 24x 2 ■ k 6 * - f He 6 ' ■ 4&r] dx 
= 4x 2 e<"-J txtPdx 

j 24A 6 * dx = 4A 4 ' - [8* • \e<" - J (£e 6 » ■ 8) dx] 

= 4x 2 e 6 ' -\xe<» +f\e<"dx 
= 4x 2 e & ' -\xe b ' + |e 6 ' +c 

Practical Application OULJaS 

ij»xlJI oIjl^-jJI jjip Jiu * . MC = x 2 -6x + 125 ,y> oLiiJI ^J^V iJ»JI JiliJI Jib .12.28 

. x J^suJI c.Ij».jB TC SJS3I oUtsai J^-ji . Ij^ji 280 JsfUJI 

12.28. A firm's marginal cost function is MC = x 2 — 6x + 125, where x is the number of units produced. 
Fixed costs are $280. Find the total cost TC of producing x units, 

TC = juCdx = j (x 2 - 6x + 125)d* = J* 3 - 3x 2 + 12Sx + c 

. TC(0) = 280 : J^lill Jil&JI I^Ju jijJlj 
280 = ^(O) 3 - 3(0) 2 + 125(0) +c c = 280 

TC= Jx 3 -3* 2 + 125jc + 280 f* 0°3 

J-sAsJI JiKJI 6U ^L!l£JI J)b Ji* J^JJ ijbJt JiKJI J!LJ J.l£dl ►lyrj jl*. 4ii Ji^ 

. JjlSiil o;L A iXjL-i' llib lijSs- FC 
oiJL&Jlj MC = j 2 - 5* + 89 ^ iJ^JI JiKdl Jib di c^i* lij TC S-KJI w^S-JlS^JI Jib .12.29 

. Ij-ilji 225 JiUJI 
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12.29. Find the total cost function TC given the marginal cost function MC = x 1 - 5a + 89 and fixed costs 
of $225. . .._ 

TC = y (a 2 -5a + 89)</a = ±a 3 -2.5a 2 + 89a + c 

TC = ^a 3 - 2.5a 2 + 89i + 225 

OaT-^J £^ TC iJS3! SilSill ^ U . MC = {a 2 -jc + 320^ j-^l j»M ijbJI iiKJI SJb .12.30 
t cljto-j 6 lilU i^uJI olJta-jJI xi* oils' lij 

12.30. A producer's marginal cost is MC = ijt 2 - x + 320. What is the total cost TC of producing 2 extra 
units if 6 units are currently being produced? 

TC(8) - TC(6) = jf " MCrfA = jf " (fr 2 - x + 320) dx 

= [^* 3 - £a 2 + 320*]* = 2549| - 1911 = 638| 

• TR jat il^yi . MR = 425 -0.5i-0.15j 2 : ^ oUuJI ^Jb-y tf jtaJ) iUVI ab -12.31 

12.31. A firm's marginal revenue is MR = 425 - 0.5* - 0. 15a 2 . Find the total revenue TR. 

TR = j MRdx = j(425-0.Sx-0.\Sx 2 )dx 
TR = 425a - 0.25a 2 - 0.05a 3 + c 

ilj-iVI *-Jb J) J*IS3I d^l jl^j TR(0) = 0 01i oUj. jj-ji V U-Ut il^l j^j, •j) 4Sj 

. iiU jjj . ^jU llib oLS oja TR JS01 il^l SJb iUu)f MR ^jjl 

TR = 425a - 0.25a 2 - 0.05 a 3 

. MR = 185 -0.4a -0.3a z ^aJI sl^l S!b ji c^It li) TR J£i\ ii^f SJb J^jt .12.32 

12.32. Find TR, given MR = 185 - 0.4a - 0.3a 2 . 

TR = j (185 - 0.4a - 0.3a 2 ) dx = 1 85a - 0.2a 2 - 0.1a 3 

C — J * 'M ^JS olj — -J 9 J! ^tJ-J 5 ^ oUjJI s^Uj ^ grUI yiuyi JKII iUVI Jrjt .12.33 

. MR=270-8a oi 

12.33. Find the additional total revenue derived from increasing daily sales from 5 to 9 units given MR = 
270 - 8a. 

TR(9)-TR<5) = jf MR</a = J (210-Zx)dx 

= [270a - 4a 2 ]' = 2106 - 1250 = 856 
J^v. j^aJ SJ^j 250 J I 5J^j 100 ^ oU^I SiLj ^ ^Ul J\4,-j\ JSS\ .12.34 
. MR= 15 ^jl^JI ilbj iLl53! i-iLJl ^ 

12.34. Find the additional total revenue from increasing sales from 100 to 250 units for the producer in pure 
competition for whom MR =15. ' 



/■250 ,250 
TR(250)-TR(100)= / MRdx = \5dx 
J 100 JlOO 
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= [15jc]^ = 3750 - 1500 = 2250 

7ij\^,i\ j^>.j! . n 1 = -3^ + 80^+140^ j-»i^J I ±>-H i.j^Jl c u_,Sn s)b oils' lii .12.35 

12.35. A manufacturer's marginal profit is ir' = -3jc 2 + 80* + 140. Find the additional profit n earned by 
increasing production from 2 units to 4 units. 

ir(4)-ir(2) = j (,-ix 1 + 80* + 140)dx 

= (-X 3 + 40* 2 + 140*)* = 704 

Jj^ oi o-J* lilj . oIj^JIj oV^II c*oUa L-JS" iliji ^UJI jb-Sl M(() S;UJI ..iJISo' .12.36 
, ol^_JI jjlj. ( J_i~ M' (f) = 75( 2 +9000 ,y ii- Jfl j-sJjjJL SiUJI lJJISj ^ SiLjll 

. ol^l— 6 ^yll ol^i— 4 ^ ^UaaJJ iJISCJ 1 ftL^all i . ij l£j ^>-jl 

12.36. Maintenance costs A/(f) in a factory increase as plant and equipment get older. Given the rate of 
increase in maintenance costs in dollars per year M'(t) = 75/ 2 + 9000, where t is the number of 
years, find the total maintenance costs of the factory from 4 to 6 years. 

M(6)-M(4) = j (75/ 2 + 9000)<Jf 

= (25/ 3 + 9000/)' = 21,800 

. i^Vi oi> — )i j uk. j£ i js^ jiji- ft ayai jj^i i^i^l, ^ j*^ ^ u sjL- .12.37 

0</<8 ^ V"(f) = 300(r-8) y, oI>lJI SjLJI Jiijs ^jJI J.u»JI ji o*J* lijj 

ijL — II J i^Ji (6) j V (() SjU_JI i»J (a) J^jl . 12,000 j» Lfcit J~aAJI j!j 

r Ji^_i (J) j . i^Sfl gjMl olj^-JI SjL-JI J>) i^ij (c) ol^JI J>U- 

. (b) J ^ ji^x) / = 4 ia. ^, JiJJ (a) ^ J=JI 

12.37. A car depreciates rapidly in value in its first few years and more slowly in later years. Given the rate 
at which the value of a car depreciates over the years, V'(t) = 300(( - 8) for 0 < ( < 8, and a sticker 
price of $12,000, find (a) the value of the car V(t), (b) the total amount by which the car depreciates 
in the first 4 years, and (c) the total amount by which it depreciates in the next 4 years, (d) Use the 
answer in (a) evaluated at ( = 4 to check your answer in (6). 

(0) V(l) = j 300(/ - 8>«7 = 150l 2 - 2400r + c 

V(0)= 12000 



V(l) = 1507 2 - 2400( + 12,000 

(A) F(4)-V(0)= / 300«-8)</< 

Jo 



-. (1507 2 - 2400/)* = 2400 - 9600 = -$7200 
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. JjVl jpVl oljjjJI.uj 7200 jljJUj l iU t i' tf I !jL_JI ; 
(c) V(8) - V(4) = j 300(( - 8) df 

= (150( 2 - iWOf)!" = -$2400 

. ij?-H\ oUu-ll ^ j^jj 2400 jIjUUo SjUJI liUji- 

. t = 4 jup (12.10) y.jLS- j^j (d) 
V(4) = 150(4) 2 - 2400(4) + 12,000 = 4800 
V(0) - V(4) = 12,000 - 4800 = $7200 

. (b) ^ US' jDjp 7200 jl-Hu dil^s SjL_JI 
10% SJJUJI Jj*» d& Ux* ol>i-. jo I 5JaJ JT ^jjb 7500 jL*J SJUJI la-Jill .12.38 

12.38. Find the present value of $7500 to be paid each year for 4 years when the interest rate is 10 percent 
compounded continuously. 

'-7 (>-*-"■) 

/. = Z™2{l_ e -<0.!)(4)X {12.7) y> 

0.1 v ' 
P = 75,000(0.32968) = $24,726 j^J«l L, 

7.5% iJjLill Jjuu jj^. Uto o!>- 8 sj^J i^. JT jijb jVjJ 15,000 ^UJ iJUJI iuJI .12.39 

12.39. Find the present value of $15,000 to be paid each year for 8 years when the interest rate is 7.5 percent 
compounded continuously. 

. 02.7) J ^.^cJl; 

15,000 , _ -<O.075>(8)\ 
0.075 V ' 
= 200,000(0.451 19) = $90, 238 

. .sj^JI to SJUI iJUJI obi. ^ JSJ CS cOi^-JI J^M j^-ji .12.40 

12.40. Find the consumers' surplus CS for each of the following demand curves at the level indicated. 

(a) P = 375 - 3C 2 ; Qo = 10, Po = 75 

/So 
f(Q)dQ-Q 0 P 0 02.8)^ 

ytO 

CS = / (375-3e 2 )<ie- 10(75) 
7o 

CS = (375e-e 3 )l'°-750 
10 

CS = 3750 - 1000 - 750 = 2000 
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,•20 

CS = / [350(6 + 5r'] rfS - 12(20) 
Jo 

CS = [350ta(e *^jg> - 240 

CS = [350(3.21888 - 1.60944)] - 240 & 323.30 

. ^J^A\ ^jji-JI -ut SJLJI jiyJI oL^< JS3 PS giuJI jiili jjfjt .12.41 

12.41. Find the producers' surplus PS for each of the following supply curves at the level indicated. 

(a) P = Q 2 + 4Q + 60; Qo = 5,. P 0 = 85 

PS = Q 0 Po- j\(Q)dQ- ( ;2 - 9 ) o" 

PS = 5(85) - / (Q*+4Q+60)dQ 
Jo 

PS = 425 - (j C 3 + 2Q 2 + 60(2) | q = 425 - 391 .67 = 33.33 
(6) P = 5 + Go = 144, P 0 = 8 

PS = 144(8) - / (5 + je l/J ) 

JO 

PS = 1 152 - [5Q + J Q ,r2 ] 0 M = 1 152 - 720 - 288 = 144 

SJU»I Jj'L*j« 

Indefinite Integral i^l jj* Jj>t£xil 

12.42. Find the following indefinite integrals: : SJk!l iij^l ^ o^LalSoJI .12.42 

(a) /(24jr 5 +35x 4 -64jc 3 )</jt (fc) /(to" 5 - j" 3 + S-c" 2 ) rfx 

(c) fiU^'dx (d) fSx-Wdx 

<«) f6Jx~dx (/) /97J^T3</x 

(«) /28e~'- 75 '<i( (A) /j^rd* 

. ^jjJbJI iyji jt ^ju*JI iyJl e~Wi IS) JUI ^ JS0 ijj^Jl 0 5US3I Ji^jl .12.43 

12.43. Find the indefinite integrals for each of the following, given an initial condition or a boundary condition, 
(a) /(16x 3 -21x 2 ' 5 )</jr, oJati lij F(0) = 13. 

(i>) f(lSx 5 +4x- 3 )dx, c-kt! lil F(l)=8. 
(c) /(3x 8 -2^- 4 )^, C~L*i lij f(D = -4. 

(<0 /(28e 4 ' - 18e- 6 )d(, oJtfi lij F(0) = 2. 
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Definite Integral JO^I J*l£jl 

12.44. Evaluate each of the following definite integrals: ■ SJUI »JJ«JI otialSull y> jSi .12.44 

la) fitfdx (») £ 5 -mx-*dx (c) j?2.5x-Wdx 

Id) (e) f?*L _ (/) jfv"* 

(S) S\s-«U-<*dt (h) f^K^dx 

12.45. Evaluate each of the following definite integrals: : iJbJI sjj^I o5Ul£JI jji .12.45 

(a) fil»x + l)dx (6) £(15^ -6*)^ 

W / 8 125 ( fe " 1/3 -^- 2/3 )^ (d) fl 2 20(x-7?dx 

(e) /i a (fa J + 10r+3)rfx (/) / 0 0 - 25 (12f- 3 '-8 e - 2 ')d( 

Area Between Curves OLarJil 

(.LSI j* SJlsJI JljjJI cU^m ^ J£J fcj^JI SjiiJI J oL^*JI a^L-JI ^jjs vjikJI .12.46 

12.46. Evaluate the area between the curves over the stated interval for each of the following sets of functions, after 
having drawn the curves on your own: 

(a)y l = 2x 2 -% j y 2 = -2jc + 4 " = -2 J\ x = -3 y, 

0)3.,= -4** + 64 j j> 2 = 4j:+16 x = 3 x = -4 y, 

Wy, =7^-14*+ 13 j y 2 = -3.t 2 + 6x-2 * = 2Jl * = 0 y> 

(d)y, = -3* 2 + 24* -2 j y 2 = -17j:+68 * = 4^j x = 0 y, 

Integration by Substitution Jaijx&b ( }*\&S\ 

: SJUI JljaJI ^ JS3 jji^I jj. juJbJ ^^cJl, J^lS^Jl .12.47 

12.47. Use integration by substitution to determine the indefinite integral for each of the following functions: 

la) f252xH7xl-l2?dx <(,) f WxHlx* + 19)* dx 

lc) f672xl$x 2 ~9) s dx Id) f - 'J 28 *' dx 

, . , -576x 2 30,4 

(*) / 99*V22x 3 + \9dx 
0) f nOx^e' 6 '' dx 

Integration by Parts SjjsjsJtj Jj>l£s)l 

: ULdl i^j^JI jj. o5U£dl -bJ^J Sjj^L, J.I£Ji pjiuJ .12.48 

12.48. Use integration by parts to determine each of the following indefinite integrals: 

(a) f20x(x+9)*dx (ft) f42x(x-3) 5 dx 
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W 'c*W* .;_ ... 

(?) flxe'^dx („) f 3 2x 2 e*'dx 

450 i^UIt l^lfc6f J MC = ^-lU + 385 ^o^l ^V^liiK s liab ji 0*1* li) .12.49 

. TC JJSUI U&ll SJb J^-jt . IjVji 

12.49. A firm's marginal cost function is MC = * 2 - 1 Ijt + 385. Its fixed costs are $450. Find the total cost TC 
function. 

o\^~j 7 J\ ola,j 4 ^ sUiJI Jbji Ua» iiUi) oljb-j 3 ju* JJS3I iilsai j».jt .12.50 
. MC = 3* 2 -4* + 525 : ^ iJbJI Ul£JI SJb jt c~Jp li) 

12.50. Find a firm's total cost of producing 3 extra units as a firm moves from a production level of 4 units to 7 
units, given MC = 3* 2 - 4* + 525. 

. MR = -0.24?- 1.5* + 660 ^ ^J<J1 Zlb jl c-JU lij sUi»JU TR Jfll jl^l Sib ^.ji .12.51 

12.51. Find a firm's total revenue TR function, given the marginal revenue function MR = -0.24* 2 - 1.5* + 660. 

C^U li) sj,j 12 J\ olj^j 10 y, oU-^JI SiUj y J^j- jill ^uyi JKII aUyi jju1 .12.52 

. MR = 104 - 6* Oi 

12.52. Estimate the additional total revenue received from increasing sales from 10 to 12 units given 
MR =104-6*. 

. 0 S f£6 V'(() = 250(r-6) j^p ^jJI J>U ^j, ^jp 6000 oljl_JI .12.53 

. s^Vl A*s!l ol^JI J (ft) j Jj'KI o«l o)>lJI ^ («) i^UJJ ii^uyi ^ j^-ji 

12.53. A car worth $6000 depreciates over the years at the rate V'(/) = 250(( - 6) for 0 < I < 6. Find the total 
amount by which the car depreciates in (a) the first 3 years and (ft) the last three years. 

. P = -6* 2 + 275 l y» v JIJ!ilboic~Ji* lij P 0 = 125 j *„ = 5 ju* JJJ^JI jiili .12.54 

12.54. Find the consumers' surplus at *n = 5 and po = 125, given the demand function p = -6* 2 + 275. 

• /> = °-15* 2 + & + 30 Ly » a i^jmboio*JU li) P„ = 83.4 j*b = 6 JU* ga*JI ^li j^-ji .12.55 

12.55. Find the producers' surplus at * 0 = 6 and po = 83.4, given the supply function p = 0.15* 2 + 8* + 30. 



(a) F(*)=4* 6 +7* 5 -16* 4 + c 

(c) F(*) = 12* 7 / 4 + c 

(e) F(*)=4* 3 ' 2 +c 

te) F(/) = -16e-'- 75 '+ c 

(a) F(*) = 4* 4 - 15*" 5 + 13 

(c) F(*) = i*«+2^-3_ 5 



(ft) F(*) = -2*-" + \x- 2 - 

(rf) F(*) = 12* 2 ' 3 +c 

(/) F(*) = 6(*-13)'/2 +c 

(*) F(*) = 51n|*-6|+c 

(ft) F(*) = 3* 6 -2*" 2 + 7 

(d) F(()=7c 4 '+3c- 6 '- 8 
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12.49. 
12.50. 
12.51. 
12.52. 

12.53. 



.a) F(x) = 3*^ = 189 
[64 

) F (*) = Si' /2 | 4 = 30 

) F(*) = l* 2 / 3 [ ? = 7.5 

(J) F(*) = 7<r 6 '|° = 7(l-e 3 ) 
1-0.5 

.5 

.a) F(*) = (4* 2 + 7*)| 2 = 105 

c) F(^) = (6jc 2 / 3 -3a 1 / 3 )|^ 2S = 117 

«) F(*) = Qx 1 + 5* 2 + 3*) |^ = 44 

a) /'(x) = (-§x 3 -^+12x)|^=41.67 

c) F(*) = (3^* 3 -10* 2 + 15*) £=16.67 

,2° |4 
[d) F(*) = (x 3 - 2Q.SX 1 + 70x)j o + <-* 3 + 20.5ji 2 - 70x)^ = 

) F(*)=4(7* 3 -12) 3 +c (b) F(x): 

[c) F(*)=7(8* 2 -9) 6 + c (</) F(x) 

,e) F(*)=6(8* 3 + 13)- 4 +c (/) f« 

(«) F(*) = y/9x* - 5 + C (A) F(AT): 

) F(*)=8e 4 '' -l-c 0) F(x). 

a) F(x)=4x(.xi-9) s -l(x+9f+c (*) F(Jt) . 

c) f(j) = -9*(* + 8)" 4 - 3(* + 8)" 3 + c (rf) F(*) : 

) FW = 12Kx + 13)'/ 2 -8(jf + 13) 3 / 2 + c (/) F(*) 

j;) FW=7«- ! -7«"- j +c (A) F(JC)> 

TC = }* 3 - 5.5* 2 + 385* + 450 

|7 

TC = (X s — 2* 2 + 525*) = 1788 
U 

TR = -0.08* 3 - 0.75* 2 + 660* 
, I 12 

TR = (104* - 3* 2 ) = 76 
1 10 

,3 ,6 
(a) (125; 2 - 15001) =-$3375 (fr) (125l 2 - 15001) = 
10 13 

CS = (-2* 3 + 275*) I' - 625 = 500 
10 

,6 

PS = 500.4-(0.05* 3 + 4* 2 + 30*) = 165.6 
10 



(*) 


F(*) = 


If- 


w 


F(*) = 


8!n*| =81n7 


(/) 


F(*) = 


lSc" 5 ^ = 15(e 2 ' 5 - 1) 


(*) 


F(*) = 


lO* 3 ' 2 ! 36 = 1520 
1 IS 


(» 


F(*) = 


(5* 3 -3* 2 )| =244 
12 


(d) 


F(*) = 


1 12 

5(*-7) 4 =3120 
II 


(/) 


F(*) = 


,0.25 

4( £ - 2 '_ e - 3 ') =0.5366564 
10 


(») 


F(*) = 


(-4.* 3 _ 2* 2 + 48*) | 3 ^ = 228.67 



: 1.5(3*" + 19) 5 +c 
= -2(5* 4 -18)- 3 +c 
= ln|6* s -2l|+c 
= (22* 3 + 19) 3 ' 2 + c 
..-5e-*'+c 

-. 7*(* - 3) 6 - (* - 3) 7 + c 
= 9*(*-7)- 2 +9(*-7)-'+c 
= 30*(* + 21) 3 ' 2 - 12(* + 21) 5 / 2 + c 
- Sx V* - 4*e 4 * + c 4 * + c 



Calculus of Multivariable Functions 

5.1ir..„.gJl Ol jJiaJt iJLhJt* Jl jjl 13.1 
Functions of Several Independent Variables 

Oi UJLkj . y-f(x) Jia J^j Jjcu~* Olj Jij-ij Sjjvaia C*ilS* yiUilj J^iiJl ^9 iic^UJl 

Jijs-ta. JljjJI yi ii-L. JJjJ Jii_. _ B JCu y, jS\ i_Jkn- ijUaa-ifl ikilVl JOJuJI 

yj z —1 iJ^lj i«J> oj>j bj j, .,l«7,.,» jjj^i^J Sib y* z =/(a:, y) j|j ooyully . _^S"i ji j .l»v,.,» 
y < x j £jl_y jj-ta z jtj OjUoll jvi' U! USjj . / (x,y) SJuiiJI ilJ*S!l ,y jrjj JS3 / JUj 

c()') = 305 + 9>' y» ^^JXi-abjyiJ_Jlga-jcW= 125+7* y» l«silfc flbj * WUI gar ilsn : 1 Jli* 

: yij. us - i** ^1 jsu* .Uijj ysoi ^iJisai oji ip>ai oyisai 

EXAMPLE 1. A firm produces one good x for which the cost function is Cfct) = 125 + Ix and another good y for 
which the cost function is C(y) = 305 + 9y. By adding individual costs, the total cost to the firm can be expressed 
simply as 

C(x,y) = 125 + 7jr + 305 + 9y 
C(x,y)=430 + 7* + 9y 

: J*-£i' oIj^jccaJI o'JJjua JljjUJ l?>*-^1 SAiaVlj 
f(x,y) = x 2 +5xy + y 2 
Q(K, L) = -2K 2 +7»KL- 3L 2 
x J^U- y = 4 . jt = 2 Jl. y j jr J S^u jvJ Jtip jj^S' ui jSU* cj\jJo*1\ SiJUi. JljjJI : 2 JlSo 

. 1 JliJI ja JljjJI fl-A^k^Lj . Sj^oPjaJI j^-JilL; y j 
EXAMPLE 2. Multivariable functions can be evaluated for specific values of x and y, such as x — 2, y — 4, by 
replacing x and y with the desired values. Using the functions from Example 1, 

C(2, 4) = 430 + 7(2) + 9(4) = 480 
/(2,4) = (2) 2 + 5<2)(4)+(4) 2 =60 
C(2, 4) = -2(2) 2 + 78(2)(4) - 3(4) 2 = 568 

Partial Derivatives iJj*Jl oUaJUJl 13.2 

0' jt -t) ,.,..11 olj^^JI Jb-i yi jjcJI jj I y.lJ J^i y. z=f(x,y) Js» oljJixJ! S)b c~i*4 lil 
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( C>\ jjttjl iiAxu Jlj-lJ! JjpUl ) jJS* dJlill J-jaill 



. J ay ... a ajs-*-* ^-=ry3 • *T?y*^\ ■itfy.»rtU Jl isrUtj Ui^s (z) ^jbJ! ^^JljcsJI J*- 

c-^Sjj . iatf y Jiay Ujop ^ J] 2 J Ja»JJI j;iJI Jjlw x J! iiL; z J iJj;?J! i&wdli 

: J, US' . z, ji/, , z, ■ £ >f x (x,y) ■ 3/7 3.1 , dzldx : SJUI jj^JI J^t 

3z , : „ + 



3x A*-»0 



(/i.ia) 



<-^Sjj . i^U Jiaj' UjJLC y J I 4~~JL Z J Jjbta ^j— ai' y J I I~uJlj Z J i^^il i£LS*JU J^JUj 

: Ji US' jyjj . jj ji/ 2 . z y , / r , f y (x,y) . df/dy , dz/dy : : JJUdl jj-JI Jta-t, 

ji= Mm /<»■> + Ay) -/fr.y) a 
by A,-o Ay 

tjUc-U Ji^_JI j^JLiJI JjU: Ui^j JJuL-JI ol_ r JtiJI J^S) L—Jl, S)'- 1 ^ S^J^J! lisAjl jUv.)I 
. 13.8 J| 13.1 JjI_JIj 4 j 3 ik.'Jl jkl . J^UdJ JoUII j*U«)I jjkj llu 

: Jj. US' OJt»-j z = 8* 3 y 5 J*» *!IjJ SJjsJI oUciJI : 3 Jli» 

EXAMPLE 3. The partial derivatives of a multivariable function such as z = 8jr 3 y s are found as follows. 

. j*j JjUJI Uufti <uw>j J^U- ^ cobs' y Jl»J1 ,_UUv .v Jl iu-uJl; J-^Uj Ujjlc (a) 

* = [8y']V 

= [8y 5 ].3^ 2 

! ^^Lp »_-j^JI ojUI_3 i^piit «Uj J^t>*jj JjjUxJ! aJUx- L? iLj - t^/^**-!! cotall oi 
|i= 2x =24xV 

i>-t_i jvJ- j^-jii ^ c^Uil ,y ojUS' .v jbJI JjUl y J) iLJlj J^U Loj^j f» 

: y J I iax^Jt 

z = M-y 5 

:h-ki-^>' 

= [8x 3 ]-5y 4 =40«V 

EXAMPLE 4. To find the partial derivatives for ; i]|jJU iJ^JI olixijl JUfjt 4 Jli« 

2 = 12t 4 - lO^y 3 + 15y 6 
• c^lji- Ljii ^U! Jp UU'.Jj ^-ji ^ y jjJa- ^ jt S™JL J^U U±lp (a) 
z=12/-[l0y 3 ].v 2 + [l5y 6 ] 



( Of jJcuJt diJMA Jljjjl J-^liJ ) jJ*p dJtiJl J-aaJ* 



| = £ (1 v,- M .£^) + ±[i 5 /] 

= 48i 3 -[l0y 3 ]lt+0' 
= 48x 3 -20ry 3 

j' J} i^-JL J^>Lijj x ijjL^ jlaj^ LuU y J^U; Ujjlp (/>) 

z = [lit 4 ] - [ltor 1 ] /* + 15/ 

= 0-[l0* 2 ]-3y 2 + 90;y 5 
= -3<k 2 y 2 +90y 5 

. 13.1 3L»JI >il 

Rules of Partial Differentiation ^j^l Jj»lisJl JlPljJ 13.3 

— U-Sfl . 9.7 n ill ^ c. ji\ opUll J-iUJI J*lj3 1$) (jij^JI JrfUJI J*lj5 

. 13.45 J\ 13.2 ,y Jjl~JI J toJUy 9 J) 5 ^ iibuMl ^ »tot slLu 

Product Rule >-> T z)\ 3u#lS 13.3.1 

z = «U.)').A(jr,y) : c_kti lij 
(/J.2a) 
(;j.2f>) 

. oy^ll 5apU z = (4^ + 9)(8x + 5y) c-LpI li) : 5 J&> 

EXAMPLE 5. Given z = (4* + 9)(8jr + 5>). by the product rule, 

^ = (4jr + 9)(8) + (8* + 5y)(4) = 64* + 72 + 20y 

3. 

= (4x + 9)(5) + (8x + 5y)(0) = 2to + 45 



3z 
8x 


-g(x,y) 


dh 

3x 


+ h(x,y) 


ag 
a x 


3z 
3y 


= g(x, y) 


ah 
a y 


+ h(x.y) 


3g 

a y 



By 

Quotient Rule i*~iJt ^jl^ oJ*li 13.3.2 

A ^'>*° z =f£f 

3z Hx,y)-3gl»x-g(x,y)Sh/a 



dx V>(x.y)f 

3z _ h(x, y) ■ dg/dy - g(x. y) ■ dh/dy 

!>y [h(x,y)f 



(13.3d) 
(133b) 
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( Cj\ jJaJ\ 5jO«m JljOjl J->U3 ) dJliJl J-aiJl 



. jrjU- i-lpls j=(2jt+9)0/(8jc + 5)i) C~kr4 lij ! 6 J&> 

EXAMPLE 6. Given z = (2* + 9y)/(Sx + 7y), by the quotient rale, 
3z _ (8jr + 7y)(2)-(2r+9y)(8) 
»x (8*+7y) 2 
3z 16x + 14y - 16i - 72ji_ -58y 



ix (8x + 7y) 2 (8* + 7y) 2 

3z ^ (8x + 7y)(9)-(2x + 9v)(7) 

8y (8jt + 7y) 2 

3z 72* + 63y - 14jr - 63y 58* 



8y (8* + 7y) 2 (8jc+7y) 2 

Generalized Power Function Rule (jjjaJl i!b sOpIS 13.3.3 

£ = »[«<*. y)r' If 03.4a) 



)]-' ■ ^ 



. 1.UJI jjill 31a «J»13 fljL^L z = (4? + 9y 3 ) 5 c^*i li) : 7 Jl4« 
EXAMPLE 7. Given z (4x 2 + 9y 3 ) 3 , by the generalized power function rule, 
= 5 (4.r 2 + 9y 3 ) 4 • (»x) = 40* (4x 2 + 9y 3 ) 4 
|j = 5 (4* 2 + 9y 3 ) 4 • (27y 2 ) = 135y 2 (4-r 2 + 9y 3 ) 4 

Natural Exponential Function Rule ij«JaJl SjJsM aJ*JJ» S^pIS 13.3.4 

z = : oJ=*i lij 

OX OX 

3y ,1y 

. i*JJl s~.S!i awl 5j*u r ij^u z = e 4 * 2 * 3 oJ^i lij : 8 Jli* 

EXAMPLE 8. Given z = e 4x y , by the natural exponential function rule, 
0 = « 4 ^> J .8xy 3 = fay 3 e*'V 

|i = * 4 *V • 12xV = 12* 2 yV'V 
8y 

Natural Logarithmic Function Rule 3,,,«,.ia,ll ^jujIp jJJl aJIoJI 8ApU) 13.3.5 

z = ln I g (x, y) I : o-kct lij 
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( CjI jJaJ\ i2Jja> JljjJl J-£lii) j^s- itJliJl J-*i!l 



3z 1 3? 

— — = • / (13.6a) 

3z 1 dg 

— = • (13.6b) 

»y gU.y) »y 

. i*JJt S^uUjllI aijJI 8J*Bf.|Jii-l. z = ln 1 3? + VI oJ^i IS) : 9 Jte« 

EXAMPLE 9. Given z — In | 3jc 3 + 4y 2 |, by the natural logarithmic function rule. 

Si I „ , 9jr 2 3z 1 8y 

• 8y - 



3* 3* 5 l-4y ! 3x J +4y 2 3y 3*'+4y 2 ' 3j 3 +4y 2 

Second-Order Partial Derivatives SJliJl S-JjJl 5-5 j^ 1 dtfxJUJl 13.4 

* ' : ... 'l lj Lljj*- lg_UiUi" jwi* jlS ijljjl oi ^yju iJlsJl iuZjil ^ 4?5>>J1 ii^ujl z = f(x, y) c-Japl !SJ 



. 13.10 13.9 



3x3y 



... 13.12 J) 13.11 

. SjJsliJI iJj=JI ifciJI (c) j iJldl iixi/JI (6) j JjVl iJ>JI ioi-iJI (a) J^ji : 10 Jli» 

EXAMPLE 10. The (a) first, (b) second, and (c) cross partial derivatives are taken as shown below for 

z = 4jr 5 +7*y + 8y 4 

(a) z, = i|=20;r 4 + 7y z, = g = 7* + 32y 3 

(A) z„ = g=8<b:' z„ = 0=96y 2 



3 2 z 3 /3z\ 3 , 
-=373T=3;U) = 37 (20JC+W = 7 
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( Cj\ jJc*S\ iiJxu Jljjjl J^>li5 ) kUliil J-^l 



3 2 z a /az\ a , 

OjJi jij J^Udl ioj=JI ife&JI (c) j Visit J-Jj^Jl Sfc&JI (6) j JjSll ajj^JI i&ull (a) : 11 Jli* 

. y = 2 jx=l Jc^ 

EXAMPLE 1 1 . The (a) first, (b) second, and (c) cross partial derivatives are found and evaluated below at x ~ 1 , y = 2 
for 

2 = 2*y 



(a) 


z, = 6* 2 ;y 4 


z, = 8*y 




Zj ,(l,2)=6(l) 2 (2) 4 = 96 "'■ 


z v (l,2) = 8(l> 3 (2) 3 = 64 


(b) 


z„ = 12x/ 


z„ = 24jrV 




z„(l,2) = 12(l)(2) 4 = 192 


z JV (l,2) = 24(l) 3 (2) 2 =96 


(c) 


z,» = ^<6*y)=24jt 2 ;y 3 






z,»(l,2)=24(l) 2 (2) 3 =192 


z„(l,2) = 24(l) 2 (2) 3 = 192 



JiL~JI jJiil . l ^ ! aUL«j olij&— U+Jii ^j y , s - ^ » j-JjsJI j;7fcA»,ll bJf cols' IS) gji. ijkJ l%j 

. 13.12 j 13.11 

Ci\jJoJ\ "hJuoa JtjjJl 2Lk*f 13.5 
Optimization of Multivariate Functions 

j£>^y j! ,_^4i>» ji l£j**> i— J ilji jup z=f(x,y) Ji» ol^iiJI sjJjc^ SJIjJI jjSi 01 J»-i 

(a, i>) Siuu iLii <ii ^ . jb-lj oT tfJ Lj oi v-^h JjVl iJjii o" ^-r^' oU^JI .1 

. (relative Plateau) ^y*— j\ yi^Jt U- Jiip 
o—^rry >ji <-« L*»l^£s (a, i>) i»-j=>JI StiJI jt^. ijbll iojJI ^ iJj=JI oli^uJl jjii- Uj^ .2 

Ji— I Jj^'j ts^-i-Ji s^i^i au ^ a— -jji jji~ai j^i jj d^a- auji (a, 4) 

. ^ftP ul l 4il$JI J jjU^aU 

jJ-iJt gil_JI ji v*W *t-j»JI iifcJt iJlill JjjJI Vj*-" oUxiJJ jjJUJI grLJI 01 .3 

jJ-JC (13-1) JXUI ^ UTj rJ »*JI Jpj . i-yJI 3l,iJ| jop i^iUidl SJj^JI oUfeJUju 

. tjjivJI iLjJIj { y^Ji\ Sj— JI 4J.I4JI Jp jJiO' ^1 jU (a, fe) S<r_^JI SkiJI 
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(13-1) JSLs. 



A = /, = o 
/,,, /„ < o 
/*, • /„ > (A,) 2 



(J AMi*J Ajlgj 

f, = f,=o 

/„ • /„ > (/*,) 2 



: Ji US' oJlill ijjJI Llif jSUi l >.j/ w ./ w = (f ) J 2 01» /„=/,» Oi - £ji JjbJ Uij - UU. .1 

/„./„-tt,) 2 > o 

(fe) j Jj~- jj* OjSj aijJI jji ol.,uyi ^ L»«)/ w j/„ Ujhi- («)/„./„ <(/„) 2 oils' IS) .2 
(13-2) JSLiJI ^ ^ US' (Saddle Point) S^l^ Ska Ji* OjSj' SiljJt OJi iil*^ oljLi) U«) j /« 
SAji X* 0j& U>S3j (j: j^~JI) jjU»»JI Ji^-i ,y jtJ Ujllp iLjj -u* SHjJI OjSj o,>- 

. > jUrf-HI 0l>/„ ./„ = (£/ oils" li| .3 
13.19 j 13.18 . 13.15 JsU-JI jJul Jj^l iUJj . 13.20 J\ 13.13 ^ Jil_Jlj 12 JtuJI >l 
. 13.20 . 13.17 j 13.16 JjUJI >;! jrlj-JI i>UMj 




(£j->) ^'j-J' 

(13-2) j£i 
-J I^.Ui SlIjJI oils' til U ^ (b) 



>j»JI iUJI Jt=-ji (a) : 12 Jli» 



EXAMPLE 12. (a) Find the critical points and (6) test to see if the function is at a relative maximum or minimum, 

given 
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z = 3x 3 + 2y 3 + 9x 2 - 12y 2 -Tlx- \26y + 19 
■JJ'fj -kr-jSj ijl— « If"-*" |^ Jj^ 1 <W j* olfcjuil JU-li (a) 

z, =9* 2 + 18;t-72 = 0 z, =6/-24jr-126 = 0 («7) 

9Ct 2 +li-8)=0 6(/ - 4y - 21) = 0 

9(jc-2)(:t + 4) = 0 6(y + 3)0> - 7) = 0 

x = 2 * = -4 y = -3 y = 7 

■ (-4, 7) j (-4, -3) j (2, 7) j (2,-3) : S^l ilidi 8js«. gjt j~.y lijjj 

■ oljLi)H ,y Ji^j i^^JI jbUJI aip UjjJij (13.7) ,y iJkll Sj_J| ^ ijjJI oli^iJI ii-t (b) 

z„ = 18* + 18 z yy = ]2y - 24 

(1) z„(2,-3)= 18(2) + 18 = 54 >0 z„(2, -3) = 12(-3) -.24 = -60 < 0 

(2) z„(2,7) = 18(2) + 18 = 54>0 z„(2, 7) = 12(7) - 24 = 60 > 0 

(3) z„(-4, -3) = 18(-4) + 18 = -54 < 0 z w (-4, -3) = 12(-3) - 24 = -60 < 0 

(4) z„(-4, 7) = 18(-4) + 18 = -54 < 0 z„(-4, 7) = 12(7) - 24 = 60 > 0 

jl ^S*i, 1 iJljJ! jji (4) j (1) J *jU)I iJ*JI olfcAoJI ^ JS3 iibi^ oljLij j^y UU, 

j/= oljLiJ jjSi U-Ut.j . (-4,7) jl (2,-3) jl* jji*. j\ ( _ J ^k t i™; LUi ju* jjSj- 
oljLs) Oj-Si' Ljjupj . j-I^JI sku jjSj SJIjJIj (£,.) 2 jS\ Ojfc ji jSUj •tf /„ . /„, OJi 
J-— I ^ U^So- jl l> SU i SJIjJI jli (3) ^ US' SJL, jl (2) ^ US' iJlslI oUfa^JI 
-ifLd oll_s)l Ayd! jLd-l Vji w /jSIj (-4, -3) jj* ^J*. ij-w iUi jj*j (2, 7) jj* 

. ■ Jjs>*J 1 ikij iolSLo j Jj* 
. z«(a,6)-z w (a,6) > [z xy {a,b)f ji ^ Jji^ij S^Udl iJj>JI ol«jS*JI JU-ti (13.7) (c) 

ZjJ- =0 Zy, = 0 

z«(a. W ■ z w (a. b) > [z,,(a, 6)] 2 
(54) (60) > (0) 2 (2) jjj 

3240 >0 

(-54) (-60) >(0) 2 (3)j-.J 
3240 > 0 

. (-4, -3) Jj* LJ JiJI J™J| iUJIj (2, 7) JU* ^^wJI i^l iljjJJ BJlill Ajyill ji^j IjljJj 
Jj^xll ALa il^Sllj . (-4, 7) j (2, -3) jj* j-l^l Jka jj* oils' aijJI ji UL. Uj^-jj 

. 13.19 j 13.18 j 13.15 Jjt_J1 Jii\ 
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( Ci\ jJaJ\ 3iO«s» JljJJl Jj»UJ) j^p tiJlaJl J^sail 

gjlj^-'S OlipUwj oO-iJlUiaVl 13.6 
Constrained Optimization With Lagrange Multipliers 

f(x,y) SjljJI C~Ja*t lila . JLJil iw>UJI aijJI ^.i./iY ji i^tuiT J J^iUJI i_>L^~ llii fJirf-j Ot jSUj 

j_i^lJ XJO! j^ij mJ%^j»F SJ;.Ji>- all jijSjr ^^SUj. uts (cot? *) g (a:, y) - k Juil) S*j.UJI 

. i±* *JI aijJI J I ^-LJI «U.I (3) j (gil ^ u»U) A ^ (2) j 

F(x, y, X) = f(x. y) + A[* - »(r. y)J («.«) 

jjj A-iii jj» k- g (x,y) j jj^ii ab ji jjuSii aijji ^f(x,y) j gsij^-H aii A) aijji ^^-j 

^jl_ 0 L-lii A [* - g (x,y)] go'LJI jU l^w> lSjI— J ■cili' iIjo. llsli Xuill U)U»j . yL^li IjjI— 0 j-ij 
SJIjJI j^JiO' L«Jit ,^1 jt 0 < > 0 ■ h *=-^>JI |^ill 1*1 • all i»J) j-ii' K Jl>JI SsUilj fji*» 

I^jw.^ 3-f5lill Sifc—JI olj^JoJI J-f^j S—^ P J ^j^ 1 oUbJUll ii-i Jj> y> UiUu.| ^SUJ 

. LjT IfU-J _ ? ivail ijl— 

F,(x, y, X) = 0 
F,(Ar,y.A) = 0 
F A (i:,y.i) = 0 

Ot^SU, U^Si^ J OJi A [*-*(*,>)] = 0 = A[«(x,;y)-*] ji (13.8) J *ii Ull : St.*. 
£_il ^"s! kjpUifti . jjt^i' ^iy* A S_>LSJ -k& . y jjt J i>-j»*il (*^2il 6ji »-9J^I all ^ c.^' ji "jUaj 
. 13 Jtu jtil . JuxSI Col? ,_,» Ja_J jJci JJ^il all ^"Vl u~if. X 

. aijJI. | ...,l»«,-l gjl^r'if <_«-Li» SAji> »J»^-.I : 13 Jit* 
EXAMPLE 13. Use the Lagrange multiplier method to optimize the function 
z=6x 2 +5xy + 2y 2 

. 2x + y-96 JljJI J»_^i 
. ji^aJJ Ij^L^fl J^l £*J>y. I-V *^ 

96-2*-;y = 0 

. z gii>>-'if aii OjS^J iJ-^ji aii ji Ai^j a _j jlsii |v> j 



Z=6n 2 + 5i>+2y 2 +X(96-it-)>) (13.9) 

', lliT Jfoj jff^ill SjjL*o [qx^jijj Jj^l oUtxia jji-tj .2 

Z,==lir + 5y-2A. = 0 (H/0) 

Z,=5i + 4y-X = 0 (13.11) 

Zi=96-2x-y=0 (13.12) 



. 13.10 ^ (13.11) J 2 c > j* A ok, 

2x-3y = 0 i=1.5y 

- 403 - 



. (13.12) J x= \.5y a^i J^dUj 
96 - 2(1.5?) -)> = 0 yo = 24 

• *b (13.12) ^ y 0 = 24 S*-Ju ^jai 

96 -it -24 = 0 _,t|,= 36 

. (13.10) ji (13.11) J y 0 = 24 j *„ = 36 A iU^V 

5(36) + 4(24) - X = 0 A. 0 = 276 

. (13.9) J J^JI p-iJL J,yt ki-lj 
Z = 6(36) 2 + 5(36)(24) + 2(24) 2 + (276) [96 - 2(36) - 241 
Z = 6(1296) + 5(864) + 2(576) + 276(0) = 13.248 
. z oj+JI SJb JwJU ^U; Z ilia jlS ifjJI ^ill jap ji^JJ juall ^ij jl Ji^H 

jl4_a»( Z SiVjj ^jji- J^. 97 J) 96 y JJI OjU J ayu ^ = 276 ^. *il Ci.t jW* 

. 13.24 J\ 13.21 JiL_JI >l . llyET 276 

Income Determination Multipliers J>jdl UjO^ c»li*L&* 13.7 

: c-Lei lijj . Jj-jJI juJbJ ^ij«jJ Sil^JI oU»UrJI jl&Jl J ,yj»JI jAlfell 

r = c + / c = c 0 + 6ig r = r 0 + /K ig = y-r / = /„ 

oi (4.i9) at_aj (4.52) a^uji ^ j^. uis 

K « = i-b+bt lc " + h ~ hTo) U313) 

^L^i . ^jjJI J_^-b JT J Ij^, 1/(1 -b + bt) ^S3I jL /Ji lj\«Jj . pJlkJI jt Ij^l 

ar« _ i 

3C 0 ~ 1 -b + bt 

iolikjl c^Slj^iil tj^Ukoj 

3Y, -b 



BT 0 l-b + bl 

ar« _ (i - b + fa)(o) - (Co + i 0 - bT„)(b) -fe(c 0 + 1 0 - bT 0 ) 

St (l -b + bt) 1 ~ (\-b + bt) 2 

. jU^VIj (75.75) plainly 

an _ -fcn 

3/ ~~ (1 -b + bt) 
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. 13.26 j 13.25 J5L*JI >il . M/>C ji^ljx-JU ^JbJI J^JI ^ U vjpUiJI , ^V^~ J^-t ,yj 

iUrf^t j 9 jb^l Ol y«ajl aiJUew Jl jjJl Ui»f 13.8 
Optimizing Multivariable Functions In Business And Economics 

U ^- ^^-SM ^— ^vai' oil c- olS'^^Jl jL*— ^l LJ i^ 6_j^xaJI jtii i ...I i-" LjlS^-^l i~iL*JI ^Uaj ^ 

<_*_UaJI 0>^j. LjiJ-lp L^bji — k*y ol J>-l ^j'I ^*lXj<A Ll*j' ^ji' jl ^^^j SjjI£^1II 

P, = 105 - 3d (13.14) 
P 2 =&6-2Q 2 - (13.15) 

: ^ SJS3I iiKJl ab jij 

TC = 2Qf +42,22 + 21 

it = (105 - 32,)2i + (86 - 222)22 - (22? + 42ifi2 + Q\) 
jr = 1052i - 52? + 8622 - 32l - 42. 22 

. i) I jj I ^ .-,^**'; ^ jt-j' 

' r ' = ^- = 105 - ,0 2'- 4 G2 = 0 

7T 2 = ^- = 86-42i- 622 = 0 
922 

. S>-^l ,^1 Of o^UJI J^j 

2, = 6.5 2 2 = 10 

. <tj^ll ^j'^Ji -Kv*^ ij^^ 

7Tl I = —10 7T22 — —6 Xi2 = —4 = 7T 2 i 

. c lyVl ^ ^1 jU-SlI J\j&\ Jl* (13.15) j (13.14) 2 2 = 10 j e^Upi.^ 
7, = 105 - 3(6.5) = 85.5 
F 2 = 86 - 2(10) = 66 

7T = 105(6.5) - 5(6.5) 2 + 86(10) - 3(10) 2 - 4(6.5)(10) = 771.25 

. 13.32 J\ 13.27 j5l_JI >l 



OlydJl4i^_ajiL^V^(j^3wtAj)aJb«^l 13.9 
Constrained Optimization of Multivariable Economic Functions 

L.ju* j_Ji!l J_b ^ j^ccll iiKy Jjji VJ JLkJli P, = 3 j P x = 2 c_kti lilj . Ijtj-s 140 UjJi aJU^-l 

c= 18* 2 -6*>> + 20.5;y 2 

. 2x + 3y = 140 Juaib J^jJLiJI g^ll SJb O^Sj 
C = 18jr 2 - 6*)> + 20.5y 2 + X(140 - 2x - 3y) 

. ±~ J^jJI ^1 i\*<,J lliT oViUJI J^-j i'^bJI oljjiiJJ ^j*- 1 ' *fc^JI j*-tu 

C, = 36* - 6y - 2A = 0 (a/6) 

C, = -6jc + 41;y - 3k = 0 (/J./7) 

C k = 140 - 2* - 3y = 0 (J5.JS) 

. X jjj (7J./7) ^. (13.16) v ^ !- 5 eA) 
-60jr + 50^ = 0 y- l.2x 

. a 3. is) j jij-JLj 

140-2* -3(1.2.t)=0 * 0 =25 
. 13.38 J\ 13.33 ^ J3L-JI Cii >il . y 0 = 30 , ^ = 360 : ji yJU^JI jnyettu 

^bi^U^^ji.OjS' Jlj 5XaJI V&aH\ 13.10 
Constrained Optimization of Cobb - Douglas Production Functions 

^iU-ji . VJ _jr j-lsij Sib <y> iWJI ^L^aUl JJUJI J gjj Jjlk; ^ r 4»tj ^1 SJIjJI 

. Si^^all ojji. 

q = AK a L' (A>0; 0<a,£<l) 

glLJI JJj^ J_i^- a j . J^JI l^S L j JUI ^-ij i^S k j SoUl ol-fc-jlL ^Ldl i^S" 9 Ji»j 

■^jy J-^~ £ J ' i J^' 1% 4~a, K jjiff UjL^ q ^ ^iJI ^^Jii'j JUI J i_JL 

J^U^ A j . iqU' K Jlaj U^o 1% L jjar Uj^ 9 ^ ^jlJI J^JJ S^JU ^LJI 

• iU-' j-U. ^ „- s ^o . SJb 0U a + ^=l cjIS" ISli . t jlA\ f Ji)l ^^^Xo-jSpli^l 

• ? = AK'L'-' (0 < a < 1) 
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( Ol jjfcjl 5iJje» JljjJl J-J>l«J) ji^ CJliil J-a«ll 



£_viiuj a + p >0 oils' lit iUJi July ^LsJ j-iio ce + /J * 1 i±~=- i«UJl ^iU-ji - i-jjS' i)b jl 

. a + p < 1 cJlS" lij SJuJI ^LJuJ ^trf! 

: ,y> i—j*JI ojujj ^a^U-jj tjjf j^UI Slljj 4liJI oto* Jfc ^ J^ju i™«Jj C~kfci lil 

•^sat 0 *! 118 

P K =9 P L =4 B = 450 
e = 3K a 2 £ 08 + A(450 - 9* - 4/-) 

. |^Ja*xJJ "UJ_j>JI Ol S.v.ms.II JU-Lj 

fi* = 0.6K- 08 /. 08 - 9A = 0 (13-19) 
Qc = 2.4A-°' 2 L-°' 2 - 4X = 0 (13.20) 
ei = 450 - 9AT-4L = 0 (73.2;) 

(73.20) J* (13.19) S^_j>j ^jill iiUljj 

0.6K- 0, L 0 * _ 9A 

. ^j^VI ^ i*-~i!l JuP Ail jS'jJCij 

0.25/T 1 /. 1 =2.25 

|=9 L = 9K 

. (i3.2;)^L = 9K,> J .,pcJlj 

450 - 9tf-4(9JO = 0 X 0 = 10 

. (13.21) J K 0 = 10 J* ji-j-alli 

£o = 90 

. 13.42 Jl 13.39 JiUJI >il 

Implicit and Inverse Function Rules 1~~£jA\j JLi»-&Jl JljjJl jB 13.11 

Jljj_ll x SWju a^l^, ^ y jt ^ y=/(jr) ii-*JI ^ JljjJU 4.9 jv_JiJI ^ U-iSU US"j 

j: SJ^-b 'i^\j^> Lj^p jJi J ji l y<cc9/(jr,y) = 0 i^wJI ^ JljjJl Ui . S^^l JljjJl; ^^a-J 
i^i 11 *J |j ^ dyldx ii^JI ju*; ji ,>SU-i S^wJI SiljJI jitljS ij^lwuj . ijWJI JljjJb. JljjJl 
/,. ?! 0 ^J\Sjf(x,y) S_wJI iJljJ! OJ^-j lil ui OjJk- ia*^ill SJIjJI iJs-\Js . x y Jb-ji <ji Ujj 

<j^3 i~U~aJI ijljjl UjLXP i_3 yu' ^1 ilaaj JJP 
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( Ol jjisjl iiJM> Jl jjjl J_i>ti3 ) ^i* liJliil J-^iil 



"<** " fy 

.kJis sj^Ij S_»Js y J SaJ JS" o^ii lil Lis J=y"'0') J-jSU>JI aijJI OU y=f{x) SJIaJI o-kti lil 

^ Q = f (P) isi lijjj . sJl^Mi iiijJi iii. w^iiTj* i-jSU*ii aijji is^> ol s-.jW)i 
6lj dp/dG u» [P=/~'(fi)] aJIjJI rfg/rfp ^ u^Sfi aijJI a-i. oi» sJ^Vi ami 

dP 1 



5^0 («.2J) 
. 13.44 j 13.43 JjL-JIj 15 j 14 ill. Ml >il 
SJUI i^ill JljjJI ,y JS3 dyldx afcJUJI Jn>-ji : 14 J&> 



EXAMPLE 14. Find the derivative dy/djt for each of the following implicit functions: 
(a) 9x 2 -y = 0 



Ay fx 

£2 = _J5i = lgx 
«fa (-D 

ij-! i SJ'i.b y J5U- J^JI ,>» Ji»«sll J+-JI ,y jS^i Ijl^Jj Sk— ^ SJIjJI c-i JiSJj 

. dy/dx = 18x o]3 y = 9x 2 01 UJltj ti^Lo ii^JI 
(b) 5x* -3y 5 -49 = 0 

dy _ /» _ 20x1 4x 3 
<Jjt — /, ~~ -15/ ~ 3/ 

. —f x lfy aJuUaJI iiLi*JI »_^l£« cJL* lljli ^ dy I dx ££l£aJI ji iiy^ 

: yUJI JljjJI ,y J£ ^^Jl tixi. Jtsr-jt : 15 JUt* 

EXAMPLE 15. Find the derivative for the inverse of each of the following functions: 

(a) Q=94-3f> 
iP_ _ 1 
dQ~ dQ/dP 

dP_2 I 

J<? ~ -3 "' 3 

<b) Q = l4 + 4/> 3 

dP 1 1 

d{? = dQ/dP = 12P2 ( p #°) 
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( Ol jJaJ\ 3iJ«* JljjJl Jjsli! ) jU> lUliil J-aill 



First-Order Partial derivatives ^jSh 3-3 jJt ^ SJj^Jl Ol &A jl 

: V'JI JMt Ofjg? olj^l Vj» a* Vj*" olfcAJI -^-ji .13.1 

13.1. Find the first-order partial derivatives for each of the following functions. 
(a) z = 7* 2 - 13*y + 5/ (6) z = 5* 4 + 3* 2 y s - 9y 3 

z, = 14* - 13y z x = 20* 3 + 6*y 5 

Zj, = -13* + 10y z y = 15* 2 y 4 - 27y 2 

(c) z = 8uj 3 + 6uj* + 4* 2 - 9xy - 5y 2 (d) z = 3tu 4 + Iwxy - Ax 2 + y 3 
z„,=24iu 2 + 6* z„, = 12i» 3 +7*y 

z x = 6w + 8* - 9y z x = 7wy - 8jt 

z y = -9x - lOy z y = 7u>* + 3y 2 

: SJbJI JljjJl ,y Jfl JjSil iijl Cr" ^j^ 1 oliiAJI jUi)l (13.2) SbUJI ^ ^y*)! KJ^VS r Ji~J .13.2 

13.2. Use the product rule from equation (/J.2) to find the first-order partial derivatives for each of the 
following functions: 

(a) z = (8* + 15y)(12* - 7y) 

z, = (8*+15y)(12) + (12*-7y)<8) z, = (8* + 15y)(-7) + (12* - 7y)(15) 

z, = 96x + 180y + 96* - 56y z, = -56* - 105y + 180* - 105y 

z, = 192* + 124y z, = 124*-210y 

(6) z = (4* 2 -5y)(3* + 2y 3 ) 

z x = (4* 2 - 5y)(3) + (3* + 2y 3 )(8*> z, = (4* 2 - 5y)(6y 2 ) + (3* + 2y 3 )(-5) 

Zl = 12* 2 -15y+24x 2 + 16*y 3 z, = 24* 2 y 2 - 30y 3 - 15* - 10y 3 

z x = 36* 2 - 15y + 16*y 3 z y = 24* 2 y 2 - 15* - 40y 3 

(c) z = (5tu - 3* + 8y)(7w 2 + 9* 4 - 2y 5 ) 

z„ = (5u) - 3* + 8y)(14m) + (7w 2 + 9* 4 - 2y 5 )(5) 

z„ = 105io 2 - 42io* + 1 VZwy + 45*" - 10y 5 

z, = (5ui - 3* + 8y)(36* 3 ) + <7>» 2 + »**'- 2y 5 )(-3) 

z, = 180u>* 3 - 135*" +288* 3 y - 21m 2 + 6y 5 

z y = (5w - 3* + 8y)(-10y 4 ) + (7w 2 + 9* 4 - 2y 3 )(8) 

z, = -50ioy 4 + 30*y 4 - 96y 5 + 56to 2 + 72*" 

: 5JUI JljjJl ,y JSO JjVl JjJI oUii. jU<V < wj ) *):.UJI j-° *« al j-J^-l .13.3 

13.3. Use the quotient rule from equation (13.3) to find the first-order partials of each of the following 
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( Ol jjtajl iiJjBA JljJJl JjstiJ ) j&* dJlill J-<i«ll 



9*-- 4} 
(9x-4y)(14)-(14jt)(9) 

(9jt-4y) 2 
(9*-4y)(0)-(14jt)(-4) 



(6) 



(9x-*yfl' (9x-4y) 1 
4x 2 + 3y 3 
5x-2y 





(5*-2y) 2 


(5x-2y) 2 


(Si- 


-2y)(9y 2 )-(4jr 2 +3y 3 )(- 


2) 45xy 2 - 12y 3 + 8:r 2 




(5* - 2y) 2 


(5* -2y) 2 




4w + 9x- 2y 






~ Iw - 2jt + 3y 




(7u>- 


2jt + 3j)(4)-(4w + 9i- 


2y)(7) -71*+26y 




(7ti)-2x + 3y) 2 


(7w-2x + 3y) 2 


(7i»- 


2* + 3y)(9)-(4w+9x- 


2y)(-2) 71u> + 23y 




(7ui - 2x + 3y) 2 


(7u> - 2* + 3y) 2 


(7ui - 


2x + 3y)(-2)-(4u> + 9;t 


- 2y)(3) -26to - 23* 




(7i»-2jr + 3y) 2 


~ (7u>-2x + 3y) 2 



. (13.4) SbUJI 

13.4. Find the first-order partial derivatives for each of the following functions by using the generalized 
power function rule from Equation (13.4): 

(a) z = (6*-7y) 3 

z, = 3(6* -7y> 2 (6) = 18(6* -7y) 2 
z, = 3(6* - 7y) 2 (-7) = -21(6* - 7y) 2 
(6) z = (V+9y 2 ) 5 

z, = 5(2x* + 9y 2 ) 4 (8* 3 ) = 40* 3 (2* 4 + 9y 2 ) 4 
z, = 5(2* 4 + 9y 2 ) 4 (18y) = 90y(2* 4 + 9y 2 ) 4 
(c) z = (4ui 3 -7* 5 +8y 2 ) 4 

z„ = 4(4u> 3 - 7* 5 + 8y 2 ) 3 (12ui 2 ) = 48» 2 (4u> 3 - 7* 5 + 8y 2 ) 3 
z„ = 4(4u» 3 - 7* 5 + SjrVt-Mx 4 ) = -140* 4 (4uj 3 - 7* 5 + 8y 2 ) 3 
z, = 4(4» 3 - 7* 5 + 8y 2 ) 3 (16y) = 64y(4ui 3 -7* 5 + 8y 2 ) 3 
. (13.5) SIjUaJI SJbJI :L«~LSI Jljjjj JjVl Jj-jll SJjJI oUxiJI JLfjt .13.5 

13.5. Find the first-order partial derivatives for the following natural exponential functions, using Equation 
(135). 

(a) z = 9c 4 *' 

z, = 9e 4 " • 4y = 36k 4 *' z, = 9e* x > ■ Ax = Sfae 4 " 
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( Ot jjisjl iiJjB» JljOjl JjsliJ ) j-ic viJlill J-aall 



(6) z = e^+W 

z, = c l z »+ 7 )'> . 2 = 2e <z,+7),) z, = eO'+'J) . 7 - 7 c O*+7:>'> 

(c) z = 25e <5 "- 8 * +3 " 

z„ = 2Se (5 "- 8 ' + W • 5 = i25c< 5 "'- 8 ' +3 ) , > 

z, = 25e« 5 »- 8 »+W •" (-g) = -200e (5 "'- 8 * +3 " 

z, = 25e< 5 "'- 8 * +3 > , > . 3 = 7s e <5»-««+3>) 

: aJun i^u^i jijjj) jjSn s^i ^ jjjji 0 u^i (13.6) sJiU^jt f ji^.i .13.6 

13.6. Use Equation (13.6) to find the first-order partial derivatives for the following natural logarithmic 
functions: 



(a) 



(A) 



z = ln|4jt + 9j| 

Z * 4x+9y' 4* + 9y 

~ 4* + 9y ' 9 ~ 4* + 9y 
z = ln|x 3 + /| 



2v 



z = In|u>Vy 3 | 



: sJUll • 

13.7. Use whatever combination of rules is necessary to find the first-order partials for each of the following 
functions: 



(fo + lSy) 4 
■Sx+ly 

ioWl ^^iJl SJta oj^lij io^Jii! ^jU- oJipli plji^L 

_ (3x + 7y) [4(8* + 15y) 3 (8)] - (fa + 15y) 4 (3) _ (96* + 224y)(8* + 15y) 3 - 3(8* + 15y) 4 
(3* + 7y) 2 (3x+7y) 2 

_ (3* + 7y) [4(8* + 15y) 3 (15)] - (8* + 15y) 4 (7) _ (180* + 420y)(8* + 15y) 3 - 7(8* + 15y) 4 
<3*+7y) 2 (3* + 7y) 2 

(9x+4y)Qx-Sy) 



5x-2y 



_ (5x - 2y) [(fa + 4)0(3) + (3* - gy)(9)] - (9l + 4y)(3x - 8y)(5) 
Z ' (5x lyi* 

(5x - 2;y)(27* + lly + tlx - 72jr) - (9x + 4y)(l5x - 40y) 
*"~ <5x-2y) 2 

_ 135x 2 - 108;ry+28u.y 2 
Z '~ (Sx-ly)* 

(5* - 2y) 1(9* + 4y)(-8) + (3* - 8y)(4)] - (9* + 4y)(3* - 8y)(-2) 
Z > (5*-2,.) 2 

= (Sx - 2>)(-72x - 32j. + 12x - 32y) - (9* + 4y)(-fix + 16y) 
*' (5* - 2y) 2 

_ -24fct 2 - 320xy + My 1 
Zy ~ (5*-2,) 2 

(c) 2 = (3x-5j.) 3 (6jc + 7y) 

2j , = (3x - 5y) 3 (6) + (6* + 7y) [3(3x - 5>) 2 (3)] = 6(3* - Syf + (54* + 63y)(3x - 5yf 
z, = (3* - 5y) 3 <7) + (fix + ly) [3(3x - 5j-) 2 (-5)] = 7(3* - 5y) 3 - (90* + 105;y)(3* - 5y) 2 

V.Sx + 4,; 

j'ft oJLplij ileUJl ^^iJI 4Jli ^Ij^wiU 

/ 2*+9AR5*+4,)(2)-(2x + 9y)(5) 1 4x + 18y [ -37y ] 
^5x+4y/L (5*+4y) 2 J 5*+4y |_(5* + 4;y) 2 J 

_ -(148*y + 666;y 2 ) 
Z "~ (5*+4y) 3 

z _ ■ ; /' ^+9y \r (5x+4 / )(9)-(2x + 9y)(4) ]_ 4x + lgy r 37* ] 
Zy \Sx+Ay)[ (5* + 4y) 2 J 5* + iy [ (5x + 4y) 2 J 

_ 666*y + 148* 2 
2 '~ (5x+45.)3 

J!j-A — !i J£J i_^J^ 0* ^.r^' oUziAi! iUo"4 'ijjjj^p Jpl^i)! iij jj' (_£ 1 ^Jiie^i! .13.1 

13.8. Redo Problem 13.7 for the following natural exponential and logarithmic functions: 
(a) z = 7* V> 

J-xjJJI SlljJI SJilsj Vj-^' iJ *^ j-l-li«i-.L> 

r, = 7x 3 • 5ye s "> + e 5 " • 21* 2 z, = 7* 3 ■ 5xe 5 " + e 5 '? ■ 0 
z, = 7* V" (Sxy + 3) z, = 35* V" 

(6) z = ln|3x + 8y| e 2 " 

iy^lijlllj i^Ml JJIjJI Jpljlj i-Jj^' |>l.l««»-lj 
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z, = In |3x + 8y| ■ 2y t *> + <r^ j^j-L- . 3 j = S*> ^<to |3x + 8y |) + j~ j 
z, = in |3* + 8,| ■ 2«^ + «*» (^-L- . 8 ) = ^ ^(In |3x + 8y|) + 



OJtJ! 

*5*+2 



e 5 ' +2 (6y)-6xy(5e 5 '+ 2 ) _ e 5 *+ 2 (6x) - 6:ty(0) 

( e 5x+2)2 z )> - ( e 5x+2)2 



i-x-JJI i^Vl JiljJI SJitUij i^JI j-jU- SJpli j.|ji«^,U 

_ e 5 '+ 2 (6x- 

*» - (e 5x 

_ 6;ye 5j + 2 (l _ e*^ 2 

Z * (e 5 *+ 2 ) 2 1)1 ~ ( c 5*+2)2 

_ 6,(1 -5x) _ 6x 

lx c 5,+2 Z J - J37f2 

(d) z = 6*y,T< 5 * +2 > 

SjjhJJI S~"^ Jlloll »a*l3j ij^I sa*U plai^U . (c) ,jj US' SIIjJI ^ ^ »jj> 
z, = 6xy (-5<r< 3 *+ 2 >) + <T< 5 * +2 >(6y) z, = 6*y(0> + £ -' 5 * +2 >(6x) 

z, = eyc-V+Vl-Sx + 1) z„ = ta~ (5 * +2 > 

_ 6y(l -Sx) _ 6x 

*' e is¥z Z y ~ e S*+2 

Second-Order Partial derivatives S-iliJl AJ^' (>• Vj^' OlaaJUJt 

: SJkJI JljjJI ^ JS3 z„. j z„ ijlill & ^J^ll oUtAJI Jbfjl .13.9 
13.9. Find the second-order direct partial derivatives z„ and z yy for each of the following functions: 
(a) z = 6at 4 - Mxy +4v 5 

z x = 24jr 3 - 17y z, = - 1 lx + 20/ 

z„ = 72* 2 z„ = 80y 3 

(6) z = 7/ - 2jc 3 y 2 + 9*y 4 - 13v 5 

z, = 42* 5 - 6j 2 y 2 + 9/ z, = -4t 3 y + 36*y 3 - 65/ 

z„ = 210* 4 - 12j:v 2 z„ = -4i 3 + 108*/ - 260/ 

(c) z=5nrVy 

z„=15urVy 4 z x =30ioV/ z, = 20w 3 *V 

z»» = 30rax 6 / z„ = 150urVy 4 z„ = 60u> 3 i 6 / 

W) z = (4jc-7y) 3 

Zx=3(4A:-7y) 2 (4) z, = 3(4* - 7y) 2 (-7) 

= 12(4r - 7y) 2 = -21(4* - 7y) 2 
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, =24(4*-7y)(4) 
= 96(4* - 7y) 



, = -42(4x-7y)(-7) 
= 294(4* - 7y) 



iJbll j-^ji - vj^ JM ie^l W V>sJI oL&juJI j^ji .13.10 



13.10. Find the second-order direct partial derivatives z xx and z yy for each of the following Cobb-Dougla: 
functions: 



Zjr =0.1x- M y M 
7„ = -0.09*-'-'/ 9 

z = 2,0^3 

Zj = 1.2*" 0 - 4 / 3 
z„ = -0.48jr- , - 4 v a3 

z = 3x a V 5 

2 , = 1.2x-°-V" 
z„ = -0.72*"' V 5 



= 0.9* 01 y~ 



z y = 0.6*°V 



z, = l.5*°' 4 y- 05 
z„ = -0.75* a4 y-'- 5 



: yui JIjjJI ,y jsu z yi j ^ yj»uji sj^ji oi.fc.*,.».ii j^j! .13.11 

13.11. Find the cross partial derivatives z xy and z yx for each of the following functions: 
(a) 2 = 7x 4 -15*y + 2y 5 

z, = 28* 3 - 15y z y = -15* + 10/ 



(ft) 



z = 8* 3 - 11* V - 6y 2 
2 Jt =24* 2 - 66x 5 / 
2,, = -264*'/ 

2 = 10(9x-4>) 5 
z x = 50(9* - 4y) 4 (9) 
2, = 450(9* - 4y) 4 
z xy = 1800(9* -4y) 3 (-4) 



-7200(9* - 4y) 

7 ■ m 3 r~ 5 u 4 



z, = -44*"/ - \7y 
z yx = -264* 5 / 

z y = 50(9* - 4v) 4 (-4) 
z y = -200(9* -4y) 4 
z yx = -800(9* -4y) 3 (9) 
z yx = -7200(9* - 4y) 3 



z w = 3m 2 *" 5 / 
Zwx = -15u) 2 * -6 / 
Zwy = 12uj 2 *~ 5 / 



r = -5u> 3 *- 6 / 
, = -ISio 2 *- 6 / 
= -20m 3 * -6 / 



, = 4uj 3 *-y 
, = i2m 2 *-y 



-5 z« = z» (<0 »j*JI Ji (b) J\ (a) 0* ^yr'MJ z xy = z yx oi gjji a^ts J 5U- ,y Ji^-Hj 
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( £t\ jJaai\ iiSxu JljjJl Jj»lil) j-i* liJlilt J-jiill 



iJbJl ir iU-ji - vjS" Jl.'ii Cr* v>M*" Vj<JI oUs&JI J^jI .13.12 

13.12. Find the cross partial derivatives for each of the following Cobb-Douglas functions, 
(a) z = 1.25;r 04 y 06 

z x = 0.5x-°V' 6 zj = 0.75*° 4 y"° 4 

2jt , = 0.3*-°V M " ~ ' ly, = 0.3^-° 6 y- 04 
(6) z = lAx" V 7 

z„ = 0.28X -0 8 y 07 Zj, = (WSj"- 2 ?- 0 ' 3 

z,, =0.196x-°'V° 3 h* =0.19&r- 0 ' 8 v _0 ' 3 
(c) g = 2.5Ar°- 3 I a9 

Qk = 0.75AT- 07 £ M (2,. = 2.25«T° 3 L- 01 

e«'L=0.675*:- 0 - 7 £.- 01 Que = OMSK-O^L- 01 

Optimization Multivariable Functions Cj\ aiJxw JljjJl SJi»! 

C' : iji- ; (2) j Ji.t ^ JJIoJI Uj» OjSS ysll «ejS\ iUJI j^j! (1) : J„JWI ^atl SJIjJJ .13.13 

13.13. For the following quadratic function, (1) find the critical points where the function may be at an 
optimum and (2) determine whether at these points the function is at a relative maximum, relative 
minimum, inflection point, or saddle point. 

z = 5x 2 -&x-2xy-6y + 4y 2 + 21 (13.24) 

,\j LiT ol!.sl*JI J»-j ^IjL-jj JjSlI Vj" <>» *a*>?JI oV»-A<.ll ii-tj (1) 

. 13.5 p-Jll ^ 
. z, = 10* - 8 - 2y = 0 ■ (132S) 

z, = 2x 6 • Sy I) (H26) 
x = l v = l (1,1) 

5-^>JI ikiJI jLit ^.Ji- jUu.Ij (13.26) j (13.25) ^ ioUJl Vj" Cr* ^J^JI oUi^uJI is-L (2) 

z„ = 10 z„ = 8 

z„(l, 1) = 10 > 0 z„(l,l) = 8>0 

. (13.26) ji (13.25) ^ ioJ^liJl <L*j»Jl ii^JI Jui-lij . iL^; 
z,, = -2 = z y , 

z„(l,l) = -2 = z„(l,l) 



J~ U»j z,„ . j,, > (z^.) 2 oi ,y -iS'LiJ tlJUll iyJl 
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10 ■ 8 > <-2) 2 

. (1, 1) SLiJI Jut iSy^e > J"!^ *Jl-lJ> 0S» b-l^GSg) 2 ob Za J Z )T >0 j) 

. 2=20 ji (13.24) Jj 

13.14. Redo Problem 13.13, given : c-Lti lil rB. 13 ilL~JI ^ ^^Jl .13.14 

/(*, v) = -7x 2 + 88* - 6xy + 42y - 2y 2 + 4 

/, = -14* + 88 - 6y = 0 03.27) 

f y = -6* +42 -Ay = 0 (13.28) 
x = 5 y = 3 (5,3) 

. (5,3) ^ is-^JI SkiJ! 

. oljLrfl l >2»«Jlj i=Tj»Jl itiJI JL* 1^ 7^ ■< iUulj ijlill i-j'j" Ci" ^'j^' Ol Sv . V in l l -U-t (2) 

/„ = -14 /» = -* 

/„(5, 3) = -14 < 0 /„<5. 3) = -4 < 0 

. S>-_^>JI SkiJI JJ* ly.o.,1 iUjJj (/3.2S) ji (/J.27) i^liJI iJ_>»JI oliiiJI JU-Lj 
f„ = -6 = f } , 
f xy (S, 3) = -6 = ^(5,3) 

(_14).(_4)>(-6) J 

. (5, 3) ju* l/ Ji» ^ jl* aijll ol jiJ^ts. Usji /,,/„■ >tt,) 2 6h /»/»■> 0 ol 

13.15. Redo Problem 13.13, given j oJ^i \i\ .13.13 SJL-JI ^ l_.j1lU.JI J\ £\j=tj^ ' 13 - 1S 

z = Ax 2 + 128* - 12xy + 96y + 3y 2 + 17 

(1) z, =8* + 128-12y = 0 

z, = -12* +96 + 6y = 0 
i = 20 y = 24 (20,24) i^^lSk-JI 

• (20, 24) ^ 

. i>-_^JI SiutJI JL* ioldl iJ_JI ^y. iJ>«JI oLi_iJI jyJ~\ (2) 

Z„ =8 Zyy = 6 

2„(20,24) = 8 >0 z„(20,24) = 6 >0 

. i^y^ ' i ^7*-j *?S& \mj iJljJI *=?j>A\ il_S~l LU* Zjy > 0 J 2 XV > 0 £0J 

*x t = -12 = z,» 
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( Ol jJfcuJl iiAxu> JljJlJl JjsliJ ) liJlall Jwiall 



z w (20,24> = -12 = z„(20,24) 

. cJUJI -L^iJI 

8-6 ^(-12) 2 

. (20,24) ju* J^jikS jup J*ilUilla)luliz„.z, T <fe#db5jLiV l a- ii M % J 5» 01 «S*-,j 
13.16. Redo Problem 13.13, given : oJ*4 lil .13.13 S)L*1I ^^IkJI Jl fjrjl .13.16 

/(*, y) = 6x 2 - 108* + 4xy + 12y - 2y 2 - 19 

(1) /, = 12jt-!08 + 4y = 0 
f y = 4jc + 12 - 4y = 0 

_r=6 y=9 

(6, 9) ^ ifjJI 5UJ! 

(2) /„ = 12 /„ = -4 
/„(6,9)= 12>0 /,, y (6, 9) = -4 < 0 



fiy=* = fy* 
/ v (6,9)=4 = /„(6,9) 



(12).(-4)#(4) 2 

ji Ulfcj . iU; x* Ojfc SIIjJI o.l» f„f„«f v t oij Sib~ oljUJ l«3 /„ j/„ 0! 

.Jlj» SIIjJI coif lij L. jj* (2) j J^JI ilijl J^-ji (1) : SJU1I SJIjJI oJ^i IS) .13.17 

13.17. Given the following cubic function, (I) find the critical points and (2) determine whether at these 
points the function is at a relative maximum, relative minimum, inflection point, or saddle point. 

z(x, y) = 2y 3 - 15* 2 + 60x - 384y + 95 
. yUJl Jj'lll IjJ\ iJjJI oliJx<JI jo-L (1) 

z, = -30x + 60 = 0 (73.29) 
z, =6y 2 - 384 = 0 {13.30) 

. i^JI iUJI jUulu 
-30* + 60 = 0 6y 2 -384 = 0 

J( = 2 y 2 = 64 

y =±8 
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( Ol jJaJ\ 5j.Uw Jljjjl JjstiJ ) yU. dJtsIl JwsiJl 



.(2,8) j (2,-8) : i^JI iUJI 
. JJliJI Vjli Cr° CilisiJI (/i.iO) j (13.29) ^.j (2) 

z„ = -30 2„ = 12y 

z«(2, 8) = -30 < 0 z„(2, 8) = 12(8) = 96 > 0 
z«(2, -8) = -30 < 0 z w (2, -8) = 12(-8) = -96 < 0 

. (13.30) j (13.29) y. S^UJI oUiJUJI J^j! ^ 

2 xy =0 = 2 yx 

- oJl^JI Js^ijl j-^o j»J" ^oj i»- j^J! JsliJI JLie- Uj-Lijj 
z„(o,6)z„(<.,i,)>[z„( <1 ,(,)] 2 A 

-30- 96 <0 (2,8)JL* 

-30- -96 >0 (2,-8) -to 

(2, 8) Jkldl ju* 3|jJI 0J* (2, 8) ju*/„. /,, < </ fl .) 2 oij UJbi- oljUj l»J /„ j /„ 61 

(2, -8) x»UljJI0l» (2. -8) Jo* /„ . /,,. > (f, y ? j /„ , /„ <0 0j Has ju» OjSi 

13.18. Redo Problem 13.17, given : c_L*i li| .13.17 alLjl J V> U*JI .13.18 

f(x,y) = 4*' - 60t>. + Sy 1 + 297 

JjVl S-i^ 1 Cr* ""Ar^ 1 oUii*JI ^> (1) 
/» = 12* 2 - 60y = 0 • (13.31) 

f y = 10y-60i = 0 («J2) 

60y = 12* 2 lOy = 60v 

y=Jjr 2 y = 6* (13.33) 

■ y = y r^y 

- 30.C = 0 
jtU - 30) = 0 
j: = 0 * = 30 



(73J.?) J = 6jr J J£=30 j JC = 0 jiuyaJly 

y=6(0) = 0 
y = 6(30) = 180 
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. (0,0) j (30, 180) ^ i^JI iliJI jli pt j.j 
. (13.32) j (13.31) y> J-JbJI JjjJI j- 0 oliiiJI JU-L (2) 
/„=24x /„ = 10 

/«(0,0) = 24(0) =0 /„(0,0) =10>0 

/„(30, 180) = 24(30) = 720 > 0 /„(3D, 180) = 10 > 0 

. (13.32) j (13.31) y. iyiUJI oUiA.JI ii-t ^ j^j 
= -60=/,, 

f*Aa,b)f„(a,b)>[f xy (a.bjf 

0 ■ 10 < (-60) 2 (0, 0) JJ* 

720- 10 > (-60) 2 (30, 180) -UP 

7200 > 3600 

a-Uyj»/(o, °) ^ <°. o)!UJi j»/„. /„. < (f„f oij obuyi y-u i*) /,, j /„ <tf ^-j 

««— S 1*^^/(30, 180) 0J-» (30, 180) X*f„.f„><f„? oij/„, /„>0 OJ ^-j . Jj~ 

13.19. Redo Problem 13.17, given : c-Lei li) .13.17 J £^1, .13.19 
2 = 8*'+ 96xy - 8y 3 

(1) z,=24jt 2 + 96)> = 0 (13.34) 

z, = 96* - 24y 2 = 0 (13.35) 

■ (13.34) y> 

96y = -24* 2 
> = -^ 2 

li^s- SbUJI ,>j (13.35) J y = -\x 1 jiij.sH, 
9&c-24(-Jx 2 ) 2 = 0 
96* - I,* 4 = 0 
3*(64-* 3 ) = 0 
3x = 0 or 64-x 3 = 0 
*=0 * 3 =64 
*=4 
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( 0\ jJaJ\ iiJjot Jljjjl J^>Us ) jij. itJlill J**i)l 



IMj • y = -4 o!i x = 4 oils' lib y = 0 0^ * = 0 lij 4ii j^i (13.34) ^^1^, j^^ly 

. (0, 0) j (4, -4) ^ S=r^l -bUJI jU 
. (13.35) } (13.34) y> ioUJI JjjJI A,^ ^ (2) 

z« = 48a: z yy = -My 

z« (0. 0) = 48(0) = 0 2,,(0, 0) = -48(0) = 0 

z,,(4, -4) = 48(4) = 192 > 0 z„(4, -4) = -48(-4) = 192 > 0 
z xy = 96 = z yx 
2„(a, 6) • z„(«. i>) > [z xy (a, b)f (0, 0) Ju* 

0-0 < (96) 2 (4, -4) -Up 

192. 192 > (96) 2 

J^i- S_kii j* 6jSi- aijll oli j„ . z„. < fo,,.) 2 j (0, 0) ju* SjUyi ^ V z )T j z„ jj o^j 
Jj-^ i ^.Ui jjSi' SJi-dl oli (4,-4) Ju* z„. z,,>fa,.) 2 j z„.>0 j z„>0 juj (0,0) 

. (4,-4) jllc- 

13.20. Redo Problem 13.17, given : o-k*i lij .13.17 S)L<JI ^ VJt lkJI J,\ {jsrJU. .13.20 

/(*, >) = 3a: 3 - 9x 2 + 2y 3 + 24y 2 - 432a: - 54y + 127 

(1) A = 9a: 2 -18a; -432 = 0 /, = 6y 2 + 48y - 54 = 0 (1336) 

9(x 2 - 2x - 48) = 0 6(y 2 + 8y - 9) = 0 

(a:+6)(a:-8)=0 (y - l)(y + 9) = 0 

a: = -6 a: = 8 y = \ y = -9 

. (-6, 1) , (-6,-9) . (8, 1) . (8,-9) : i^JI iUJI 0U ^ 
(13.36) y . i-_pJI J.UJI ^ JS' jll* ijUl iji'jJI ^ oliuuJI (2) 

/,, = 18a:-18 / w = 12y + 48 

(i) /„(-6, 1) = -126 <0 /„,(-6, 1) = 60 > 0 

(») fxx (-6, -9) = - 126 < 0 /„(-6, -9) = -60 < 0 

(iii) /„(8, 1) = 126>0 /„(8, 1) = 60 > 0 

('») /«<*. -9) = 126 > 0 f yy (S, -9) = -60 < 0 

. ^-Ij—. ilif _ Lij lij _ LjUUi' li SU i (8,-9) j (-6, 1) ojs O'i) j (/) J iili^JI oljLi)ll ^ 
. ollill iyJI _^ij (73.36) ^ S^UJI oUxuXJI j^-ti o^llj 
f*, = o = f )x 

fxAa, b) ■ fyy(a, b) > [f x ,(a. b)f 
(-126) -(-60) >(0) 2 (») 
(126) ■ (60) > (0) 2 (I") 
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( Cj\ jJa+}\ is Jwm JtjjJl J-i>LiS ) jJus- dJlsJl J»ai)l 



OjSjj (8, 1) J_^p kS^> «~— • Si^V jj&'J. -9) t/s-t* ^ir-j ■*» 8bJt 

• (8, -9) j (-6, 1) Jl^ j-l^. iUi -Up 

Constrained Optimization and Lagrange Multipliers 

. ^ J zi\J sjjuji ajuii jjijji ^ si> ^.m^j .13.21 

13.21. Use the Lagrange multiplier method to find the critical values at which the following function is 
optimized subject to the given constraint. 

z = 5x 2 - 2xy + 8y 2 

. x + y = 60 JJlU in-^U-j 
: J* J-*~ ^i-H)! *!b ,^1 4iiU.J ^ ^yj X _. yi^a 1! Jjl— . Jua)l (1) 
Z =5x J -2x)r + 8/ + M60-x->) 

Z, = 10* - 2y - >. = 0 03.37) 
Z, = -2i + 16>-A = 0 (13.38) 
Zj=60-jr-y=0 (1339) 

A ^Ji^J (7iJ7) y (13.38) c >;j 
12;r-l8y=0 * = 1.5y 

V-ljdl i^Ujj (13.39) Jx=\.5y ^^oJLj 
1.5y + y = 60 yo = 24 

V-i-^l i^lj (13.39) J y 0 = 24 i^i ^ dJi j^j 
j: + 24 = 60 a„ = 36 

ui J-^-i . Ao =312 ol (/3.JS) ji (/J.J7) y 0 = 24 j jr 0 =36 ^ ^.j^JIj l^-ij 
jJiil . j^Jdl ijJj'lll S-J.JI Aj^i oUywaJI fji«x_i ji tj-S" jji 

. J»JI ^-ii iU,)l S-LtlS ^ (6.23) aUjI 

. J***i\ Jija) Sxj>uji yui aijji pjvd g\j>- -j ^itUi. ii> .13.22 

13.22. Use the Lagrange multiplier method to optimize the following function subject to the given constraint: 

f(x, y) = 4x 2 -6xy + 9y 2 

. 2* + y=104 : JJil) i»^UJI 
: ^ s)b 

F = 4x 2 - 6xy + 9/ + X(104 ■- 2i - y) 
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( Ol iiJjOA Jl jjjl JjsliJ ) _ r i£ dJlill J-aill 



iv=8a:-6y-2X = 0 (75.40) 
= -6or+18y-X = 0 (H4/) 
Fl = 104-2x-)r = 0 (7M2) 

A ^iJU (75.40) v L^-> ^ 2 J u^i, 
2Qi-42> = 0 x = 2.1)> 

. yjjjll iiUJj (W.42) J * = 2.1y l^h jAjj-slly 
2(2.1))+).= 104 )o = 20 

. ^jjill wUJj (13.42) ^ y„ = 20 ^jiy^Jlj ^ ,yj 
2x + 20 = 104 jt 0 = 42 
. A„= 108 ui J*J (13.41) ji 03.40) J y„ = 20 j * 0 = 42 I^J-Ij 

. juiu iw,UJI SJUI alljJI ^Jirf VJ 1UJ| .13.23 

13.23. Optimize the following function subject to the constraint: 

z = 120* - 4x 2 + 2xy - 3y 2 +96y- 102 

. x + 3y = 69 : XJ)S W>liJI 

Z = 120* - Ax 2 + 2xy - 3y 2 + 96) - 102 + X(69 - x - iy) 

Z x = 120-8*+2).-A = 0 (««) 
Z,=96 + 2*-6)-3i = 0 (13.44) 
Zj = 69-x-3>=0 (««) 

a 03.44) j, i^>j 3 yi v ^ 

-264 + 26r - 12)> = 0 (73.46 ) 

y >-> i»J j. L^>j 4 J (73.45) 

-540 + 30r = 0 
*0 = 18 

y (73.«) J x 0 = 18 ^ ji.^cJUj 

TO = 17 

. A„= 10 0U (73.44) ji 03.43) Jy 0 =n j x„= 18 p ^.jhcJIj 

. JlJU iw>UJI JJlsJI SJIjJI jvJiO' ^.jikJI .13.24 

13.24. Optimize the following function subject to the constraint: 

f(x, y) = \Wx-2x 2 -xy- 3y 2 + I60y + 7 

3* + ;y = 480 : sJii WUJI 
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F = 120jt - 2x 2 -xy- 3y 2 + 160y + 7 + «480 - ix - y) 

F x — 120 — 4jt — y — 3X = 0 (/3.47) 
F, = 160 - x - 6y - A. = 0 (73.48) 
Fi = 480 - 3* - y = 0 {13.49) 

. X oJbJ (13.37) ^^3^ (73.48) v^ij 
-360 - x + ]7y = 0 (73.50) 
. * jjbJ (13.49) y> L^>j 3 ^ (13.50) 
1560 - 52y = 0 
W = 30 

. x (73.4P) ^ ;>>„ = 30 j» ^j-allo 

jt 0 = 150 

0i_i *JU 4 01 . Ao = -170 0i» (73.48) ji (13.47) J y 0 = 30 j *o = 150 ^ jiyj ^ y>j 

Income Determination Multipliers J^-^l XiJbt! Oli£U&» 

. 4.20 *jL~ji ^ (4.53) ^ a^ji ai-vJi <bu» c~i>*t isj .13.2s 

13.25. Given the reduced form equation in (4.53) from Problem 4.20, 

n = l _l + z iQ> + Io + G 0 + X 0 - Z 0 ) (13.51 ) 

J_^i) ^pL^«JI (3) j z 0 S_JliJU)l objIjJI ^Ui« (2) j 7 0 ^UJJI jL^VI ^StUi. (1) 

. b ^J=J1 

9fV 1 



(2) W = -1 

az 0 l ■ b + z 

io^Jill £_>U- 5Jl*li (3) 

W = (1 - 6 + z)(0) - (Cp + fp + Cp + X„ - Zo)(-l) 
S6 (1 - A + z)2 

?j« _ KCo + Zo + Gq + Xq-Zq) _ 1 / Cq + Zq + Gq + Xq-Zo N 
8* (1-6 + z) 2 (1-6 + 2)1, (l-* + z) / 
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( C>\ jJati\ i}J*u JtjjJ! Jjjljj ) j&e dJlill J*a«)l 



(13.51) fljii^Lj 



3i> (l-» + z) 

. 4.19 ^ (4.J2) ^ JJ_pkJt SbU. oJ^-i lij .: 

13.26. Given the reduced form equation in (4. 52) from Problem 4.19, 

Y '= x _l +bt (C« + 'o-bT <s ) (1 

ay. _ (i-f, + j,()(-ro)-(Co+/o-fer 0 )(-i + o 

3i> (l-A + 6;) 2 

»-~J>JI oiUjj i-'j-iillj 

ar. -q - b + f«)7b + (i - o(c 0 + a, - f.r 0 ) 

9* (1-A + */) 2 

ar« _ -('-* + */)7b - t(c 0 + fa - 67b) + (C 0 + 1 0 - mm 
»b (l-b + bt) 1 

. jUaSa-MJ (13.52) plji^ly J*»aJJ y*i ^s. Ja_JI If^lill ^lp lij^i. ^U»JI OJ 

8r, -r 0 <y, y, 

Bb~i^b + bt l-b + bt + 1-b + bt 



l-6 + *< 



8 K, _ 

86 _ 1 -6 + 6< 

Optimization of Business and Economic Functions *ijb)!l j SjJUkJ'^ Jl j^Jl 3Ji»f 

Ajj-i (6) . ^-L^Ml (Ji*; Ujup ^sll y j jt oUj^_. Jt>-ji (a) y j x j~>J~JI gsar iizui .13.27 

: aJUll c UjMl Sib c~kti lij >,jioJ ifj-JI S»ji!l Ju* JJIjJI jjj (c) j Sjlill iJ-jll 

13.27. For a firm producing two goods x and y (a) find the levels of x and y at which profit is maximized, 
(b) test the second-order conditions, and (c) evaluate the function at the critical values x 0 and y 0 , 
given the following profit function: 

it = 120* -2x*- 3*y - 3y 2 + 165y - 250 

. j£^aii 4>jL~o l&**ai jvj' ^jSH oLi^UJI ii-U (a) 

ir, = 120-4i-3y = 0 

JT, = 165 - 3* - 6y = 0 (13.54) 
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( cj\ j-fcjl oiJM. Jl jjjl Jjslij ) ji* dJliil J^aill 



. y >JjbJ (73.54) ^ Lj^>j 2 J (73.53) 
-75 + 5* =0 
i0=15 

. y„ (73.54) .jt (73.53) J x 0 = 15 1^1 jjuj-sllo 

?D = 20 

. (73.54) j (73.54) ^ ajldl oU;,t..ll JU-ti (6) 

Wjtx - 1 —4 JTyy = —6 JTjty = — 3 

. JJUoSlI SJIjJI ^ }' 0 = 20 j a»= 15 S^i ^.^cdly (c) 
jr =2300 

13.28. Redo Problem 13.27, given : c~Up! lil .13.27 S)l_JI <y o-^jlUJI J\ ^yrj\j .13.28 

it = 324* - 5x 2 2tv - 4/ + 308 v - 1240 

(a) jr., = 324 - 10* - 2y = 0 (73.55) 

*, = 308 - 2i -8y = 0 (73.56) 

y ^0^) (73.56) y, L^>j 4 J (73.55) 
-988 + 38*=0 
* 0 = 26 

y„ (73.56) ji (73.55) J *„ = 26 i^i ji^ly 

» = 32 

(6) jr„ = -10 n„ = -8 jr,j, = -2 

. L^J^i' ^ Jj> jt 01s jt„ Jt,,. > (jr„.) 2 jt} 6l~)L. ji„. j >T„ 61 
(c) jr = 7900 

: ^ i_JLJI Jljj oij jji g~i .13.29 

13.29. A monopolist produces two goods x and y for which the demand functions are 

P,=3l5-4x (73.57) 
P, = 260 - 3y (73.5S) 

: y» aJSJI _U'^J-! sJbj 

c = 2jt 2 + 3xy + y 2 + 400 

. jJioVl jojJI (c) id- J53 jviuo j JJI ^-Jl (b) S*L. JS3 pLu ^jJI ^Ull (a) J*-,,! 

. TR = 7>,.i + P J .y jt=TR-TC 61 c-kt-i lil (a) 
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t% — (315 — 4*)* + (260 - 3;yXy - (2x 2 + 3xy + y 2 + 400) 
x = 315* - 6X 2 - 3xy - 4y? +-260j> - 400 

it, = 315 - 12* - 3y = 0 0».59) 
jr, = 260 - 3x - 8y = 0 (13.60) 

x jj_J (75.59) y U^>j 4 _i (73.60) 
-725 + 29y = 0 
TO =25 

.t 0 iU,.)l (13.60) ji (73.59) ^ y 0 = 25 l^JL ^^cJLj 
10 = 20 

j»J-0' JiS'lxJ ijUll -kj^i ^r^*"' 

(13.58) i (13.57) J yo = 25 j x 0 = 20 ,>tj«Jly (fc) 

/> x = 315 - 4(20) = 235 P, = 260 - 3(25) = 185 
(c) ■ JT = 6000 

. c_JJ.ll JljjJ ^Sito^JI (c) j y^JI (i) ■ (a) ^ JSO gj\ (J-v. ^JJI ^jx-JI J^-ji .13.30 

13.30. Find the profit-maximizing level of (o) output, (b) price, and (c) profit for the monopolist with the 
demand functions 

P x = 92 - 2x 03.61) 
P y = m-5y (13.62) 
. c = 3* z + *y + 2>' 2 + 424 : ^ ,_iJ__JI SJIij 

ir = (92 - 2*)x + (176 - Sy)y - (3x 2 +xy+ 2y 2 + 424) 
7T = 92* - Sx 2 - xy - if + 176v - 424 

jr» = 92 - 10* - y = 0 (13.63) 
n,= m-x-Hy = 0 (13.64) 

x (13.63) U»->j 10 ,y (73.64) ij^ij 

-1668+139y = 0 

W = 12 Jt 0 = 8 
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- ~ — J?j^i j*J 

jr„=-10 jr„, = -14 Jr ty = -1 

(YJ.rB) j {13.61) ^ )>„ = 12 j x 0 = 8 ^.^cJLj (6) 
/•« =76 f, = 116 
W w = 1000 

. yiUI JIjj ^ /^Jl CJ (c) ,*_JI (ft) ( a ) ^ JS3 C J| ^ ^_^| j^jf .13.31 

13.31. Find the profit-maximizing level of (a) output, (ft) price, and (c) profit for the monopolist with the 
demand functions 

P, = 138-1.56. (13.65) 
/• 2 = 202 - 3.5Q 2 (13.66) 

■ c = 4Q] + 2Q,Q 2 + 3$ + 204 : y S-ISII oiJlSidl SJbj 
p* j^J jujl jij^sj (a) 
it = (138 - 1.56i)6l + (202 - 3.5C2)fi2 - (46? + 26l 62 + 3fi| + 204) 
jt = 1382, - 5.56? - 26162 - 6.521 + 20262 - 204 

*i = 138-1101-222 = 0 (13.67) 
jt 2 = 202 - 26] - 1362 = 0 (1368) 

g, JJbJ (/J.67) ^ l^>j 5.5 J (13.68) 
-973 + 69.562=0 

62=14 6i = 10 

^LjUJI i~>'^\ -kjjji ^yi J^cXj pj 
JTu =-11 J-22 = ~13 ;ri2 = -2 

|W JlS jt ula Wn W22 > (fiz) 2 oij J "22< 0 01 
(*) A = 138 - 1.5(10) = 123 P2 = 202 - 3.5(14) = 153 

to jr = 1900 

: v-UJI Jljp £. jSi^Ji CJ (c) , ^1 (ft) , giLJI (a) y> J& ^_JI ^ ^JJI jji^JI Jk-ji .13.32 

13.32. Find the profit-maximizing level of (a) output, (ft) price, and (c) profit for the monopolist with the 
demand functions 

Pi=920-10Gi 03.69) 
/• 2 = 950 -662 (13.70) 
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( CM jjbjl aiJjcw Jl jjJl J>liJ ) jis- dJtslI J-a<Jl 



. c = 2Q{ + SQ t Q 2 + 4Ql + l&00 ; ^ US3I ^LJIidl 3bj 

n = (920- 106l)6l + (950 - 662)62 - (26? + 56l62 +4(2^ + 180O) 

7T = 9206l - 12C? - 50i fi 2 - IOC! + 950g2 - 1 800 

jt, =920 - 2461-562 = 0 03.71) 

jt 2 = 950 - 56l - 2062 = 0 (.13.72) 

. Q 2 jiJ (13.72) (13.71) 
.. -2730 + 91Qi=0 

6i =30 62 = 40 
. i^LJI 

iru=-24 ^22 = -20 jri2 = -5 
. l^AJi«j' ^ ji % OJi JTn Afc > ("nf Olj #22^11 < 0 0) i-^j 

(b) Pi = 920 - 10(30) = 620 ft = 950 - 6(40) = 710 

(c) ir =31,000 

Economic Application of The Lagrange Multiplier Methods 

. OjLzi-l iiJ jj' )' OljjJJa~3lj JT OWa^JiJl ^ SJb~J 77 ^yi* <*il—o ^ JsUi' .13.33 

. st&uu ^Jisai sib c~ui ii| jiUsii ui& ^jh ydi ayjji juj-jt (a) 

13.33. A women's clothing manufacturer is under contract to deliver 77 units of skirts x and slacks y in any 
combination of its choosing, (a) Find the combination that minimizes the cost of fulfilling the contract 
given the firm's total cost function 

c = Ix 1 - 2xy + 5y z + 64 

. SJj>-lj SJ^-j; JUill OjU jiiijl ji Jul/ lil vjUISiJJ ijsu. liU (£>) 

(ft) What would happen to costs if the constant of the constraint were increased or decreased by one 
unit? 

. x + y = ll : J-Jiil jjSJ (a) 
C = 7x 2 - 2xy + 5y 2 + 64 + X(77 - x - y) 

C x = Ux-ly-\ = 0 (13.73) 

Cy = -2x + \0y-\ = 0 (13.74) 

C k = n-x-y=0 (13.75) 
X .J.U) (13.73) ^ (13.74) 
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( Ol jJaJ\ ii^at JljjJl J-i»LiJ ) ji^ dJlill J^iJl 



I6x - 12y = 0 

y = i* 

io = 33 



. U 3.75) J jiycJLj 



j.„ = 44 j _t„ = 33 i^Ju ^ij-^J dlli JUuj y 0 = 44 jU (M.75) J * 0 = 33 a*-i ^.^Ij 

. Ao=374 ji J^l (13.74) j\ (13.73) 
Jj.jj J,^ JJlSill jli 78 J) j^Ij jIj^ coU- alj lij Ai^s ^ = 374 jj (2>) 

S-JSJI u^LSoJI 76 jt-lj jlji^, jusJI c-U ^U«l lij Ui - CjS IjUji 374 jUi^ 
o_U ^1 S)L*JI .i^J J 3 H\ UJ\ . llys l^ji 374 JjJU, ^iii^ 

. 6.14 S)t — oJI Jiji^isJI 
■ **sljJ iiV y ii^ij Jt >j»l iJb-i 36 ^ JU^ ii^i ^ jtfU .13.34 

CJIS" lij JiLcJL ^ .i^, UlSSr oUJ^II Jjt J*~j\ (a) 
13.34. A shoe manufacturer is under contract to deliver 36 pairs of loafers x and oxfords y in any combination 
it wants, (a) Find the least-cost combination that fulfills the contract if 

c = 2X 1 - xy + 3 v 2 + 18 

1 jta-JI JJ ^SUl lij c J liU (i) 

(6) What happens to C if an extra pair of shoes is added to the contract? 

: ^j=r~i !Jb jjSj (a) 
C = 2x 2 - jry + 3v 2 + 1 8 + A(36 - x - y) 

C»=4x-y-A. = 0 (13.76) 
C y = -jr+6y-X = 0 (/J.77) 
d = 36-x-y=0 (/J7«) 

A. oi>J (/.?.76) («.77) j-^kj 



5*-7y = 



■(W-o 

*0 = 21 



(/J. 75) J jii^JL, 



y 0 = 15 J 0 = 69 fj jJj 

■ W 6 69 c oli A(, = 69 jj ti-»vJ (4) 

OjSj Uj^c 22 ^jvull i^UiVI t^U. sUiJ j-UjVl | ^Lu tij- jjJI ^yUl iijy jb-ji (a) .13.35 
13.35. (a) Find the output mix that will maximize profits for a firm with a maximum joint output capacity 
of 22 when 
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( Ol jjisjl iiJxu (JljjJl J-£li! ) jis- dJlill Jwa/ill 



w = 160* - 4* 2 - xy - 3y 2 + 210y 

. iJe-\j SJb-j i?r\z-i\ SUJI Oilj lil f-ljjVi Js- jH\ (b) 

(b) Estimate the effect on profits if output capacity is expanded by one unit. 

. pi jjj AJill JU-iU (a) 

n = 160* - 4* 2 -xy- 3y 2 + 210y + X(22 - x - y) 

U x = 160-8*-y-A. = 0 (13.79) 
n, = 210-*-6y-X = 0 (73.S0) 
n i= 22-jt-y = 0 (73.87) 

. A (7 J. 79) ,y (7J.S0) ^ 

-50-7*+5y=0 (73S2) 
. 1 jiaJ (7J.«2) J! LjaUb 5 J (13.81) ^s^j 
60 - 12* = 0 

*0 = 5 yo = 17 Xo = 103 
. jVji 103 Jj.ji' j^. w 01s Ao= 103 01 (6) 

y oi>«a)l * ifvai.jiJ! Jil—jJI ^5 olJ>U^I iJ* ^ jujju z 4j'U_j i»j ol ^jUi J»*« JL-j .13.36 

: c-J^t lij 

13.36. A department store has found that its value of sales r depends on the number of advertisements in 
circulars x and in newspapers y, given by 

z = 420* - 2x 2 - 3xy - 5y 2 + 640y + 1725 

0>U)ll oij olpKp 4 ^wJ! j^lj jKji :w>i~i)l JiL^JI ^ jiUyi jlS" ISU 

oU^JI (Ui^- ^Sjh- ^Jl i_^i)l JjL^I ol_i>U)il »0* J^ji (a) Ijts^ 180 

. J^lj jUjj jl-U^ u^l iJl>. SiLJ oluJI ^ /Vl jJi (b) . iJlj-JI J-i) 4**bUJI 

If the price per ad is $1 in circulars and $4 in newspapers, and the advertising budget is $180, (a) 
find the number of ads in circulars and newspapers that will maximize sales subject to the budget 
constraint. (6) Estimate the effect on sales of a $1 increase in the advertising budget. 

gj\ SJb jjSo (a) 

Z = 420* - 2* 2 - 3xy - 5y 2 + 640y + 1725 + A(180 - x - 4y) 

Z x = 420 - 4*-3y-A = 0 (13.83) 
Z, =640 - 3* -10y-4A. = 0 (13.84) 
Z x = 180-*-4y = 0 (13.85) 

X (13.84) ^ l^>j 4 J (13.83) v ^ 

-1040+13* + 2y = 0 (13.86) 
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( CJ\ jjcjl SJ Juoa JljjJl Jjsli! ) j^l* iJlill J^ill 



A jJU (73.85) Jl tpiUib 2 ^ (iJ.Stf) v^i 
-1900 V25x =0 

jr 0 = 76 >» = 26 Ao = 38 

. Ij'JjJ 38 jIjJUj Jbji- oU^I oU ^) = 38 ol ti^j (ft) 



. SjjUI UIjj »Ui*JI oli S;jL?JI olJuJ=«dl i>«~; 3^L~» jiii- i_- -j .13.37 

13.37. Because of reduced warehouse space from current renovations, a firm with the normal profit function 

71 = 160* - 3x 2 -xy- 2y 2 + 240y - 665 

. CJydl <jJ.j^JI ^UsiUJij gj\ jJajO' V J X J 4^-j5*Jl j^Jii! (a) {rfuy Cx 0 ^ v^ 1 ' 

. Ja-lj f Jli i=-U-« ijtj) j-ljjSfl ^^Ip jfVl jSs (ft) 

has had storage space temporarily reduced to 40 square feet (ft 2 ). If x requires 1 ft 2 of space and 
y requires 2 ft 2 , (a) find the critical values for x and y that will maximize profits subject to the 
temporary storage constraint, (ft) Estimate the effect on profits of a 1-ft 2 increase in storage space. 

J/H oUvitotl Ai-tij JLiJI Ja-Ji (a) 

n = 160* - 3x 2 - xy - 2y 2 + 240y - 665 + A.(40 - x - 2y) 

n,= 160-6jc-y->.=0 (13.87) 
n,. = 240-x-4y-2A. = 0 (13.88) 
n i= 40-j-2y = 0 (1389) 

X jj^J (13.88) \^-J, j 2 J (13.87) *->jj». 

-80+tU-2y = 0 (13.90) 

X oi=J (13.89) ja (13.90) 

120- (2x =0 

x 0 = 10 yo = 15 A-o = 85 
. Lijti Ij^jp 85 Ju.ji- (J}-. j-lySfl jls Ao= 85 ol ii~»-.J (ft) 

. p^JI ^ 'dJL^j 40 i^Ui^fl ^xaUsj o_^f V>U 5Jjj ^ (j2 2 ) oU^jJ^ij (20 olj^jjiij' £c^*a .13.38 
I i_JUI Jljj oils' lij ^13)11 £^>UJIj j^jJI ^u. ijjJI grid I iSy— i -Lfjt (a) 

13.38. A monopolistic producer of TVs (Q[) and VCRs «?2) in a small developing country has a maximum 
joint capacity of 40 items a day. Find the profit-maximizing level of output subject to the production 
constraint, given the demand functions 

P, = 820 - 62, 
P 2 = 9S0-SQ 2 
c = 2Q 2 , + QiQi + 4Q2 + 225 : ^ JJS3I LjJlsai 3bj 

c j\ ab jjS" '^jt 
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( Ol jjojl iiJuat Jljjll Jjjlil ) jJl* dJlill J-ai!l 



it = (820 - 6Gl)6l + (980 - 8Q 2 )02 - (2g? + Ql G2 + <»Gl + 225) 
n = 820Gl - 8Q? - fil Ci - 12Cl + 980& - 225 

n = 820Gi - 8Q| - Gi Qa - 12G2 + 98002 - 225 + X(40 - Gi - Q2) 

ni=820-16(3i-(3 2 -A.=0 (13.91) 

n 2 = 980-Gl-24G2-* = 0 (13.92) 

ni=40-Gl"G2 = 0 (1393) 

. X jJuJ (/J.P/) (13.92) c Jz, 
-160 - 15Gl + 23g 2 = 0 (13.94) 
. Q, ,JA~J (13.94) ^ Lj^>j 15 ^ (W.9J) ^^j, 
. -760 + 38 02 =0 

g 2 = 20 Gi=20 X=480 

SjJ}\ JJi ^ ji . cjjT J(ji U-ui 
Optimizing Cobb-Douglas Functions Under Constraints 

. jr^l iJli <^&' «.U!I j-liiVI A* $>J sLii»J <!f Ul fJi«J v^* 11 '13.39 

13.39. Maximize output for a firm operating at constant returns to scale for which the strict Cobb-Douglas 
production function is 

q = \.SK M L" A 

. 960 tSjUi' iol>y>j P L = 2 j P K = 6 c-=- 

. jjUaJJ 4jjL~a ^j'lll oliLi*3l oJIoiaJ! iJl/}U ^\y>-^ ilta OjSo 

G = 1.5jr 06 i 04 + X(960 - 6*T - 2L) 

Git = 0.9^"' L°' -6k = 0 (13.9S) 
Ql = 0.6*r 0 6 Z.-°- 6 - IX = 0 (H96) 
Ol = 960-6AT-2t = 0 (13.97) 

X ^si^S (13.96) J* (13.95) i*~s ft v-l'jjJI '^ks 

0 9K °- 4 /. 04 _ 6X 
0.6K» 6 1. 06 2X 

^P—SM ^ykj bjli Jill SlU- ^? 4il 

i.SK-'L' =3 

f = 2 t = 2*: 

. (13.97) J L = 2K y> ^^cJLj 
960-6Jr-2(2AT)=0 JT 0 = 96 
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. (JJ.97) ^ A"„ = 96 ji^l* 

Z. 0 =192 

. i»U)l a »'>U-ji _ oijf ^baj SJIjo 4it Hi) I sLlii j-Uil .13.40 

13.40. Production for a firm with decreasing returns to scale is given by the generalized Cobb-Douglas 
production function 

q = K"L 05 

. iolj-JI j^bUJl gi'UI pJuo o>jlkJli 1280 ^L- g^ba^l JLSj P L = 8 j = 12 olS" liji 

Sib o_5& 

Q = JT 03 !"" + 1(1280 - 12AT - 8L) 

fijr = 0.3A- 0 - 7 t 0 - 5 - 121 = 0 (1198) 
r2t = 0.5X°- 3 i- O5 -8X = 0 (/199) 
(3i = 1280 - 12K - 8L = 0 {13.100) 

X ,Ji>J (13.99) Js- (13.98) i«_s fS y,j ^ ji\ SiUJy 

0.6^ = 1.5 L=2.5K 

(13.100) J Z. = 2.5 AT j* ji^cJlj 

*r 0 = 4o t 0 = ioo 

: ^ Sib ^iJl viU$X~JI A^uiii) j*Ja*j' i_^lia*JI .13.41 

13.41. Maximize utility for the consumer whose utility function is 

„ _ x ox y 6.i 

IjUji 864 B 4~ilj~.j P, = 4 j P x = 16 

jul J)b <jj& 

1/ = jc 0 '"/ 1 + 1(864 - 16* - 4y) 

r/, = 0.8i-°- 2 y al - 161 = 0 (13.101) 
U, = 0.1jr°V'" - 41 = 0 (13.102) 
C/l = 864 - 1 6x - ty = 0 (13.103) 

X ^s.U) (13.102) Js. (13.101) ju-Juuj SiUJy 

Ofe-"- 2 /' 161 
0 Ix 0.8j,-0.9 - 4J, 

8^=4 v = ix 
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( Ol jJaJ\ OJJjsw JljjJl J_i>Uj ) dJliil J^aiJl 



(13.103) J y = i-Ar OPjiij-sHu 

i 0 = 48 W = 24 



13.42. Maximize utility for the consumer, given ; c~U-'\ IS I .'ll t v...,ll , .fc.r V ^1UJI .13.42 

«=r'V 3 

. B = 405 j P, = 5 j P, = 3 xJii W.UJIj 
jol _rrl! Jib O5& 

{/ = jr ft2 y°-' + M405 - 3* - 5 y) 

U x = 0.2* ""V" - = 0 (13.104) 
U y = 0.7x a V° J - 5X = 0 («/0J) 
fi = 405 - 3jt - 5y = 0 (13.106) 

. A jj=J (73./05) ^ (73.704) ia—ij 
0.2x-° 8 y a1 _ 3i 
0.7*°-V a3 ~ 5l 
0.2y 

oil - 06 y= 2 - u 

. (13.106) J ^ydlj 

*o = 30 yo = 63 

Implicit and Inverse Function Rules i^ai\ JljAJl J&\ jS 

: *JU1I J-^JI JljjJI y> J£) dyldx iixiJI Jb-jt .13.43 
13.43. Find the derivative dy/djc for each of the following implicit functions. 
(a) 7* 6 +4v 5 -96 = 0 



dx f, 



(13.22) J Sji^ill aijjl SJ>1S ^ 
(/, # 0) 



ji.^Lj / J = 20y 4 , f, = 42x 5 Ua, 



rfy _ 42x 5 21x 5 
dx ~ 20y ~ 10y 4 



(A) 6x 2 - Ixy + 2y 2 = 81 



/ ; . = 4y-7.t j £=12x-7y Uj 

£y = _ A _ _ /]2xj-7y\ _ Jj^lZr 
dx f,~ \ 4y - Ix ) ~ 4y - Ix 



(c) 5jc 3 + 8y 4 - 3y 3 - 109 = 0 

dy _ U_ 15x 2 
<** /, 32y 3 - 9y 2 
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( Ol jJaJ\ iiJja> Jljjjl J-J>ti3 ) jj* dJUJI J-aill 



(d) 9x 5 - 2x V + ly' = 224 



dy f x _ 45x 4 - 4xy 2 



(e) (13a: - 7) 3 + 15> 5 = 1029 



(f) (4x 4 + 9y 2 ) 3 = 1645 



dx f, 21y 2 -4x 2 y 

dy__f L _ 39(13x - 7) 2 
dx " /, _ 75y 4 

dy _ _A _ 48x 3 (4x 4 + 9y 2 ) 2 _ 8x 3 
dx ~ /, ~ 54y(4x 4 + 9y 2 ) 2 ~ 9y 

(g) V2x 3 +3^ = 98 

. v ^x 3 T37=(2x 3 + 3/)'/ 2 jl ill* 

dy___fx__ 3x 2 (2x 3 + 3y 5 )"'/ 2 _ x 2 
dx ~ /, ~ 7.5/(2x 5 + 3y 5 )-" 2 ~ 2.5/ 

. Q SJtdl tou^l Jij-ul JS3 d'P/a'Q =£3 1-JtJ I J»rjt .13.44 

13.44. Find the derivative of the inverse function dP/dQ for each of the following explicit functions of Q. 
(a) Q = 496 - 5P 

. (13.23) J S^^l XJhJI sjipU 



d/> _ 1 
dg _ dQ/dP 



. ii_<JI ^ dP I dQ = -5 jijj-cJ ly 

££ _ I 
dg ~ ~5 



(6) g = 87 - QAP 



(c) S = 13 + 3P 2 



(d) Q = 246-P 2 + 3/> 



Verification of The Rules of Partial Differentiation Jj*i\ J-i>Uis)l JjtljS J&>dl 

(13. Ib) J obycJI (2) j a z /3x *U;.)I (7J./a) ^ i-iycJI (1) SJbil JljjJI ,y JS3 .13.45 
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( Ol jJaJ\ isJuu Jl jJi\ J^l& ) j-ip dJliil J-oiJl 



J^.Lfcil j^ly juTt J^i ^ 32/3y 

functions, use (1) the d< 
in order to confirm the 

(a) z = 94 + 5x - 8>> 



13.45. For each of the following functions, use (1) the definition in (13.1a) to find Sz/dx, and (2) the definition 
in (13.1b) to find dz/Sy in order to confirm the rules of differentiation. 



|i= Mm + («./ a)0 . 

Sjr a»^o A* " 

lim e* + 3(*+**)-8y)-(94 + Sx-8y) ^.j^tj 
a-»0 Ax 

94 + 5* + 5 Ajt - 8y - 94 - Sx + 8y 



— = lim f(*-y + A y'>-f(x-y'> 

By iy->0 Ay 



(13.1b) y. 



. f£ = Hm [94 4- 5* - 8(y + Ay)] - (94 + 5 x - By) jiej-slly 
3y A>-*0 Ay 

— = lim 94 + 5x ~ gj> ~ 8Ay ~ 94 - 5* + 8y 
3y ty-+0 Ay 

dz ,. -8Ay 

— = hm — -i- = lim (-8) = -8 

8y 4y-»0 Ay 4y-»0 

(6) z = 16* -9xy + I3y 

(1) — = lim [16(jr + Aj) ~ 9(x + Ax)y + 13 ?' ~ - 9 *y + 13 y> 

3* a^->o a* 

££ _ Um 16* + 16A* - 9*y - 9y A* + 13y - 16* + 9*y - 13y 
Sx flx-,0 A* 
3z _ 16Ax-9yAx 



g7 = i ljm () (16-9y) = 16-9y 

3£ = , im [16* - 9* (y + Ay) + 13(y + Ay)] - (16* - 9*y + 13y) 
9y Ay-*o Ay 

3z _ |jm 16jr - 9*y - 9x Ay + 13y + 13 Ay - 16* + 9xy - 13y 
3y 4j->0 Ay 
3z ,. -9*Ay + 13Ay 

Ty - Ay = A %<- 9 * + >»—* + « 



(c) z = 7* 2 y 
0) 



3z [7(jt + Ajr) J y]-(7x J y) 

— = hm i 

dx a*-»o a* 

3f_ = ljm 7* 2 y + 14*y Ax + 7y(A*) 2 - 7x 2 y 
dx ix-Tj A* 

. - li m 14*yAf+WAx) 2 
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( Ol jJaJ\ sjJk* JljjJl Jj>Ul) jZ* dJUil J*ai)l 



(d) z = 3x 2 y 2 
(1) 



— = ^Hm^Mry + 7y Ax) = 14xy 

3z ,. [7* 2 <y + Ay)]-(7.i: 2 y) 

— = hm i — ^ 

ay Ay-»o Ay 

8z _ Hm 7jr 2 y + 7jr 2 Ay - lx 1 y 
by Ay->0 Ay 

3z ,. 7jr 2 Ay „, , 2 

— = hm = hm 7jt = Tr 2 

3y Ay->0 Ay Ay-*0 



3z [3(x + Aj:)V]-(3x 2 y 2 ) 

— — hm - 

Sx Aj-.0 Ax 

3z _ (ta 6y 2 jtAx + 3y 2 (A:t) 2 
Bx Ai->0 Aj: 

|i = Jim^f&ty 2 + 3y 2 Ax) = 6xy 2 

3z ,. [3x 2 (y + Ay) 2 ] - (3x 2 y 2 ) 

— = lim i —! 

3y Ay-»o Ay 

3z _ 3x 2 y 2 + 6x 2 y Ay + 3x 2 (Ay) 2 - 3x 2 y 2 

3y A?-.o Ay 

3z _ Vm 6x 2 y Ay + 3x 2 (Ay) 2 
Ay : 

Partial Derivatives 3J j^Jl Ol & . ^ «Jt 

: SJUJI JljjJl Jfl J 3 H\ i-Jjll Cr 4 ^i^ 1 oliiiJI JLfji .13.46 
Find the first-order partial derivatives for each of the following functions: 
(a) z=15x 2 + 23xy-14y 2 (6) z = 6x 5 - 13x 2 y 3 + 8y" 
(c) z =7w 3 -2ui 2 x-H6x 2 + llx 3 y 4 + 20y 4 

: JJldl JljjJl ^ JS3 Jj^l j» ijjjl il&AJI jU,J ^^ail sjpU fJisJ .13.47 

Use the product rule to find the first-order partial derivatives for each of the following functions: 
(a) z = (8x-5y)(3x + 4y) (6) z = (2x 3 + 5y)(6x 2 - 8y 2 ) 
(c) z = (7u> 2 -4x 3 -10y 4 )(3u> 2 + 8* 2 --2y 3 ) 

: ^Sli Cr° 'vy^^ o\rs.-.M iUu.y i^-jiii j-jU- 5j*is ^ .13.48 

Use the quotient rule to find the first-order partial derivatives for each of the following functions: 
8x-7y 27v 

w — tst m -i£h; 

4x + 3y w,z 8«i-3jc + 2y 
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( Ol jJa»}\ isJuat Jljjjl JjsUj ) j£s> dJliJl J«aflJl 



: SJUil JljjJI y> JS3 JjSl iJjll ^ iji-j^JI oUiiJI >U..V i.Wt rf jJll SJb -jAa-l .13.49 

13.49. Use the generalized power function rule to find the first-order partial derivatives for each of the following 
functions: 

(a) z = (lit - 13y) 5 (ft)z = (3-r 2 -l-5y 3 ) 4 

(c) z = (14j 3 + 9y 2 )'' 2 (d) z = (5* 4 - 2iy + 4y 2 r 3 

(e) z = (3x 2 + 8xy + 5y 2 )-'/ 2 (/)7= (6u> 2 - 7x 4 - 9y 5 ) 3 

: yui JljjJI ^ jfl JjVl Vj" .yJsij-Ji oiiLiJi >Uj)l i^i i~»Vl w*uii r ju*.l .13. so 

13.50. Use the natural exponential rule to find the first-order partial derivatives for each of the following functions: 
(a) z = 6e 3 " (ft) z = -15 e - 3 *V 

(c)z=7e' 2 ' +5 ' ) (d)z=e mV >' 

: SJtdl JljjJI J£ JjMl Sj-_JI ^ SjjJI oUiiJI jUo.VV-LII S^jlijUl iJLr-Ull pjisJ .13.51 

13.51. Use the natural logarithmic rule to find the first-order partial derivatives for each of the following functions: 
(a)z = ln|gx + lly| (ft) z = In |5x 3 + 4y 2 | 

(c) z = In \6x"y s | (d) z = In |7tu 3 + 4x 2 + 5/ 1 

JljjJI jt JSJ (jlj^ll V Jl *i*>>JI oli^ijl jUj)! ijjj-i dj& JttljiJI SiJjJ tjt fJisJ .13.52 

: sjyi 

13.52. Use whatever combination of rules is necessary to find the first-order partials for each of the following 
functions: 

.«* = <9x + 2,>(lr-7,)> (ft) z = ®* + *f 

4* — 3y 

(CU 37+TTy W)z=6^yV" 

Second-Order Partial derivatives & J I ja ijJsjJt Olis-i^jl 

: 3JUI JljjJI ^ JS3 3JUJI JjjM ij^JI cA&aJI .13.53 

13.53. Find all the second-order partial derivatives for each of the following functions: 

(u) z = 7x 3 - 4.ry + 12y 4 (ft) z = 9x s + 6* 2 y 4 - 3xV - 13y 3 

(c) z = 16* 3 y 2 (d) z = (5x + 1 2y) 4 

(«) 2 =x"-V>- 4 (/)z = 8x»V 7 

Optimization of Multivariable Function Ol ^JfcuJl 3i.A*w JljiJt SJi«t 

U SJlill Sj^I Jyyi j-iS-l JJUI i^jdl JljjJI Ujup ^ yd! Vj»JI ^1 -»rj>t -13-54 

, £- lj— "iladj j! Jj^xi' ikii j| ^ y^v? *J.^j jl ^5*^ J JJ-^ AJIjJI Oalif lil 

13.54. Find the critical values at which each of the fallowing quadratic functions is optimized and test the second- 
order conditions to see if the function is at a relative maximum, relative minimum, inflection point, or saddle 

(a) z = -8j: 2 + 148j:-4jy-l-118y-5y 2 -l-6 

(ft) z = 6x 2 -5U-9jy+182y-lly 2 -17 

(c) z=7jr 2 -78j:-6;ry-48y+4y 2 -23 

(d) z = -3j: 2 -6j: + 14iy-158y-2y 2 -(-37 
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( Ol jjkijl SiJuew JljOil J_i>Uj ) liJlsil J^aill 

u ifjd ijiiii -tj^* j-si-i ^> yui i^syLJijjJi .^jfe.; Ujup ^ p^ 1 •»*•.»' .i3.ss 

. ^1 j—j aJiij J I Jjprj' ilajlj J I <_C jj>-^> J I ^&£- 4uw iil-J! C^jlS" til 

13.55. Find the critical values at which each of the following cubic functions is optimized and test the second-order 
conditions to see if the function is at a relative maximum, relative minimum, inflection point, or saddle point. 

(a) z=5* 3 +7v 2 -240;c-t54y + 6i 

(b) z = -9x 2 - iy 3 + 324* + 108y - 37 

(c) z = 8j[ 2 - 6j> 3 + 144*y - 323 
(<f) z = 6j 3 +6v 3 +54x)>-195 

(e) z = 4i 3 +5/ + 18* 2 -52.5y 2 -336i-270y + 189 

(/) z = 3x 3 - 7y 3 + 22.5x 2 - I0.5y 2 - 216* + 630y - 231 

Constrained Optimization 8.LJUJ, 

. slWil jjjU lUsiUJI Ubi\ JljjJI fJus Um* ^sf. ^Jl J^-j>JI |^S)I Jufjt .13.56 

13.56. Find the critical values at which each of the following functions is optimized subject to the given constraints: 
(a) z = 4* 2 - ixy + 6y 2 , XJillj x + y=30 

(6) z = -7X 2 + 6xy + -V, -yl'j 2x + ;y=l65 

(c) z = 8;t 2 -70;r-4xy-50y + 5.y 2 , -^b .r + y = 35 

(d) z = -3;t 2 +40;c + 8j:y + 288y-10y 2 , Juiillj *+2y = 58 

Optimization of Business and Economic Function SjiUarf'j)! JljAll Sjh*! 

^iJlSccJI Jljij yJJJI Jlji C-Ja*i li) xsl&uJl ^Ijji Uju* ^ ji\ !»-j»JI ^1 JVjt .13.57 

: sJUl jjfli 

13.57. Find the critical values at which each firm's profit n is maximized, given the following profit functions: 
(a) jr = 422* - 4x 2 - 7xy - 6y 2 + 522? - 167 

(*) 71 =496x -9x 2 - Uxy - 7y 2 + 405y - 235 
(c) jr = 406* - 5x 2 - 8xy - 9y 2 + 522y - 237 
(</) jr=685jt-12x 2 -13.ry-8y 2 +595y-305 

v_iJl£JI JIjjj yJJail Jlji c~L*i IS) TtsLiiJ, j-ljji pJi»j- Ujup ^ ^dl Sa-jJI ^1 J^-ji .13.58 

: Ulsll JJS3I 

13.58. Find the critical values at which each firm's profit it is maximized, given the following demand functions 
and total cost functions: 

(a) P x = 712 - Sx, P, = 976 -9y,C = 3x 2 + 4xy +2y 2 + 375 
(*) P, = 1173 -9x, P s = 1200- lly, C = 3;t 2 + 5*y + 4y 2 + 222 
(c) P x = 1532- 13*, P y = 1396 - 8y, C = 4x 2 + 7*y + 5y 2 + 624 
(<f) P x = 2501 - 15-t, Pj, = 1648- 14y,C = 5x 2 +lljcy + 3y 2 + 535 
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. iilii ^1 ^knJI li) c SJS3I tjJlsai ijjy U.U*. ^ ydl *>-_pJI ^Jl J^ji .13.59 

13.59. Find the critical values at which each firm's total cost C is minimized, given the production quotas that must 
be fulfilled: 

(a) C = 8x 2 -3ry + lly 2 + 1055, Juillj *+y=88 
(A) C = 12* 2 - 4xy + 7y 2 + 945, oJlj * + y = 69 
<c) C = 9* 2 - 6xy + 13y 2 + 775, jr+4y = 362 

(</) C = 14x 2 -9jry+16y 2 + 835, XjiJIj 3* + y=148 

^ u^'j a-ls 3 '^ 1 (r 1 ^ 1 *>J c-J^i lii ?r i^u- Ujllp »s, ^1 *5-j>JI S^Jiil j^-ji .13.60 

13.60. Find the critical values at which each firm's profit tt is maximized, given the production limitations in 
parentheses that cannot be exceeded: 

(a) jt = 145at - 5jt 2 - 2xy - 8y 2 + 201y - 325 (j + y = 37) 
(A) ir = 44Gx-7j( 2 -3;cy-4y 2 +445y-295 (x + y = 49) 

(c) ;r = 210*- 1 ljc 2 - 5xy - 9y 2 + 182y-435 (2x+y = 36) 

(d) 71 = 494* - 6x 2 - 2ry - 15y 2 + 240y - 565 (*+3y = 81) 



(a) z„ = 30* + 23y, z, = 23* - 28y 

(A) 2, = 30*" - 26*y 3 , z, = -39* 2 y 2 + 32y 3 

(c) z„, = 21ui 2 - 4um, z, = -2u> 2 +32* + 33* 2 y 4 , z, = 44* 3 y 3 + 8 
(a) z, = 48* + 17y, z, = 17.r-40y 

(6) z, = 60* 4 - 48* 2 y 2 + 60xy, z, = -32* 3 y + 30* 2 - 120y 2 
■ w = 84u> 3 + 1 llwx 2 - 28tt>y 3 - 24u« 3 - 60my 4 
: x = 1 12u> 2 i - 36ui 2 * 2 - 160* 4 + 24*V - 160xy 4 
= -42ui 2 y 2 + 24*V - nOtt^y 3 - 320x 2 y 3 + 140y 6 



(<-) 



13.48. (a) , _J26y_ 
1 ' ' ~ (18*) 2 



-324y 324jc 



~(12* + 5y) 2 *» (12* + 5y) 2 

40* 3 + 45* 2 y + 36y 2 _ -15s 3 - 72xy - 27y 2 

(4;t + 3y) 2 *>~ <4x + 3y) 2 

14* + 84y _ -14m - 35y 

(8tu - 3* + 2y) 2 Z * ~ (8io - 3* + 2y) 2 
-84w + 35* 
Zy ~ (8u>-3* + 2y) 2 



( CJ\ jjfejl iiJjat (JljJjl Jj>liS ) yLc dJlsil J^aill 



(a) 


z x ~ 60(12* — 13y) 




— — 65(12* — 13y) 


(*) 


z* = 24x(3* 2 + 5}> 3 ) 3 




— 60y 2 (3* 2 + 5y 3 ) 3 


w 




Zy 


= 9ji(14j: 3 +9y 2 r 1 / 2 


(rf) 


2jt = (-60* 3 + 6y)(5* 4 - 2*)r + 4y 2 )- 4 




= (6* - 24jO(5x 4 - 2xy + 4y 2 )~* 


w 


z„ = <-3x - 4y)(3* 2 + + 


*y 


= (-4* - 5y)Qx? + Sxy + 5y 2 r y2 


(/) 


z„, = 36u)(6uj 2 -7* 4 -9}. 5 ) 2 


Zx 


= -84* 3 (6ui 2 - 7* 4 - 9y s ) 2 



z y = -135)t 4 (6iii 2 - 7* 4 - 9y 5 ) 2 



. 9 0 *y 2 e - 3 *V 

. 14e (lr+5,) 

= 2wx , y 2 e'- v y' 
8 

= 8* + My 



-. 3w 2 x 2 y 2 e" v >' 



' 5* 3 +4y 2 



2lw 2 . 
: 7u) 3 +4* 2 + 5y 4 



= ISxe 3 " 

= 90»V"" ! ''' 

. 35 c (2«+5)') 

z,=2w 1 x 3 ye , » 2 *'>' 
11 

= 8*+ lly 
" Sx 1 + 4y 2 



' 7uP + 4* 2 + 5/ 



20y 3 

' 7uj 3 + 4* 2 + 5y 4 



(i) 
«•> 

w 

(a) 
(*) 
(c) 
W 
(<0 
(/) 



= 9(3* - 7}>) 3 + (81* + 18y)(3* - 7y) 2 
-4(5* + 8y) 5 + (IO0*-75.>0(5*+8y) 4 
(4*-3;y) 2 
_ 48* 2 + 353xy - 1037/ 

(3* + lly) 2 
= 30x 2 y*e > *> + 12*jrV> 

, = 42* Zyy = my 2 Z X y = -4 = z,, 

, = 180* 3 + 12/ - 18V z„ = 72*V - 60* 3 ;y 3 - 78)> z x> , = 48*y 3 - 45* 2 / = 

= 96*J> 2 Zyy = 32* 3 Z» y = 96x 2 y = Zy x 

, = 300(5* + ,2yf Zyy = 1728(5* + 12y) 2 z x , = 720(5* + 12y) 2 = z yx 



z y = 2(3* - 7y) 3 - (189* + 42y)(3* - 7y) 2 

_ 3(5* + 8y) s + (160* - 120y)(5* + 8y) 4 
Z> (4* - 3y) 2 

_ -422* 2 + 270*y + 495y 2 
Zy ~ (3*+ lly) 2 

z, = 30* 3 yV" + 18* 2 yV>' 



: -0.24x~ iJ *y 0A 



, = -2*- 



, = -0.24* 0<i y~ 
-- -1.68* a V L3 



: x y = 0.24*-" 4 >-°' 6 = z 
= 2.8*-°'V 03 =z„ 
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( Ol jJ<s*ll «i.Ut» Jl jjjl J_i»liJ ) j-iji dJlill J«ai!l 



13.54. (a) (7, 9) Lf Jit 
(c)(12, 15) 




(ft) (8, 5) j-lj-, Sks 
(d) (13, 6) Jj« SkS 



13.55. (a) (-4, 11) S*^-!j-« Ska , (4, lO^jiUa il^i 

(&)(18,3) 1 yJ^i !f _;i i l4;, (18,-3)^-1^ akE 

(c) (0, 0) J_pO' Ska , (648, -72) ^ S™; 

(d) (0, 0) Jp^' Ska , (-3, -3) ^jJit S™J J1I4J 

(e) (-7, -2) ^jokp S~_J S;.l^ , (-7, 9) S^l^ Ska , (4, -2) S^l^. Ski; , (4, 9) ^ S~_i 
(/) (-8, -6) S^l^- Ski; , (-8, 5) ^JiP S™i , (3, -6) ^ >^ S~_; S;^ , (3, 5) j-l^ Ska 



13.56. 


(<0 (17, 13) 


(A) (63, 39) 


(c) (15, 20) 


(d> (22. 18) 


13.57. 


(a) (30,26) 


(A) (19, 14) 


(c) (27, 17) 


(d) (15,25) 


13.58. 


(a) (35, 38) 


(ft) (42,33) 


(c)(36,44) 


<d) (54, 31) 


13.59. 


(a) (50, 38) 


(ft) (27,42) 


(c>(50,78) 


(d)(42,22> 


13.60. 


(a) (21, K) 


(6) (15,34) 


(c)(13,10) 


W) (45, 12) 
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